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PREFACE. 



This book contains an outline of one part of the 
course of lectures on Applied Mechanics given by 
the writer at the Royal School of Mines. It is impos- 
sible, within the limits of this volume, to present a 
finished sketch of the principles of Mechanics. Still 
something may be done. An endeavour may be 
made to present a comprehensive view of the science, 
to point out the necessity of continually referring to 
practice and experience, and above all to show that 
the relation of the theory of heat to mechanics should 
be approached by the student, in his earliest inquiries, 
with the same careful thought with which he will 
surely regard it when his knowledge and his powers 
have become extended and strengthened. 

T. M. G. 

Temple : March 1874. 
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MECHANICS. 



No effectual progress can be made in the study of Mechanics 
by those who fail to understand the principles which have 
guided scientific men in an endeavour to measure with pre- 
cision certain varied and mysterious actions by which we are 
surrounded, and to which, though it is almost hopeless to 
attempt to define the exact meaning of the term, we have 
given the name of Force. 

Whatever idea may be formed of the nature of force, some 
mode of measuring it must be agreed upon, and the first 
portion of this chapter will be devoted to an enquiry into 
the reasons which have led to the adoption of two different 
units for the measurement of force. 

For the present purpose it will suffice to xtgzx^ force as 
any cause which moves^ or tends to tnove, any portion of 
matter. 

In order to conceive the existence of a force we must 
also conceive that there is something upon which it can act, 
and accordingly we define mcUter as being anything which 
may be perceived by the senses, and which can be cu:ted upon 
by, or can exert, force. 

Our ideas of matter and force coexist together. We shall 
soon learn to connect the idea of force with that of matter 
in motion, and shall further regard matter as the depository 
of force. In this way of treating the s\ib)ecl \\.\s cxi^Xotaax^ xa 
speak oi J^^m/er/ul maXttx or of powerless raatXex* K\aoN\s>% 
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2 Introduction, 

weight or a raised weight is powerful as distinguished from 
the same weight after it has come to rest, or after it has 
feUen — that is, after the power has left it. So also, and for a 
more subtle reason, a piece of coal is powerful, and the 
gases, into which it bums, are powerless. We can only com- 
prehend such statements by investigating the primary laws 
which govern the action of forces upon matter, and in doing 
so we purpose to follow the course laid down by Newton, 
and to enunciate the principles or laws of motion upon 
which this science of mechanics is so firmly founded. It 
will be necessary, in the first instance, to prepare the way by 
a few preliminary remarks and definitions, 

THE REPRESENTATION OF FORCES. 

Forces are represented by straight lines, — In this way many 
mechanical problems are solved by the aid of geometry. 

There are three things to be known before a force can be 
said to be fiilly determined : 

1. The point upon which it acts. 

2. Its direction, or the line in which it acts. 

3. Its magnitude. 

The point upon which a force is supposed to act must be 
a material point, or that extremely minute portion of matter 

which has been named a mole- 
^®' '• ^ cule. It is not a geometrical 

point, but may almost be regarded 
'^.^^ — ^ as such. 

Conceive that a force of p 

units, called a force p, acts upon 

a point A ; the point A will begin 

to move in some determinate direction as a p, and this 

direction is the line of action of the force p. 

Hence we represent the point upon which the force p 
acts by the point a in the line a p, and we regard the 
direction of the straight line ap as the direction of the 
force. 



Representation of Fjfrce, 3 

It only remains to represent the magnitude of the force ; 
this can be done by taking a b equal to as many units of 
length as there are units of magnitude in the force, and the 
line A B will then completely represent in magnitude and 
durection the force p acting at a. 

Definition. — Two forces which act in opposite directions ih 
the same straight line upon a material free pointy and do not 
move it^ are said to be equal. 

Forces are also equal when they act in opposite directions 
at separated points in a straight line, and balance each other. 

The points must be rigidly connected, and we proceed to 
state a principle called the principle of the transmission of 
force through a rigid body^ which enables us to attach an ex- 
tended meaning to the phrase * line of action of a force.' 

If a force cu:t upon a rigid body (meaning thereby a body 
which is not susceptible of change of form), // is transmitted 
by the rigid body along its line of direction, and may be supposed 
to act ai any point of that line. 

This is equally true whether the line of action of the 
force is contained within the body or not 

Admitting this principle of the transmission of force, 
which we derive from experiment and observation, it is 
evident that we. may add or subtract forces whose lines of 
direction coincide, just as we can add or subtract any other 
magnitudes. 

Also since forces are completely represented by straight 
lines, we can conceive that forces may have any ratio to each 
other in respect of magnitude. 

THE GRAVITATION OF MATTER. 

The theory of universal gravitation, as it is termed, was 
established by Newton. No truth in science can be deemed 
to rest upon a more sure foundation. According to this 
theory, every particle of matter is endowed with a power of 
attracting or drawing towards it every other particle, 
wherever situated ; and further, the attractive poYfti oi xaaxxsx 

B 2 



4 Introduction, 

at different distances diminishes in the same proportion 
as the square of the number expressing the distance in- 
creases. 

The force of attraction or gravitation is associated in- 
separably with matter of every kind : no art, or device, or 
power can remove, change, or diminish it in any degree. It 
is the one unalterable but unexplained power attaching to 
material substances, and is described as universal because 
there are strong grounds for asserting that its influence is 
felt far beyond the limits of our planetary system. 

The amount of this force which is inherent in small 
bodies such as a stone or a ball of lead is so trifling that it 
cannot be recognised, but, like many other minute actions, 
it becomes very apparent by accumulation, and the attrac- 
tion of the matter constituting the earth evidences itself by 
causing every substance to press towards the centre with a 
constant and never-ceasing power. Hence all substances 
within our observation have the quality of weighty or exert a 
pressure upon their supports, the weight of the body being 
this pressure or tendency to move downwards by reason of 
the attracting force of the whole globe of the earth. 

UNIFORM AND VARIABLE FORCES. 

It will soon become important to examine whether the 
attracting force of the earth is uniform or variable, and we 
may now pause to consider what is meant by a uniform force. 
The phrase is evidently intended to apply to a force which 
in no respect changes its intensity or power of action during 
the time that we are subjecting it to investigation. 

Many forces treated of in mechanics are variable forces : 
thus the force of recoil exerted by a spiral steel spring after 
it has been stretched is a variable force. The power 
necessary to stretch an elastic spring increases with the 
amount of the eloneation, and the recoil varies in intensity 
in like manner. I'Jie attraction exerted by' the pole of a 
magnet on a, piece of iron depends on the distance of the 



Uniform and Variable Forces, 5 

magnet from the iron, and varies accordingly ; this attrac- 
tion is therefore not a constant force. 

On the other hand, it may be proved that the attraction 
of the earth is a constant or uniform force for bodies at the 
same part of its surface, and the attractive power of the earth 
is often quoted as an example of a constant force everywhere 
on the globe, although in truth it changes a little in different 
latitudes. But the gravitation towards the centre of the 
earth is essentially a variable force when we come to deal 
with distances beyond its surface : thus the attraction of the 
earth on a body 20,000 miles distant from its centre is sensibly 
greater than if it were ten times farther off, and is, in fact, 
one hundred times as great. 

The truth of this observation was first established by 
Newton, who proved that the attraction of the earth held 
the moon in her orbit by a force which varied from that 
upon the surface, according to the law to which reference 
has been made. Since that time, the theory of the motion 
of the moon, the calculations of the moon's place as made 
for the purposes of navigation, and the theory of the motion 
of the planets, have all proceeded upon the supposition that 
the attractive force of any large mass of matter, such as the 
earth, is sensibly variable, and changes with the distance. 

An extended knowledge of the calculus is essential for the 
student who desires to comprehend the action of variable 
forces. Something may be done by simple geometry ; and 
in order to account for the observed motions of the planets 
roimd the sun, Newton employed geometrical reasoning of 
extraordinary beauty and elegance. But the geometry of 
Newton has been compared to the bow of Ulysses, which 
he alone could handle with effect, and is not adapted for 
discussion in an elementary work. 

It may, therefore, simplify matters if we point out that 
every force referred to in this chapter or subsequently will be 
deemed to be a constant or uniform force ^^s^%%% xVv^ corc^xax^ 
is distinctly stated. This proviso is very iiect.^'sa.Tj ^ ^'s. ^^ 
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reader would convert many propositions into absolute non- 
sense if he were to extend them to the action of variable 
forces. 

THE GRAVITATION MEASURE OF FORCE. 

A standard pound avoirdupois is a certain piece of platinum 
which is deposited in the office of the Exchequer, and which 
serves as the standard of weight in this country. 

There are two things that we notice with reference to this 
standard pound : 

1. It contains an invariable quantity of matter. 

2. It has the quality of weight ; that is, it is pulled down- 
wards by the attraction of the earth. 

If the pound were hung upon a spring balance, it would 
stretch the spring by a definite amount, and might replace 
muscular force. 

Regarding this piece of platinum from two different points 
oi view, we might use it either to measure the quantities of 
matter in different bodies, and thus assign numerical values 
representing those quantities, or we might employ it as a 
standard for estimating the magnitude of forces, and might 
institute a comparison between any given force and the pull 
of the earth upon the standard piece of platinum. 

The reader should now be made aware that by the mass of 
a body we understand the quantity of matter in it : this term 
is never used in any other sense ; and it is at once evident that 
it would be a very natural and convenient course to select 
this piece of platinum for the unit of mass, and to estimate 
the masses of all bodies by the process of weighing them 
against this standard weight or others derived from it. 

A unit must be an invariable quantity, and this is clearly 
an unchangeable mass of matter : if it were possible to 
transport it to another planet, its mass would not be altered 
thereby ; it remains the same when carried from one place to 
another, and possesses the one great quality which we re- 
quire in a unit, ^lz. that of invariability. 
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But the science of mechanics has grown up insensibly 
from the earKest ages in the history of the world, and the 
pound weight was made a standard for the wants of civilised 
life long before there was any thought of such a fact as that 
the attraction of the earth really caused a piece of metal to 
have weight; thus the gravitation measure of force, or the 
estimation of forces by the weights they will support, came 
into general use, not for any scientific reason, but because it 
afforded the most ready and simple method of estimating 
the forces applied for any given purpose. 

In truth, the pound weight has become appropriated, as 
it were, for the measurement of force rather than for that of 
mass, and is the recognised standard of reference, not only 
for force, but also for the work done by force : such ex- 
pressions as a force of ten pounds, a pressure of steam equal 
to fifty pounds on the inch, and the like, being of every-day 
occurrence. 

The piece of platinum called a pound is clearly a correct 
measure of mass, but is it also a correct measure of force ? In 
other words, is the weight of this standard piece of platinum 
absolutely invariable ? If it be invariable, it may rightly 
serve as a unit of force ; but if it be liable to change, it fails 
in the primary requisite. Everyone knows that the earth is 
not a perfect sphere, that it is flattened at the poles, and 
that it rotates once in twenty-four hours. From these facts 
it is possible to arrive at the conclusion that the pull of 
the earth upon our standard piece of platinum is a little 
greater in London than it is at the Equator. The difference 
is very trifling, and can only be discovered by experiments 
of extreme delicacy ; but it exists notwithstanding : and 
there is abundant evidence that our standard pound has not 
the essential quality of a unit when used as a measure of 
weight for the earth generally. We have stated that the 
variation is scarcely appreciable, and Sir John Herschel 
informs us that the pull of the earth or the force of gravity 
in London is to Ihat at the Equator in the proportion of the 
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numbers 100,315 to 100,000. There are 7,000 grains in a 
pound avoirdupois, and therefore the downward tendency of 
a pound weight at the Equator would be less than that in 
London by about twenty-two grains, that is to say, 6,988 
parts of the 7,000 of which our platinum standard pound 
consists, would be supported in London by the same ex- 
traneous force as the whole 7,000 grains at the equator. 

A variation so small as this is of no consequence in prac- 
tice ; it is only where extraordinary accuracy is required that 
the difficulty would press upon us : nevertheless, a science 
ought to b« erected upon a solid foundation, and the science 
of mechanics, which is to be applied to investigate the 
action of forces of the most varied kind, such as the pres- 
sure of the air or the attraction of an electrified ball, 
should be based upon measurements which are not vitiated 
by errors, however minute, and of which our reason will 
therefore approve. 

THE RELATION BETWEEN FORCE AND MOTION. 

If the pound weight were abandoned as the measure of 
force, what other measure could be suggested ? 

To answer this enquiry we must return to our piece of 
platinum and see how it behaves under the action of force. 
If allowed to fall, the pull of the earth would immediately 
cause it to move with increasing rapidity; if it were placed' 
on a smooth table, a sustained push by the hand would do 
the same thing : it is evident that the effect of force is to 
produce motion, and that the quantity of motion produced, 
if we could agree upon some method of estimating it, may 
be taken as a measure of force. 

But a vague notion, such as that here presented, has no 
scientific value, and we pass on, therefore, to a critical 
examination of the fundamental laws of the action of force 
in producing motion, which must be discussed at the first 
stage of our progress, if we are to begin this study by 
learning how to measure force. 
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Some definite ideas on the constitution of matter may 
be suggested as introductory to the enquiry. 

Every substance, a piece of glass for example, is to be 
regarded as the collection of a multitude of small parts 
called molecules. Each molecule consists of a finite 
quantity of matter, and may itself be composed of other 
portions of matter which are held together by chemical 
bonds of union. Thus the oxide of lead necessary for the 
manufacture of flint glass consists of compound molecules 
whose separate parts, viz. oxygen and lead, are held together 
by chemical force. 

Again, the molecules of all bodies within our observation 
are not at rest, but are in a state of continual and never- 
ceasing agitation; this agitation grows more intense when 
the body is heated, and dies away as the body becomes 
cooler, but it is never entirely quenched or put an end to 
by any degree of cold which we can produce. The agita- 
tion or vibration to which we have referred cannot be 
detected by any observation, and the most powerfiil micro- 
scopes fail to reveal to us any trace of this movement All 
that we can recognise in matter is perfect repose, without 
even a suggestion of visible motion : nevertheless a firm con- 
viction of the truth of the hypothesis above stated has taken 
hold of men's minds ; the modem theory of heat is based 
upon it, and the evidence in support of that theory appears 
to be as reliable as that upon which we ground our belief in 
the doctrine of universal gravitation. 

It is believed that sensible heat is motion ; and further, 
that there can be no exhibition of force upon matter without 
the expenditure of heat, that is, without condensing and 
. accumulating upon some isolated body the minute agitations 
which reside in a multitude of these molecules, the tremulous 
motion of which will be reduced by a quantity exactly 
equal to that imparted to the mass upon which the force is 
acting. 

It cannot, therefore, be doubted that there is abundant 
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reason for entering upon the study of mechanics by an en- 
quiry into the action of force upon matter. 

THE MEASUREMENT OF VELOCITY, WHETHER LINEAR OR 

ANGULAR. 

The term velocity is employed in a technical sense, and 
expresses the degree of swiftness or rapidity with which a 
body is moving. 

A body can move in two different ways : 

1. It may have a motion of translation^ such as that of a 
stone thrown up into the air ; in that case every point in 

the body will move with 
Fig. 3. the same velocity, and every 

straight line in the body 
will remain parallel to itself. 
Thus the disc a has simply 
a motion of translation in 
passing, as in the diagram, 
from A to B. The arrow does not change its direction. 

2. A body may have a motion of rotation ; that is, it may 
spin like a top. In such a case the hnes in the body will 
change their direction, and every point in the body will 
describe a circle whose plane is perpendicular to the axis or 
line about which the body is rotating. 

These two motions frequently exist together, as seen in 
fig. 3, where the disc rotates as it moves from a to ^. 

The moon has a motion of 
Fig. 3. translation and also one of 

rotation ; in virtue of the 

former, it describes an orbit 

round the earth, whereas 

the latter causes it to turn 

upon its axis so as always 

to present the same face for our observation. A rifle bullet 

has the two movements : the bullet spins on its axis while 

describing a somewhat curved palla m lla^ six. 




Linear and Angular Velocities. 1 1 

On account of the possibility of these two motions we 
have to distinguish velocity as being linear or angular 
Linear velocity refers to a motion of translation, and angular 
velocity to one of rotation. 

In measuring velocities it is usual to adopt a second and a 
foot as the units of time and length. The number of feet 
which a moving body passes over in a given time is called 
the spcux described in that time. 

Velocity is said to be uniform when equal spaces are de- 
scribed in equal times by the moving body. 

The linear velocity of a body when uniform is measured by 
the number of feet described in one second. When we 
speak of a body having a velocity of thirty feet, we mean 
thereby that thirty is the number of feet which would be 
described if the body were to move uniformly for one 
second with the velocity which it has at the instant con- 
sidered. 

Thus if Z' be the velocity of a body moving uniformly, 
s the space described in / seconds, 
the letter v represents the number of feet described in 
one second, and the motion is uniform : therefore 2 v repre- 
sents the number of feet described \n two seconds, and / z' 
the number described in / seconds. 

Hence s •=. tv. 

Ex. Find the space described in three seconds by a body moving 
uniformly with a velocity of twenty miles per hour. 

Since the body describes 20 x 5280 feet in 60 x 60 seconds, it de» 

scribes -^— f^^ J^ ^ in 3 seconds. 
60x60 

/. space required =88 feet 

It is apparent that a velocity of one mile per hour is equivalent to a 

88 
velocity of 88 feet per minute, or of -^ = i '47 feet per second. 

£,. 88 22 , . I 
Smce __ = — « I + 



60 IS 2 + y 
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mon to estimate a velocity of x miles per hour as equivalent to a velocity 
of AfL feet per second, the accurate value being ?5-i. 

2 ^15 

The next consideration is the measurement of angular 
velocity. 

It has been stated that every point in a body set in rota- 
tion about an axis will describe a circle lying in a plane per- 
pendicular to the axis. Let a p b repre- 
^^ ^ sent the circle described by any point 

p in a rotating body ; c the centre of the 
circle, that is, the point of intersection 
of its plane with the axis of rotation. 
The angular velocity of the body when 
uniform is measured by the angle de- 
scribed in one second by a line c p 
which revolves round c in a plane per- 
^pendicular to the axis of rotation. 

Hence if p moves from a to p in one second, the angular 
velocity of the body is the angle p c a. 

This angle is not expressed in degrees, but in circular 
measure, that is by the ratio of a p to a c : it will be seen 
that this is a constant ratio for every point in a body rotating 
uniformly, and it has been customary to designate it by the 
Greek letter oi (pmegd)^ 

Hence w = — . 

A c 

Let r be the radius of the circle a p b. 
V the linear velocity of the point p. 

then z^ = A p, w = — = -. 

c p r 

/. Z; = 01 r. 

Which is the equation connecting the linear velocity of 
the point p with the angular velocity of the body. It follows 
that when a body is rotating uniformly, the linear velocity of 
any point in it increases directly as the distance from the 
axis of rotation. 



First Law of Motion, 1 3 

Ex. I. Suppose a wheel 12 feet in diameter to make 30 revolutions 
in one minute, find its angular velocity, and the linear velocity of a 
point in the rim. 

The wheel makes J a revolution in one second, or describes an angle 
of 180 degrees in one second. This angle, expressed in circular measure, 

is equal to the ratio * circmnference^ 

radius 

Hence . = i circumference „ ^ _ g 

radius 
The linear velocity of a point in the rim is therefore equal to ir x 6 
feet « 18-8496 feet. 

I£x. 2. Suppose a straight rod to be set in rotation about an axis 
through its centre and perpendicular to its length, with such a velocity 
that the rod describes an * angle of 534° in one second. Find the 
angular velocity of the rod, and the linear velocity of a point at a 
distance of ten inches from the axis. 

Since 534° - 360° + 174'' 

we have « = 2* + -J^ ir = ^^^ w » ^^^. 3*1416 

180 180 180 

/. a = 9-32008, 

and the linear velocity required « » x — feet =7-767 feet. 

12 

THE FIRST LAW OF MOTION. 

The final step iii our preliminary enquiries will conduct 
us to an examination of the precise laws which govern the 
action of force upon matter. These laws have been stated 
by Newton with a clearness and precision which cannot be 
improved, and the student will do well to endeavour to 
appreciate the exact meaning of every word in the state- 
ment. It is only by the most careful attention to the mean- 
ing of each word and clause that the mind will be enabled 
to grasp the scientific truths involved in these brief sen- 
tences. 

Newton's first law of motion is the following : 

First Law. — Every body continues in its state of rest or of 
uniform motion in a straight line, except in so far as it may be 
compelled by impressed forces to change that state. 

This law is intended to assert the inertia oi m^\.\.^T, w. 
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that quality inherent to matter whereby it has no power in 
itself to change its own state of rest or motion. 

It will be readily understood that absolute rest nowhere 
exists in nature : the word rest may be understood in a rela- 
tive sense. 

Again, an impressed force is merely another phrase for a 
force : all external forces which act upon bodies are impressed 
forces. 

The conclusion that matter has no spontaneous power of 
moving itself is quite irresistible, and is in accordance with 
the experience of daily life ; but the idea of permanence in 
motion, or the conception that all moving bodies, at every 
instant, are exerting a never-ceasing tendency to persist in one 
simple movement in a straight line with a uniform velocity, 
is not grasped without some difficulty. The elements of 
decay exist in all visible things, and we might possibly per- 
suade ourselves that there is some principle of decay or 
diminution inherent in the nature of motion. If we did 
so, without doubt we should commit a grave error ; and it 
will be found that all experimental facts, and all reasoning 
upon observed facts, point to the opposite conclusion. The 
limits of this treatise piermit only the statement of the law, 
and it must suffice to call attention to certain observations 
which support our belief in its truth. 

There can be no question that all the movements which 
we perceive in bodies around us tend to diminish, and even- 
tually to become extinct. In order to maintain bodies in 
motion we must continually make fresh efforts to replenish 
the waste ; nevertheless we do not refer this gradual subsi- 
dence of movement to any cause inherent in the body, but 
rather to the effect of retarding forces, such as friction or 
the resistance of the air, whose action in destroying the 
motion can be readily appreciated. In whatever degree 
we remove these retarding forces, we do but render more 
complete the assertion of this principle of the permanence 
of motion. 
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Thus the principle applies in such examples as the follow- 
ing :— 

If a carriage be in steady motion, the occupants are very 
much in the same condition as if they were sitting in a 
room at rest ; but let the carriage be suddenly stopped, their 
motion will continue, and they will be thrown violentiy for- 
ward. Note also the difficulty of stopping a railway train at 
a station, or in pulling up a horse at full gallop, or in turning 
a comer when running, or in moving aside when skating 
rapidly. Why is it that a circus rider springs upwards, and 
not forwards, when leaping through a hoop — that a stone flies 
onward from a sling, that a pendulum does not stop 
suddenly in the middle of its swing, or that a light hammer 
will strike a heavy blow ? There is no limit to the number 
of such observations. 

This law may be extended beyond the limits which appear 
to be assigned to it by Newton, and will be equally true 
when we apply its principle to the case of a body rotating 
about an axis. Such a body will continue in its state of uni- 
form rotation except so far as it may be compelled by im- 
pressed forces to change that state. 

Experiments on the spinning of a top would soon lead us 
to trace the subsidence of its motion to the friction of the 
pivot, and the action of the air ; but without pausing to dis- 
cuss the obvious effect of these retarding forces, we may with 
advantage contemplate that wonderful example of the per- 
manence of rotation which is afforded by the earth itself. 

An experiment with a pendulum, suggested by M. Foucault, 
and founded upon this law of motion, has been employed to 
demonstrate the fact that the earth really does rotate upon its 
axis. In making this experiment we see the plane of swing 
of the pendulum slowly twisting round with a motion which 
can be caused by nothing else than a movement of a similar 
kind in the earth itself. 

There are no disbelievers in the earth's lotatioxi -^XiXiX. ^^ 
question now wiU be, is that rotation sensibly coiisXaxiV'viTA^x 
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the known circumstances of motion in that medium, rarer 
than all others, upon which we have conferred the name of 
empty space, and where the causes of retardation which we 
observe in a rotating wheel or top are completely abolished ? 

Although we may readily allow that there exist no sensible 
resistances external to our planet, yet there are other agencies 
to be regarded. It appears certain that the friction caused by 
tidal action must exert some influence in diminishing the 
earth's rotation, and it is manifest that we have further to 
take into account the gradual cooling and shrinking of the 
entire mass. 

One thing is well established, namely, that the change is 
so minute as to leave it doubtful whether any retardation has 
been completely ascertained. In referring to this subject it 
has been the practice to instance the calculations of Poisson, 
the mathematician, who assumed that the length of a day had 
diminished by one ten-millionth part since the period of the 
most ancient recorded eclipse, 720 b.c Poisson estimated 
that the earth and moon were so placed that it would have 
been impossible for the moon to dip into the earth's shadow 
at the stated epoch if any such diminution had really oc- 
curred.* 

But in recent years we have the more reliable investigation 
of Mr. Adams, the astronomer, who has pointed out that the 
theoretical value adopted for the so-called acceleration of the 
moon's motion was erroneous, and that the conclusion of 
Poisson was not well founded. Mr. Adams estimates that 
the earth would in a hundred years get twenty-two seconds 
behind a perfect clock rated at the beginning of the century. 

Twenty-two seconds in arrear after all the revolutions 
made in a hundred years is a near approach to perfect uni- 
formity, and may well have been mistaken for it There is 
therefore nothing in this estimation which can affect our 
belief in the first law of motion. Hereafter when we connect 
the motion of masses with work done, and are made aware 

* See Graft fs History of Physical Astronomy^ First Edition, p. 161. 
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of the amount of force necessary to interfere with the move-' 
ment of so vast a body as the earth, we shall better compre- 
hend the invariability of its rotation. 

Not only does the earth rotate on its axis with undevi- 
ating uniformity, but the position of that axis is maintained 
by the rotation at an ajigle to the plane in which the earth 
sweeps roimd the sun, which is practically constant. The 
examination of this subject demands very extended know- 
ledge, but we may refer to an illustration which exhibits the 
permanence due to rotation. 

Let A B be the axis of a small heavy disc which can be 
set spinning, and which is 
supported on the ring a e b ; 
this ring is pivoted so as to 
turn freely on the axis e ^, 
and a stem, which fits 
loosely in the hollow tube 
D, is attached to e c ^. 

If the disc be at rest, the 
slightest tap at £ will cause 
the apparatus to turn roimd, 
for the stem fits quite loosely, 
and there is nothing to pre- 
vent this motion. 

Set now the disc in rapid 
rotation, and tap the ring as 
before ; it will be found to 
be immovable, it will oppose 

a determined resistance, and the stem will appear to be 
locked in the hollow tube. Something, of course, must 
move, and the effect of the blow is to cause the ring a e b ^ 
to turn upon the axis e e. 

The rotation of the disc produces this singular result; 
it is apparent that each portion of the disc is describing 
a circle in a plane perpendicular to its aids •. \!c^<& \q\vO^<i 
mass is therefore travelling round in paiaXieV ^-axifc^* ^i 

c 
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the axis were to change its position, the motion would 
take place in a new set of planes inclined to the former. 
This change can only arise from the action of force, 
and the resistance which is felt is a direct consequence 
of the inertia of matter. If a person were to hold the stand 
in his hand and to walk round in a circle, the plane of the 
disc would appear to turn automatically in its support : this is 
another method of trying the experiment. 

THE SECOND LAW OF MOTION. 

The first law of motion in effect tells us that it is only 
extraneous force which can generate or destroy motion, or 
which can produce a change of motion. The definition of 
force will be framed in accordance with this law, and we 
pass on to examine the exact relation between force and 
the motion which it produces. 

Second Law. Change of motion is proportional to the 
impressed force^ and takes place in the direction of the straight 
line in which the force is impressed. 

Hitherto it has been sufficient to speak of the motion of 
bodies, without regarding this motion as a measurable 
quantity which can be compared with other magnitudes 
such as forces. It is necessary now to attach some very 
definite ideas to the words * change of motion.* And first 
we remark that the idea of motion commonly accepted, as 
meaning simply velocity, is not that which is here conveyed. 
Two bodies, of whatever weights, when moving with the 
same velocity, are often spoken of as having the same 
motion, whereas the quantity of motion existing in each 
may be very different. If a light and heavy body are 
moving with the same velocity, it will require a much greater 
exertion of force to stop the heavier body. 

The term * motion ' must be understood as signifying * the 
quantity of motion^ or as it is otherwise named, ^ momentum^ 
a word used in a scientific sense, and often strangely mis- 
applied. We proceed to interpret this expression, and shall 
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endeavour to affix to it the meaning which it must neces- 
sarily have if the law be true. 

Conceive a pound weight to be at rest, and that an ex- 
traneous force acts upon it ; the change of motion will now be 
the whole motion impressed upon the weight. If the force 
be doubled, the quantity of motion will also be doubled. 
But the pound weight does not alter, and therefore we can 
only change the quantity of motion by changing the velocity ; 
hence we infer that the qtmntity of motion varies as the 
velocity generated when the weight moved remains constant. 
Again, if a force act upon a pound weight for a given time, 
the weight will acquire a certain velocity, and have a certain 
quantity of motion impressed upon it. If the same force 
act upon two pounds weight, one half of the force will be 
felt upon each pound, and either pound weight will move 
with half its previous velocity. But according to this law, a 
second force, equal to the first, will impress the same 
quantity of motion upon the now moving mass of two 
pounds, from which we infer that when the double weight 
moves with the same velocity as the single one, the ex- 
traneous force, and therefore also the quantity of motion, is 
doubled. In other words, when the velocity remains constant 
the quantity of motion varies as the weight moved. 

Now there is a well-known principle in algebra and arith- 
metic, which is, in fact, the double rule of three, and may 
be stated as follows : — 

If ^ varies as j' when z remains constant, and x varies as 
z when y remains constant, then x varies z&y z when both 
y and z suffer change. 

Here the quantity of motion varies as the weight, when the 
velocity is constant ; and varies as the velocity, when the 
weight is constant. 

/. the quantity of motion varies as the (weight) x (velocity) 

The weight of a body is proportional to the qaaxvtk^ q>^ 

matter in it, and we are therefore led to tevt^^^^^*^^ 

c 2 
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momentum of a body by the product of the numbers ex- 
pressing its mass and velocity : 

thus momentum = mass x velocity; 

or, expressing the mass and velocity by the symbols H and v, 
we have the relation 

momentum = k v. 
This formula cannot be applied to numerical examples 
until the tmit of naass has been selected. It is, however, an 
advantage to connect a statement of principles with definite 
experiments, which are easily reproduced, and which con- 
firm the statement. In illustration of the first clause of the 
law, the following apparatus may prove useful 

Two light brass wheels, A and b, with axes terminating in 
conical pivots, are grooved to receive a silk cord, and 
Fio. 6. turn with as little friction as pos- 

i 3.. sible. 

To the cord passing over a the 
weights 71 and 75 units are at- 
tached, while on that passing over 
- B the weights 69 and 77 units are 
suspended. 

Now 7T + 75 = 146 = 77-1- 69. 

Also 75 ~ 7' = 4 
77 - 69 = 8 
Hence the mass moved is in 
both cases 146 units, while the 
force is the puD of the earth on 4 
units in the one case, and that on 8 
units in the other case. The 
forces ate as i to 2, the masses 
moved are constant 

If the weights 75 and 77 are 

^ 6^ started togedier by supporting 

them on a small piece of board, 

and suddenly lowering it out of the way, it will be found 
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that the weights will strike together on two little slabs d and 
E placed at distances i and 2 from the starting level. 

This experiment confirms the law that the velocity gene- 
rated in a given mass is in direct proportion to the force 
which produces it, for we reason as follows : — 

If, in every small interval of the motion, the force 2 gene- 
rates in the constant mass twice as much velocity as that 
generated by the force i in the same mass, then the whole 
space which one weight is carried through in any given time 
must be twice the space through which the other weight is 
carried in the same time. 

By varying the experiment we may show that the velocities 
generated in any given time are as i 
to 2. Provide two rings, as well as 
the tables, and support them in the path 
of the descending weights ; let the 
extra weights 4 and 8 be elongated 
strips of metal which will rest on the 
rings as the weights pass through : this '""' 
contrivance is due to Atwood ; while 
the arrangement of the double obser- 
vation, which has been described, is 
that of Professor Willis. 

Now start the weights as before ; 
place the rings at f and G, which 
are at distances i and 2 below the 
starting level, and the tables d and e 
at further distances i and 2 ; the weights 
will strike d and e at the same instant. 
The moving weights 4 and 8 will be 
left on the rings at the same instant, 
and the masses being then balanced 
will move on uniformly with the velo- 
cities acquired. Since the space f d is one half the space 
G E, it is evident that the velocity acquired in falling to f is 
half that acquired in falling to g. 
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Our conclusion is that when the mass moved is constant, 
the . velocity generated in any time is in direct proportion 
to the force which acts upon the mass. 

As regards the weights, or the units of weight selected, 
no restriction is necessary, and they may be varied at 
pleasure, but they must be suited to the scale on which the 
apparatus is made. 

In order to show that when the velocity remains 
constant the force requured to produce that velocity varies 
directly as the mass moved, we may suspend over the pulley 
A the weights 71 and 75, and over the pulley b the weights 
142 and 150. The masses moved will now be 146 and 
292, whereas the moving forces will be 4 and 8. If we 
place the tables d and e at the same distance below the 
starting level, the weights will be heard to strike with one 
blow. The force 8 acting on a mass 292 is equivalent to 
the force 4 acting on 146. 

In this way we learn to conceive the idea of mass as a 
property of matter quite distinct from its weight It is no 
doubt true that we estimate the mass of a body by its weight ; 
but we can fix our minds on a piece of matter travelling 
through empty space and quite divested of the quality of 
weight The weight of this piece of matter may have gone, 
but its mass will be precisely the same as if it were rest- 
ing quietly on the earth's surface. So long as matter exists, 
and we believe matter to be indestructible, the property 
which we express by saying that matter possesses inertia^ 
remains the primary property which is ever one and the same 
and unalterable. The power of matter to resist the action 
of force is believed to be inseparable from matter of every 
kind and wherever situated. 

The second clause of the law asserts that the change of 
motion takes place in the direction of the straight line in 
which the force is impressed. 

Hence if a ball be thrown in any direction across the 
deck of a ship moving uniformly, there mil be nothing to 
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Fig. 8. 



suggest that the ship is in motion so long as we refer the move- 
ment only to points in the vessel itself. A ball dropped in 
a railway carriage in rapid motion will appear to describe a 
vertical path just as if the carriage were at rest, the change 
of motion due to the attraction of the earth taking place in 
the vertical direction in which this force necessarily acts. 
So again we are unconscious of thie rapid movement which 
sweeps us onward through space : everything appears to be 
in repose, because the forces which we impress upon bodies 
produce their full effect in the lines of their proper action 
precisely as they would do if the earth were motionless. 

A direct experiment is the following : — 

Two balls A and b are started at the same instant ; one 
falls vertically through a m, 
and the other is projected 
horizontally in the direction 
B T. Both balls will strike 
a horizontal plane through 
any point m at the same 
instant Here the attrac- 
tion of the earth acts upon 
A at rest, and upon b in 
motion; but it pulls each 
body through precisely the 
same vertical space in the same time. Although a travels in 
a direct line a m, and b in a curvilinear path b s, the vertical 
movement t s of the projected ball is equal to a m, the 
path described by the ball which drops from rest. Our 
law of motion would have enabled us to affirm this result 
beforehand, and the conclusion forms the basis of the theory 
of projectiles. 

It may be objected that the illustrations given in con- 
firmation of a law which refers mainly to a change in motion 
already existing, have been supplied by regarding the motion 
set up in bodies which we should describe as btiw^^X.^^'sX. 
The answer is, iha.t no experiment can be mad.^ ots. a.\i<:>^^ 
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at rest, for no such thing can be found. If we take up a 
bullet, it appears to be at rest in the hand, but it is actually 
sweeping through space with a velocity far greater than that 
impressed upon it by gunpowder when it is fired from the 
barrel of a rifle. Any result that we can obtain in a body 
said to be at rest is really a result obtained in a body 
already in the most rapid motion, and it must not be for- 
gotten that these illustrations do not prove a law of nature ; 
they merely suggest or confirm the probability that it is true. 
When the student has toiled up to a mastery of his subject, 
he will find that the proof of these laws of nature rests upon 
the continual and accumulated evidence of agreement be- 
tween observation and theory, that it is based upon the pre- 
diction of results which have been foreseen by the aid of 
the laws, upon discoveries such as that of a planet whose 
presence has become suspected because its power has been 
felt. 

ABSOLUTE UNIT OF FORCE. 

These two laws of motion supply us with a definition and 
measure offeree. 

Definition. Force is any cause which changes or tends to 
change the motion of a body by altering either the quantity or the 
direction of thai motion. 

It will be observed that there is no mention of a pound 
weight in defining force, and that no support is given to the 
erroneous notion that a pound is a force. 

The measure of a force when uniform is the quantity of 
motion which it produces in a unit of time, hence, 

Definition. Force is measured by the velocity generated in 
one second in the unit of mass in a free body. 

For considerable forces we select the standard pound as 
the unit of mass, and the unit of force will then be * a force 
which citing on one pound for one second generates in it a velo- 
city of one foot per second,^ • 

This nmt is named the absolute unit of force^ because it 
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applies everywhere, is quite independent of locality, and is 
derived from the one unalterable property of mass. 

Where the forces are minute, as in electrical measure- 
ments, smaller units are selected, thus the unit of force 
given in the * Text-book on Electricity ' is a force which will 
produce Si velocity one cenfim^/re per second in a free mass 
of one gramme by acting on it for one second. 

The method of measurement is still that of absolute 
measure whether the units be pounds, feet, seconds, or 
grammes, centimetres, and seconds. 

Forces measured in terms of the absolute unit are said to 
be expressed in absolute measure, 

MEANING OF THE LETTER g IN MECHANICS. 

A great number of experiments have been made from time 
to time in order to ascertain the exact velocity generated in 
a body falling under the attraction of the earth and freed 
from ^e resistance of the air. The conclusion arrived at 
is that the standard pound weight so falling in London 
would acquire a velocity of 32*1889 feet per second. This 
number varies with the latitude, according to an ascer- 
tained law. In latitude 45°, near Bordeaux, for example, it 
has the value 32*1703. 

In our books on mechanics the letter g is appropriated 
for representing the velocity acquired in one second by a 
ho6.Y falling from rest in a space devoid of air. This is the 
primary meaning of the symbol g^ but there are other secon- 
dary meanings, equally important, which we shall endeavour 
to make clear. For England the numerical value of g is 
taken to be 32*2. 

GRAVITATION UNITS OF FORCE AND MASS. 

We have spoken of the gravitation measure as that 
wherein a force which will support w pounds of matter is 
called a force of w pounds ; and we now define the. >a3Kte» 
of force and mass in order that the stvidenX. laac^ \i^ ^^^^ ^^ 
compare the absolute and gravitation measvxte.'a. 
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Def. In gravitation measure^ forces are measured by the 
weights they will support. 

The unit is a pound weight, whence a force which will 
support 3 pounds is represented by the number 3. 

Def. In gravitation measure the unit of mass is the quantity 
of matter in a body weighing g pounds. 

This is an arbitrary assumption, liable to the objection 
that the unit changes with the locality, but made for very 
cogent reasons, which will be discussed presently. 

Let M be the mass of a body weighing w pounds. Since 
a body of mass i weighs g pounds, we infer that a body of 
mass M weighs m^ pounds, or that 

w = M ^, and M = ^. 

i 

It is easy to express any force in gravitation measure 
when we know the velocity which the force will generate in 
Dne second in a body of given weight. 

For example, let a force f generate a velocity of 47 feet 
in one second in a body weighing 5 pounds. 

If the pull of the earth, or the weight of 5 pounds, were 
to act on the body, it would fall and acquire a velocity of 
32*2 feet in one second. The force then acting would be called 
a force of 5 pounds, and we shall compare the forces f and 5 
by comparing the quantities of motion produced by each in 
one second. 

Hence £ ^ mass x 47 ^SL, 

5 mass x 32*2 32*2 

F = ^ i^ = 7*3 pounds. 

32-2 

Generally, if a force f generate a velocity / in one second 
in a body weighing w pounds, we have 

F ^mass x/^/ .^ p = ^pounds. 
w mass X g g g 
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COMPARISON OF GRAVITATION AND ABSOLUTE MEASURE. 

1. In absolute units ^ the force of attraction of the earth on 
tJie unit of mcLSSy that is, the standard pound, is expressed by 
32-2 org. 

This appears from the definition. A force which will 
generate a velocity g feet per second is g times as great as 
a force which will generate a velocity of i foot per second. 
But the pull of the earth generates the velocity g in the 
standard pound in one second ; hence the pull of the earth 
on the standard pound is g times the unit of force, or is ex- 
pressed by the number^. 

2. /;/ gravitation units the pull of the earth on the standard 
pound is expressed by the number unity. 

Hence we pass from the gravitation to the absolute 
measure of force by multiplying every so-called force of a 
pound by the number g\ and we pass from absolute to 
gravitation measure by dividing every number representing 
a force by g. 

For example. In absolute measure the unit of force is 

-i— of the attraction of the earth on a standard pound, and 
32-2 

may be represented very roughly in gravitation measure by 

about half an ounce weight 

In like manner we compare the expressions for the 

momentum of a body according to the two measures. 
Let a body of weight w be moving with a velocity v. 
In gravitation units we estimate its momentum by 

— , whereas in absolute units the same momentum is vfv, 
g 
The measurement of force has been discussed ; and it 

may be well to point out that if we were at liberty to inter- 
pret the laws of mechanics without any reference to previous 
writers, and to disregard the modes of expression adopted 
by engineers, we might estimate all the foice?»^V0cv^\^Oa^ 
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we have to deal in absolute units and abandon the gravita- 
tion measure. But it would be extremely inconvenient to 
do so, and it would be very embarrassing if we were to 
adopt sometimes one measure and sometimes the other. 

The most convenient course will probably be to adhere to 
the measiurement of force by poimds, and to give all our re- 
sults in the usual manner. The change to absolute units is 
perfectly easy, and can be made in a moment by simple 
multiplication. The student will therefore possess a com- 
plete command over both systems while putting only one 
into practice. 

THE MOTION OF A FALLING BODY. 

Before discussing the third law of motion, it will be 
necessary to obtain some knowledge of the laws which 
govern the motion of a falling body. 

The first fact observed, is that all bodies, whether light or 
heavy, fall to the ground at the same rate when freed from 
the resistance of the air. 

That this ought to happen may be shown as follows : — 

Let the dots in fig. 9 represent a set of molecules of equal 
size and weight, not connected with each other. If they be 

allowed to fall, they will all move down- 
FiG. 9. wards at precisely the same rate, and pre- 

^ • ^ serve always the same relative positions. 

• ^ • ^ • Hence, when separate and unconnected, the 

• • . • attraction of the earth will impress upon each 

• ^ • • molecule the same quantity of motion that it 

• would impress if they were rigidly linked 

together. That being so, it is manifest that 
a rigid body made up of molecules falls at the same rate as 
its separate particles would fall if they were disconnected ; 
and this is true, whether the particles be condensed and 
closely packed, as in a piece of metal, or expanded and 
fewer in number, as in a feather. 
AccordmgXy, there is the old experiment of the guinea 



Motion of Falling Bodies, 29 

and a feather which fall to the bottom of a tall exhausted re- 
ceiver at the same rate. The fact may be tested without 
an air-pump, by placing the feather on a large coin, such as 
a half-crown. The coin must be carefully dropped with its 
face horizontal, so that it does not turn over, the feather will 
then be unaffected by the air, and will reach the ground at 
the same instant as the coin. So two equal balls, one of 
lead, the other of wood, will fall to the ground in a time 
which is sensibly the same. The experiment would succeed 
equally well if the wooden ball were replaced by a light 
hollow ball of india-rubber. This result may appear to con- 
tradict the observation, that when we employ artificial force 
to move a body, the velocity generated depends upon the 
weight of the body moved. Thus, if a given force gene- 
rates a velocity of one foot per second in a body of one pound 
weight, it will generate ^^th part of that velocity in a body 
of ten pounds weight. But the force of attraction of the 
earth, which is a very different thing from the pull of a 
string, will generate precisely the same velocity in both 
cases. 

The explanation is, that the quantity of attractive force of 
the earth increases in direct proportion to the quantity of 
matter acted on ; whereas, any artificial force, such as the 
tension of a string, depends on the source from which it is 
derived, and does not change with the body on which it is 
acting. The observed fact, when understood, is an additional 
confirmation of the truth of the laws of motion. 

We pass on to discuss the formulae which determine the 
motion of a falling body. 

Suppose a body to fall from rest in a space freed from air 
or other resisting medium. It is found by experiment that 
it will acquire in one second a velocity of 32*2 or^ feet per 
second. 

Let V be the velocity of the falling body at the end of /". 
Then the attraction of the earth would impress an additional 
velocity^ in the second interval of 1*', and ^ov^d ^^^^ ^'^ 
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same in each successive interval, whereby the velocity 
acquired in / seconds would be^/. Hence 

2'=,^A . . (i) 

This is the first fundamental formula whereby we connect 
the velocity and the time of fcUling from rest. 

The student will now be asked to consider a geometrical 
method of computation which was given to us by Newton, 
and has many applications. 

Before discussing it we may show that the formula 
V ^= gt can be expressed geometrically. For this purpose 

take the line a k to represent / 
seconds, and let k l, at right 
angles to a k, represent the velo- 
city acquired by a body when 
falling from rest during / seconds. 

Then ?ii = ^=^. 

AK / * 

If Aky kl ht any two other 
corresponding values of the time 
and velocity, we have, as before, 
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Ak time AK 

But this proportion can only be satisfied when the point / 
lies in a l, therefore a / l is a straight line. We now con- 
struct for the velocity acquired in any given interval of time 
(such as a k) by joining al and drawing ^/parallel to k l. 

Prop, To find the number of feet through which a body 
falls from rest in / seconds. 

Conceive that the time is divided into a number of ex- 
tremely small intervals, all equal to each other. The artifice 
employed by Newton consisted in substituting the aggregate 
of a series of step by step movements, each uniform in 
itself, for the continuous motion of the falling body. It is 
evident that a minute additional velocity is imparted during 
each minute interval of time, and we shall proceed to esti- 
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mate the space described on the hypothesis of a movement by 
steps. 

Conceive that the time a k is divided into a number of 
equal portions, two of which are represented by ^ ^ and m r. 

Since h k represents a very minute interval of time, we 
may suppose the body to move uniformly during the time 
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// k, (i) with the velocity which it has at the beginning of 
that interval, (2) with the velocity which it has at the end 
of the interval Complete the parallelograms />^ and >^ / in 
the two diagrams, then the space described in time 
(a /&— A ^) will be represented either hypkox hi according 
to the hypothesis made. 

Similarly the space described in time (a r— a w) would be 
represented either by q r ox m n. Proceeding in this 
manner, the spaces described would be the aggregate of 
a series of rectangles whose sum is less than the triangle 
A K L on the first supposition, and greater than it when the 
second hypothesis holds good. 

It is evident that the space actually described lies between 
the sums of the spaces resulting from the step by step move- 
ments, which we may call (a) and (b). Now the difference 
between (a) and (b) cannot exceed the rectangle contained 
by H K and k l, which rectangle may be made less than any 
assignable quantity by diminishing h k. 

Hence we argue as follows. 

The true space lies between (a) and (b), and so does 
the triangle a k l, but the difference between (a) and (b) 
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can be made less than any assignable magnitude, there- 
fore the difference between the true space and the triangle 
A K L is less than any assignable magnitude, and therefore 
the true space is represented by the triangle a k l. 
Hence the space described in / seconds 

= area a k l, 
= ^ A K X K L, 
^\tv. 
But V ^=s. g ty therefore space described 

Let s be the space through which the hody falls from rest 
in / seconds, then we have the formulae 

s = ^tv, . . . (2) 

^ = i^^^ ... (3) 

which connect the space from rest^ time and velocity, or 
the space from rest and the time. 

Combining the formulae j = J^/^ and Z' = ^Z, we have 



v" 



^ 



2£ 

©r z/* = 2 gSy . . . (4) 

which formula gives the velocity acquired in falling through 
a given space, or connects the space from rest and the velocity, 

THE UNIT OF MASS IN GRAVITATION MEASURE. 

We can now understand why the quantity of matter in a 
body weighing^ pounds is selected as the unit of mass. 

The mass of a body is to be a numerical representation of 
the quantity of matter in it Our estimate of the mass 
of a body comes from its weight, and we have therefore to 
consider whether it is possible so to vary the unit of mass 
that it shall always increase or decrease in the exact propor- 
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tion in which the weight of a body varies in consequence of 
a change of locality. 

By choosing^ pounds as the unit of mass, this object is 
effected. 

For, let w be the weight of a certain quantity of matter in 
a certain locality, say in London ; and g the velocity acquired 
in* one second by a body there falling. 

Again, let w' be the weight of the same quantity of matter 
at the equator, say, of the planet Jupiter, and let g' be the 
velocity acquired in one second by a body falling at the 
equator of the planet 

Then the quantities of motion generated in each case are 
as the weights of the substance on the earth and Jupiter. 



• • 



w _ mass X g _^g 
w' "" mass X g' "^ g^ 

Hence although both w and g vary with the locality, the 

ratio — does not change, but is the same wherever the same 

g 
mass of matter is to be found. 

It will be very convenient, therefore, to represent the mass 
of a body weighing w pounds by the fraction - . 

In order to do so it will only be necessary to assume that 
the unit of mass is the quantity of matter in a body weighing 
g poimds, and changes in the same proportion as g itself 
changes. Of course we introduce the defect of a unit of 
variable magnitude, one unit for London, another for Paris, 
and so on. The advantage to counterbalance that defect is, 
that our numerical representation of the same quantity of 
matter is the same everywhere ; that is to say, a mass repre- 
sented by the number 10 in London would be represented 
by the same number 10 on the surface of Jupiter or of the 
sun. 

D 
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To make this clear, the attraction of the mass of the sun 
on a body at its surface is about twenty-eight times that of 
the earth, or a mass weighing lo pounds on the surface of 
the earth would weigh 280 pounds if transported to thq sun. 

According to our statement, a body of mass i weighs g 

pounds; therefore a body of mass i weighs i pound, and 

w 
a body of mass — weighs w pounds. 

5 
Let the number 7 represent the mass of a body weighing 

w pounds here on the surface of the earth, then — = 7. 

g 

Conceive that the body is transported to the surface of 

the sun ; it will be pulled down by the enormously increased 

mass of the sun, and will weigh 28 w, in the place of w, 

which before represented its weight. For a similar reason g 

will become 28 ^. Hence the mass of the body when re- 

28 w w 
moved to the sun is -^ — , or — , or 7, as at first. 

'^o g g 

Thus the mass is represented by a fixed number in both 
cases, as it ought to be represented, for it is clear that the 
mass is not affected by the removal. 

In this way, and for the above reasons, the unit of mass is 
selected in the gravitation measure of force. 

WORK STORED UP IN A RAISED WEIGHT OR IN A WEIGHT 

IN MOTION. 

Work is done when a weight is raised in opposition to the 
pull of the earth. This is the simplest idea that we can form 
of what is meant by work, and is that from which we derive 
the measure of work. 

Generally, we say that work is done in moving a body 
against a resistance. The work is done or performed and 
the resistance is overcome by the action of force upon the 
body moved. 

For the present we suppose the point of application of the 
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force to be moved in a direction exactly opposite to that in 
which the resistance is acting. This would occur when a 
weight hanging on a rope is lifted by a force acting through 
the rope. 

The work done is then measured by the product of the 
number of pounds lifted into the number of feet through 
which they are lifted. The product is said to be a number 
oi foot-pounds. 

Ex, If ten pounds be lifted through five feet, the work 
done = 10 X s = 50 foot-pounds. 

There is another mode of estimating work derived from 
the laws of motion which we have now to compare with 
that already defined. 

When force acts upon a free body it will set it in motion, 
the inertia of the body presenting a resistance which is over- 
come by the force, and thus work is done in impressing 
velocity upon a body. So also a body in motion can only 
be brought to a state of rest by the action of force, and work 
is done during the destruction of the motion. 

If we were to raise a body through a certain height, and 
then allow it to fall, it would acquire^ in falling, a velocity 
dependent on the height through which it had been raised. 
Conceive that the direction of its motion is now suddenly 
reversed, the weight will rise to the exact height from which 
it fell, and in doing so will perform work. The conclusion 
is, that the velocity acquired in falling is a measure of the 
work done in lifting the body, and is produced by the action 
of a definite force, namely, the weight of the body, acting 
through a definite space, namely, the height through which 
the body has been raised. 

But any other body moving with any given velocity might 
have acquired it in like manner by being subjected to the 
action of the force of gravity while falling through a deter- 
minate height, and thus we say that work is stored up in a 
body in motion, and that the measure of the work is the 
height through which the body must be lifted in order thaX 

D a 
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by falling it may acquire the velocity with which it is 
actually moving. 

Ffop, To estimate the work stored up in a body of weight 
w when moving with a velocity of v feet per second. 

Let h be the height through which a body must fall from 
rest in order to acquire a velocity v. Then 

2/2 = 2 ghy or ^ = — . 

But the work done in lifting a body of weight w through 
a height h'lsvr h, hence 

the work done = w^ = 

For example, let a bullet leave the barrel of a gun with a 
velocity of looo feet per second, and suppose it to weigh 
one ounce, we should determine the work stored up in the 
bullet from the formula given above. Here v = looo, 

4.U r 7 (lOOo)^ lOOOOOO ^^^^^,^^ A.^*. 

therefore h = ^ '— = — ^ = ^ 55^7 95 feet. 

2g 64-4 

Hence we say that the powder has expended as much 
work as would lift the bullet through the space of 15528 
feet through which it must fall in order to acquire that velo- 
city. But the estimate of work is always in foot pounds, 
and therefore we convert our result into these units. 

That is, the work done = — x 15527-95 foot pounds. 

=970*5 foot pounds. 

The velocity hitherto considered has been linear velocity, 
but there can be no motion of any kind, whether it be of 
translation or rotation, without the action of force in over- 
coming resistance. The inertia due to mass is ever present, 
and work can be stored up in a rotating wheel as certainly as it 
can be accumulated in the ponderous head of a steam hammer. 
Thus a heavy rotating body, such as the fly wheel of an engine, 
is symbolised as a reservoir into which the work of the 
engine can be poured just as water is poured into a vessel 
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The work stored up in a body rotating with a given 
velocity may be thus estimated. 

Conceive a body of weight w to move in a circle of radius 
r with a linear velocity v, 

A line drawn from the body to the centre of the circle 
will rotate round the centre with an angular velocity, which 
we call 01. 

Then z; = w r. 

But the work stored up in the body is 

wz/2 w w^ r^ w* / \ / J- \o 
= = — (mass) (radius)^. 

From this expression we conclude that the work stored 
up in the separate parts of a body moving with a given 
angular velocity depends upon the square of the distance 
of each part from the axis. A pound weight at a distance 
of 3 feet from the axis of rotation has 9 times as much work 
stored up in it as the same weight at a distance of i foot from 
the axis, the angular velocity being the same in both cases. 

MEANING OF THE TERM ENERGY. 

The term energy is restricted to one particular meaning 
in mechanics, and signifies the capacity for performing work, 

A body possesses energy when it is capable of doing 
work ; thus, a raised weight possesses energy, for we know 
that we can obtain from a falling weight the exact amount 
of work which was expended in raising it. In this way 
clocks and small machines are kept in motion for days by 
the gradual expenditure of work done in raising a weight. 

The energy which exists in a raised weight is named 
potential energy. It may or may not be called into action, 
it may lie dormant for years ; the power exists, but the action 
will only begin when the weight is released and allowed to 
commence falling. Hence the word * potential ' is a very 
significant term, as expressing that the energy is in existence, 
and that a new power has been conferred upon the weight 
by the act of raising it. 
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The use of the term potential energy is not limited to the 
case of a weight raised. It applies to everjr portion of 
matter which is at rest, and is nevertheless capable of doing 
work. It is distinguished by being applied to matter in a 
state of repose, and contrasts with the phrases actual energy 
or energy of motion^ which denote the energy and power of 
doing work that appertains to a body when in motion. 

A body in motion, as we have seen, has work stored up 
in it, which work it must yield up before it can be reduced 
to rest, and thus we apply the phrase energy of motion as ex- 
pressive of the power existing in every moving body. 

There is, however, no limitation to the use of the word 
energy, in whichever sense we regard it ; and the laws which 
govern the transfer of energy from one body to another, 
apply to the minutest portions of matter and to the smallest 
forces in nature just as certainly as to the movement of a 
railway train by the pull of the engine. 

If there be potential energy in the steam confined in the 
boiler of a locomotive, so also there is in the coal which is 
being burnt, for that is the primary cause of the motion ; 
and now arises the question, what do we mean by the poten- 
tial energy of a piece of coal. 

Conceive that a mass of coal is made up of a number of 
molecules, mainly of carbon and hydrogen, which have been 
separated by the action of radiation from the sun, and were 
combined with other molecules of oxygen in past ages. 
If the coal were set on fire in the air, the molecules 
of carbon and hydrogen would again rush towards the 
molecules of oxygen under the action of certain chemical 
forces, and the same mechanical result would be obtained as 
if a weight fell to the ground. 

The separated atoms of carbon possess potential energy 
which is converted into energy of motion during the burning, 
and is finally rendered up in the form of work. By faUing 
together the molecules acquire motion just as weights 

* Actual energy, or energy of motion, is now commonly called kinetic 
energy. 
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acquire motion m falling downwards. It is true that the move- 
ments of the molecules are of almost infinite minuteness, and 
cannot be detected as a matter of observation, any more than 
they can be seen when a straight riband of steel spring is bent 
into a circle. This difficulty always presses upon us. Molecular 
motion cannot be seen by the eye, and can only be felt as heat. 
But we reason upon observed facts, and it is believed that 
we do not err in appl)ring the statements of Newton to every 
conceivable instance of matter in motion, whether the matter 
be a molecule or a pound weight. 

No substance can bum without evolving heat, that is, with- 
out having additional motion impressed upon its separate 
parts, or in other words without the conversion of potential 
into actual energy ; and the additional motion or heat so 
developed, is energy available for transformation into 
mechanical work. 

The mere fact that a mass of matter is inert, and apparently 
quiescent, does not reveal to us its real condition. It 
may yet be a source of enormous power. A mixture of 
pounded sugar and chlorate of potash is a simple white 
powder, apparently powerless, but touch it with a drop of 
sulphuric acid and an intense exhibition of light and heat is 
the result. Thus a chemist regards many substances as 
powerfiil in a sense quite distinct from that in which the 
word is accepted in mechanics. In dealing only with 
masses, we should apply the term ' potential energy ' to that 
source of power which depends upon the position of a body 
at rest and not to that which is inherent to the position of 
its separate molecules. It is, however, of importance that 
the distinction should be understood. 

The student is now in a position to understand the third 
law of motion as given to us by Newton ; and it will be 
found that this statement, when we attach to its terms that 
wide and extended meaning which modem science demands, 
does in tmth embody the great principle of the conservation 
of energy. 
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THIRD LAW OF MOTION. 

Third Law. To every action there is always an equal and 
contrary recuiion^ or the mutual action of any two bodies are 
always equal and oppositely directed. 

This law is sometimes stated as follows. Action and 
reaction are equal and opposite. 

The word 'action* may ^\^\iy pressure. If we press tiie 
hand upon a table, the pressure will be resisted, the hand 
exerts an action upon the table, and the reaction which is 
equal and opposite to the pressure exerted, may be felt 
where the hand rests. Here action and reaction are both 
pressures, and no motion results. 

Again, the word * action ' may signify quantity of motion. 
In that case, the quantity of motion constituting the re- 
action will be exactiy equal and opposite to the action. 
When a cannon-ball is fired firom a gun, the recoil of the 
gun exhibits a quantity of motion exactiy equal to that of 
the ball. That this recoil is a force capable of doing work 
is well known ; and it will be seen hereafter that it is nothing 
else than a form of energy which may be made subservient 
to useful purposes. 

But if a quantity of motion can be rejgarded as a form of 
energy, there is surely no reason for restricting these terms 
' action ' and * reaction ' within mere narrow limits, when, by 
extending them we can grasp some of the more subtle 
phenomena of nature. 

Finally, therefore, the word ' action * may signify energy^ 
and reaction may mean the same thing, and thus, whether 
we deal with energy as potential^ or as actual^ that is 
kinetic^ this third law expresses in a few brief words the 
great principle of the indestructibility of energy. It has 
long been believed that matter is indestructible, but this 
beSef has not until recently been extended to energy. In 
the time of Newton it was supposed that the motion arrested 
^ by friction was absolutely lost and put out of existence. In 
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later days it is quite common to find in the text-books on 
mechanics a so-called proof that in the impact of imperfectly 
elastic bodies work is lost, or that there is less energy in 
existence after the impact than there was before it Such 
statements are of course entirely baseless. 

There is no destruction of motion by friction; the move- 
ment of the mass is replaced by that of the individual 
molecules, and we do but pass by a rapid change from that 
motion, which is seen by the eye of sense, to a new move- 
ment which is equally apparent to our higher faculties. 

There is not any destruction of energy by impact or 
otherwise ; and whenever motion ceases, whether it be 
sensible and that of a mass, or insensible and that of its 
molecules, new positions are taken up : potential energy 
supplies the place of energy of motion, and the interchange 
is in no sense a destruction, it is not even a diminution of 
the source in the smallest conceivable degree. 

This is the principle of the conservation of energy. As 
potential energy disappears, kinetic enei^ comes into play, 
and the sum of these energies throughout the universe is 
constant. To create or destroy energy is as impossible as it 
is to create or annihilate matter. 

ILLUSTRATIONS AND EXAMPLES. 

According to the method of instruction proposed for 
adoption in this book, the statement of principles will be 
followed by a notice of certain useful applications, and a few 
easy examples will be worked out or suggested. 

The study of mechanics reqiiires the most extensive 
observation, for it often happens that a principle is applied 
in a new manner to some useful purpose, notwithstanding 
that men have been aware of the truth of the principle for 
centuries. Mechanics cannot be learnt from books alone. 
The student must go out into the world, and see how mecha- 
nicians or engineers accomplish what they "VvaiN^ \.o ^o,\vs. 
must continuaUy reason upon what he sees, a-nd, Te\2ccKvs^%"a. 
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firm hold of mechanical principles, he may thus gradually 
obtain a knowledge and mastery of his subject 

Taking the first law of motion, which asserts the inertia 
of matter, we may notice many useful applications. 

THfi CARRYING OF CORN ON BANDS. 

In the com warehouses at Liverpool, the grain is carried 
upon a plain flat band i8 inches broad and made of canvas 
and india-rubber. This method of transport is found to be 
extremely economical, the power absorbed being about -j^th 
of that expended* according to the old process, where a screw 
pushed on the grain by rotating in a hollow casing. 

The speed is limited by the action of the air, which blows 
off the grain when a certain speed is exceeded ; thus oats 
may be carried at the rate of 8 feet per second. It is really 
the inertia of the air which sweeps off the grain, though it is 
commonly said that the grain is blown off. 

The band runs upon rollers, and the point to which atten- 
tion is now directed, is the method of diverting the grain 
from one path into another during its passage. The first law 
is here applied very ingeniously. At the point where the 
change of path occurs, the carrying-band is bent a Uttle 
upwards, as shown at b in the sketch. , 

Fig. 13 

SHOOT OF GRAIN ^tafJ^^i. 
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This bending is effected by means of a moveable carriage 
supporting the wheels a and b, which can be placed any- 
where, and the result is that the stream of grain retains the 
velocity which is given to it by the band, and is carried 
forward in a, jet over the top of b, iust as \i \\. ^ete a stream 
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of water. On looking down upon the com at b, it is quite 
remarkable to notice how the separate grains retain their 
relative positions, and shoot forward as if they were glued 
together. The spout c diverts the com into a new channel, 
and may pass it on to another travelling-band for transport 
in a new direction. 

If it be required to deposit the grain upon a travelling 
band, it will be necessary to give its particles a horizontal 
velocity equal to that of the band. For this purpose, the 
grain is directed down an inclined shoot, and acquires 
thereby a horizontal velocity equal to that of the band ; it is 
therefore at rest relatively to the band as soon as it comes 
upon it, and does not flow over the edges. 

As a iast precantioii, the edges of the band are bent up by 
oblique rollers so as to form a hollow trough where the grain 
is deposited, and the vertical velocity which the grain has 
acquired in falling down the shoot is thus prevented from 
causing an overflow in a lateral direction. 

THE INERTIA OF A RIFLE-BULLET. 

Another example of inertia is seen when a cylindrical 
leaden bullet is fired from a grooved rifle. In this case the 
bullet is expanded or upset^ as it is termed, by the explosive 
force of the powder, and the lead is driven into the grooves 
of the barrel so that the bullet becomes moulded to the bore. 
It is actually more easy for the powder to distort the bullet, 
and compress it into the grooves, than it is to move it. The 
bullet fits the barrel quite easily, and would yield to a 
touch, but a sudden force finds it inert, and can compress it 
out of shape, though there is nothing for the bullet to rest 
against. 

In confirmation of this remark, it is well known that 
slow-buming powder will not upset a bullet. The action 
depends entirely on the suddenness of the blow. 

In the old Enfield bullet a wooden plug 'wa^ m^etX^^ \sv. 
the base in order to assist this expansive aclioxi. 

It may be asked, how can the bullet be caM^X. wJCcvox^x 
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injury after it is fired? Of course it must be directed 
against some soft and yielding substance, and when fired 
into bran, a rifle bullet will penetrate .8 or 9 feet, but will 
retain its original form without a mark. The bullet will be 
deformed when fired into flour or saw-dust, substances 
which, before trial, would appear to be as suitable for the 
purpose as bran. This is a good inst^ice of harmless ab- 
sorption of the work stored in a mass when moving with a 
destructive velocity. 

Again, suppose that a hollow shell of iron is fired fi*om a 
9-pounder gun with a given charge of powder, and then that 
a like shell filled with lead is fired from the same gun, at the 
same elevation, and with the same charge of powder. The 
loaded projectile will range much farther than the empty 
one. Why is this? Manifestly because the inertia of the 
heavier projectile has detained it longer in the gun, the 
powder has had a longer time to act, is more perfectly con- 
sumed, and the work done upon the shell is increased. 

THE DISINTEGRATING FLOUR MILL. 

Hitherto, in all pulverising apparatus, such as ordinary 
millstones, edge runners, stampers, &c., the object to be 
broken up is pressed between two surfaces, and it is not very 
obvious that grinding can be done in any other way than by 
employing some contrivance analogous to the pestle and 
mortar. But inertia is a primary property of- matter, so 
that if you throw a grain of corn into the air and strike it a 
very sharp blow, the grain may be broken up into fragments 
although it is not supported against anything. Suppose that 
an iron rod were to strike the com with a velocity of, say, 
100 miles an hoiu*, the rod will encounter the sub- 
stance in mid-air, and will find it as inert and unyielding 
as if it were resting on a stone ; a few blows struck at a 
high velocity in rapid succession will break up the separate 
grains into a mass of powder, and thus wheat may in efiect 
be ground without using any millstones or rollers. , 
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mill, as it is termed, consists of 
n op^site directions on the same 



The disintegrating flour 
two circular discs, rotating i 
line of shafting. In the 
drawing a a represents one 
disc, and b b represents 
the other disc as seen in 
section ; the discs are a few 
inches apart, and are fur- 
nished with rows of short 
projectile bars a, b, c, d, e, 
and h, k, I, m, arranged in 
concentnc rings and stud 
duig the surfaces. In one 
machine the outer nng of 
beaters is 6 fi lo m di- 
ameter, the linear veloaty 
of a beater in the nng 
being 140 ft per second, 
or, about 100 miles an hour 
This veloaty corresponds 
to 400 revolutions of the 
disc m one mmute 

The com enters by the 
pipe E and is delivered 
mto the space round the 
shaft D, which carries the 
disc B Thence it is 

earned by the rush of air mto the space between the 
beaters and is struck mnumerable blows, until it finally 
escapes round the periphery m the form of flour The two 
shafts c and d revolve m opposite directions, and it will be 
noted that a grain reboundmg from one beater will instantly 
encounter another whirbng round in the opposite direction, 
whereby the effect due to inertia is heightened As the 
material approaches the condition of flout, tht "(a.'ftxOia?. «i.^ 
reduced in size, and the blows must be ToOTe iwiwa ■«; 
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order to complete the process. This heightened intensity 
in the blow is supplied by the higher linear velocity of the 
successive rings of beaters in the passage outwards, for, as we 
have stated, the energy existing in a moving body depends, 
not on the velocity simply, but on the square of that 
velocity. 

We shall lose no opportunity hereafter of pointing out 
that air and water possess inertia, jtist as much as solid 
bodies, and the truth of this remark would be forced upon 
any one who examined the disintegrator. When the 
machine was grinding com at 400 revolutions per minute 
the power expended was found to be that of 123 horses ; 
upon driving the machine without putting any com into it, the 
power expended was that of 63 horses. One disc was 
then disconnected from its shafting, and lashed securely to 
the other disc, the two discs rotating in the same direction ; 
the power then consumed was that of 19 horses. This 
latter power was required to overcome the friction of the 
machine and the resistance of the external air. 

It appeared therefore that a power of (63 — 19) horses, or 
of 44 horses, was consumed in churning the air between the 
discs, i.e., in overcoming the resistance set up in the first 
instance by the inertia of the air. This result is the more 
remarkable as the mass of air enclosed between the discs 
weighed only 2 lbs. If the power of 44 horses can be 
consumed in churning 2 lbs. of air, it is very clear that air 
must possess inertia. 

But we have also pointed out that heat is motion, and it is 
of courae impossible to knock about a mass of air in this 
way without heating it Accordingly, in one experiment the 
machine was driven empty at 700 revolutions per minute, 
and in about three minutes the temperature of the casing 
rose from about 60° to 110° Fahr., although there was a free 
passage of air between the discs. 

Machines constmcted on this principle have been in use 
for many years in pulverising or granulating mineral sub- 
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stances, especially those which are liable to get into a pasty- 
condition when crushed. 

No doubt the loss of power caused by the action of the 
enclosed air is a serious objection in practice, and the 
general problem of grinding com presents so many diffi- 
culties that the mechanical features of the machinery form 
ihe only subject-matter for our consideration. 

PENETRATION BY A SHOT UNDER WATER. 

« 

Sir Joseph Whitworth has recorded some experiments 
which illustrate the inertia of water. 

In 1868 a hexagonally rifled 3-pounder steel gun was laid 
at an angle of 7° below the horizontal line, and a flat-headed 
projectile was fired at a target dipping into water. The 
point aimed at was 2 feet below the surface of the water, 
and the line of aim passed through 6 feet 8 inches of water. 
The shot went straight on in the direct line of fire, not- 
withstanding the water, and as there was no deviation, 
there was little to suggest the action of inertia. 

But when a projectile somewhat pointed or egg-shaped 
at the head was fired from the same gun, it would scarcely 
enter the water at all, and struck the target 2 feet above 
the water-line instead of 2 feet below it, rebounding much 
as if it had been fired against a table of rock. 

Here the inertia of water was palpable enough, but the 
reason why the form of the head makes so great a diffierence 
in the result is rather beyond our scope at present 

What we have to say now is that the same property of 
mass (exists in the water in both cases, and that nothing else 
than the difficulty of suddenly moving matter can cause a 
hard and heavy piece of iron to glance off" firom a yielding 
substance like water. 

THE SUPPLY OF WATER FOR TRAINS WHILE RUNNING. 

The inertia of water y^ds taken advantage of by Mr. Rams- 
bottom in his well-known arrangement for supplying loco- 
motive tenders with water while the train is rurmin.^^ 



Examples of Inertia, 49 

The Irish mail runs from Chester to Holyhead, a distance 
of 84I miles, in two hours, and the tender picks up about 
1,000 gallons of water from a long trough, 18 inches wide 
and 6 inches deep, which is laid for a length of 441 yards 
near to Conway. A scoop, 10 inches wide, dips 2 inches 
into the water, and is connected with a pipe leading to 
the tender. As the engine nms along, the mouth of the 
scoop slices ofif a mass of inert water, and the liquid, before 
it has had time to acquire the velocity of the train, slides up 
the few feet of pipe leading to the tender, and rushes into 
the tank as if it were being discharged from a most powerful 
force-pump. What really happens is the exact contrary of 
what appears to happen : the water is at rest, except so far as 
the movement in a vertical direction is concerned, but an 
inclined plane is pushed underneath it with a velocity of 
some 40 miles an hour, and tlie water is lifted into the 
tender. 

If the explanation be correct, the contrivance would 
cease to act when the velocity of the train was sufficiently 
reduced. The height of the discharge orifice is 7 J feet from 
the ground, and at* 15 miles an hour no water gets into the 
tender, whereas at 22 miles an hour the delivery is 1,060 
gallons per hour ; this shows the influence of velocity. At 
50 miles an hour, the delivery is practically the same, for 
you can but slice off and seize hold of a layer of water of a 
given depth at whatever rate the train may be travelling. 

FURTHER EXAMPLES OF THE INERTIA OF WATER. 

Again, the inertia of water becomes very apparent in 
piunping apparatus. A force pump was employed in one 
case to force water through a valve which only rose i^ in. 
at each stroke of the pump. As the valve descended 
on to its seat after the stroke, tlie column of water came 
with it, and the practical result was that the pipe burst 
more than once near the valve ; on examination, it was found 
that the blow struck by the column of water returning through 

£ 
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this trifling distance, raised the pressure from 36 lbs. on a 
square inch of the pipe to 156 lbs. at the moment after the 
valve had closed. 

In obtaining a water supply for Manchester, the same 
property is applied usefully. Here the water is drained from 
the moor-land lying between Manchester and Sheffield, and 
is brilliant and pure in dry weather, but becomes discoloured 
by the peat after rain. The problem is to prevent the tur 
bid from mixing with the pure water. The means adopted 
are quite simple, each stream separates itself of necessity, so 
that the pure water flows into one set of reservoirs, and the 
turbid water into others where it can become clear. 

Fig. x6. 




RESERVOIR FOR CLEAR WATER. 



TO RESERVOIR FOR TURBID WATER. 




The sketch shows the arrangement adapted for a small 
stream which flows over a ledge having an opening at a. 
When the water is sluggish and pure, it drains through the 
opening and falls into the clear- water reservoir ; when the 
stream is swollen by rain, the inertia of the water causes it 
to leap across the gap, and to pass in another direction. 

Something very like this occurs in the making of shot. 
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It is well known that shot are formed by allowing melted 
lead to fall in drops from the top of a high tower. The 
liquid drops become Tound and solid as they fall and are 
received into a cistern of water. 

The perfectly spherical shot are then separated from the 
imperfect by allowing them all to roll down a very smooth 
inclined slab of iron. Those that are perfectly round acquire 
a velocity sufficient to carry them over certain pitfalls in the 
way, whereas any defect in shape will cause the imperfect shot 
to move more slowly, and to drop into the pitfalls, just as 
the slowly flowing clear water drops into the reservoir 
designed for it, while the rapid turbid water leaps over the 
opening. 

THE TENDENCY TO MOVE IN A STRAIGHT LINE. 

The inertia of matter is felt when a stone is whirled round 
in a sling, the strain upon the string is due to this property. 

Conceive that a smooth ring p is threaded upon a smooth 
rod A B, centred at a, and capable of whirling round in a 
horizontal plane. 

Fig. 17. 

u 



Draw p p ' perpendicular to a p ; then if a b be moved into 
the position a b ', the ring will be started in the direction p p ', 
and tends to move in that line. At each successive instant 
the ring receives a pressure in a direction perpendicular to the 
rod, and continually tends to get farther ofif from a: thus the 
ring appears to travel down the rod, and soon slips off at 
the end. 

If p be kept in the circle p q, it must be pushed towards a, 
that is, a force must be exerted in order lo raskft "fi ^^^^cx^^ 
a circle round a. 

£ 2 
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The motion in a circle under the action of a constant 
force will be examined hereafter ; at present it suffices to say 
that the ring would be whirled off the stick by reason of the 
tendency of matter, when in morion, to continue its course 
in a straight line with a uniform velocity. 

THE VENTILATION OF COAL MINES, 

The method of ventilating coal mines first adopted has 
been by means of fiimaces kept burning at the bottom of 
a shaft. In the Seaham Colliery, for example, there are two 
shafts, one for the air to descend and to pass through the 
workings of the mine, the other for the ascent of the air at the 
close of the circuit. The depth of each shaft is about 510 
yards. Fires are kept burning at the bottom of the upcast 
shaft, which is, in fact, a chimney ; and more than ao tons of 
coals are consumed every twelve hours in producing the 
necessary draught. This method is quite effective, but it is 
certainly not economical In the place of these ftimace 
fires, ventilating tans are now being introduced, the most 




successful of which appears to be that invented by M. 
Guibal of Belgium. This mechanical apparatus may be 



Ventilating Fan. 
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made of a large size, say, 36 feet in diameter, and 1 2 feet in 
breadth, making perhaps 60 revolutions per minute. It 
consists of a large wheel, with a central opening for the 
entrance of the air, and a number of radial shutters, each 
corresponding to a b, in the last article. As the wheel ro- 
tates the masses of air between each pair of shutters slide 
out from the centre just as the ring p slides along a b, and 
• the mine may be ventilated as effectually as it could be by 
a furnace fire. It is a very striking thing to stand in the 
gallery or passage which feeds the centre of this gigantic 
revolving wheel with air coming from the mine. There 
is a strong gale of wind apparently blowing past, and at first 
it is difficult to believe that the revolving wheel is the sole 
agent which produces it. 

Again, at Liverpool there is a railway tunnel 2,025 yards 
long and 430 square feet in sectional area. This tunnel is 
now ventilated by a fan 29 feet in diameter and 7^ feet wide. 
The fan has twelve straight vanes or arms, made of Bessemer 
steel, and set in lines radiating from the centre. Each vane 
is 7^ feet wide and 7 feet long. Here then is the apparatus 
corresponding to the rod and the ring. The wheel makes 
45 revolutions per minute, and is capable of clearing out 
every particle of the trail of steam and smoke left by a pass- 
ing train in about 8 minutes. In doing so it is estimated to 
drag through itself about 115 tons of air. 

Fig. 2a 




In a similar manner the com at the Liverpool warehouses 
can be spread nearly uniformly over a circular space 45 
feet in diameter, by means of a fan placed 9^ feet above the 
floor, and making 250 revolutions per minute. This is pre- 
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cisely the same process as the ventilation of a mine, except 
that we deal with com instead of air. The fan is of simple 
construction, being a hollow wheel with passages radiating 
from the centre outwards. 

The same principle holds good in pumping water. 

EXPERIMENTS ON ROTATION. 

Some lecture-table experiments will also illustrate this 
subject. 

Conceive that two tubes, each nearly filled with water, are 
mounted on an ajds a b, as shown ; place a cork in one tube 
and a bullet in the other. Now set the tubes in rapid 
rotation, and it will be found that the bullet rises, while the 
cork descends ; the air-bubble also descends to the bottom 
of each tube. The ordinary laws of gravity are reversed in 
this artificial state of things. The reason is, that the 
heaviest body exerts the most powerful tendency to pursue 
its path in a straight line. The water is heavier than the 
cork, and pushes it back ; the water is lighter than the bullet, 
and is pushed back by it : so also the water forces down the 
Hghter air. 

The bullet is shown oval in form ; a round bullet is appa- 
rently distorted into that shape when placed inside a 
cylindrical glass tube. The tube acts as a lens. 

Fig. ax. Fig. aa. 

BUULLT 






Again, take a bottle shaped somewhat as in the sketch, 
pour into it some water and some mercury, and put also 
into it a white marble and a cork ; then set the bottle in rapid 
rotation upon a vertical axis. The mercury exerts the 
•Treatest power in this attempt to go forward in a straight 
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line, and arranges itself, under the constraint of the vessel, in 
a horizontal band ; next comes the marble, which describes 
a circle, looking like a shadowy white ring resting inside the 
mercury ; then the water hollows itself out in the form of a 
cup, and the cork appears to be in one sense heavier than 
the mercury, although it is seen floating in the centre of the 
hollow formed by the water, where there is a quiet space not 
affected by rotation. 

In the same vessel we observe that the ordinary laws of 
gravity are both contradicted and confirmed. 

SIEMENS* STEAM JET. 

The effect produced by a jet of steam in setting air in 
motion and in creating a partial vacuum has long been 
noticed. One most useful application occurs in the steam 
blast which beats out in puffs from the chimney of a loco- 
motive, and sustains a rush of air through the tubes of the 
boiler. 

Mr. Siemens has recently applied a steam jet for exhaust* 
ing air, and he has found it essential to make the velocity 
of the air, just as it comes in contact with the steam, as 
nearly as possible equal to that of the steam. It was a 
knowledge of principles which led to this conclusion, and 
the reason is the same as that for causing the velocity of 
com when it falls upon a canying-band to be equal to that 
of the band. The com would, as already explained, have 
been left behind if it had not this velocity, and so also the 
air would be left behind by the canying steam, and would 
be whirled into eddies with a loss of force, if it had not 
sufficient velocity at the instant of coming into contact with 
the steam. 

The first law of motion applies equally in both cases, and 
the requisite velocity is obtained by contracting the air pas- 
sage up to the point where the jet of steam is in action. 

So also, common sense would tell us that the effect will 
be heightened by increasing the amount of surface where 
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the steam and air are in contact This is done by pouring 
out the steam in an annular jet between two concentric 
annular passages for the air. 

To show that the steam jet is a practical contrivance, it 
may suffice to say that it has been found competent to work 
the pneumatic despatch tubes used for sending telegrams. 
The stations from Telegraph Street to Charing Cross are 
connected by a continuous line of iron pipe three inches in 
diameter, and forming a complete circuit of two parallel 
tubes nearly four miles in length. These tubes pass round 
the comers of streets, dip under buildings, and rise or fall, 
as may be necessary, but they keep up a continuous com- 
munication to Charing Cross and back again. The written 
messages are placed in light cases covered with drugget, and 
are blown through the tubes by a steam-engine which drives 
the air in at one end and pulls it out at the other. As an 
experiment on the power of the jet, the whole length of 
four miles of tubing has been worked by three steam-jet ex- 
hausters, and the carrier cases have been propelled through 
the tubes at the rate of fourteen miles an hour without any 
assistance from the engine. 

The student has now learnt to give inertia to water and air 
as well as to solid bodies, and in doing this, he has made an 
important step in mechanics. He can see a grain of wheat, 
but he cannot distinguish a single particle of air, yet the 
same mechanical laws apply in both cases, and thus we 
reason from the large and visible to the minute and imper- 
ceptible, until finally, we become so far educated as to apply 
our knowledge of mechanics in explaining the subtle re- 
lations concerned in the motion of those invisible atoms 
which transmit heat and produce effects which we say are 
caused by force. 

We pass on to some examples on the motion of falling 
bodies. 

Ex. I. A body falls freely from rest for six seconds, what is the space 
described in the last two seconds of its fall ? (Science Exam. 18651). 



Examples of Falling Bodies, 57 

Taking the expression s^\gf' we have 

Space described in 6 seconds = ^x 36 

/. space described in the last two seconds = \g (36-16) ■« 322 feet. 

Ex. 2. Find the time in which a body falls from rest through 192 
yards. (Science Exam. 1871). 

Here also j = i^, /. 192 x 3 = i6'i x ^, putting yards into feet. 

.*. /• --1— « ^^ = 36 very nearly, /. /= 6 seconds. 
i6-i 16 

It is usual to take ^ as 32 when the answer works out easily by 
doing so, and in the present case we observe that 

192 = 12x16, /. 12x16x3=16/*, /. /«=36 and/=6. 

Ex. 3. A stone is thrown upwards with a velocity 64 feet per second, 
find when it is 48 feet above the ground. 

If no force acted the stone would describe 64 / feet in / seconds ; also 
the pull of the earth causes it to fall from rest through 16 /*feet in / 
seconds. We conclude that each of these movements may occur sepa- 
rately or together, and that neither will influence the other, because the 
second law of motion tells us that although the stone is moving upwards 
at first, it commences to accept the motion of a body falling freely from 
rest at the instant when it is liberated from the hand. 

Hence 48«64/— 16/^ /. /*— 4/« —3, and /=i or 3. 

The double answer is easily explained. The stone rises 48 feet in 
I second, but it goes higher, stops, and comes down again, and is 
48 feet above the ground, after an interval of 3 seconds. 

Ex. 4. To find how high the stone rises. 

The stone must rise to the height from which it would have to fall in 
order to acquire the velocity 64. 

Hence, taking the formula v^ «= 2gs^ we have 64* = 2 x 32 x j, 
.", 64= J, or the stone will rise through 64 feet. 

Ex. 5. To find the time occupied in rising through this height. 

Herej=i^, .-. 64 = ^x32/2 = 16/2, /. /=±2. 

The double sign is again significant, the stone is 2 seconds in rising 
to the height, and 2 more in dropping back to the point from which it 
was thrown upwards. 

A question suggested by dropping a stone into Carisbrook well 
may be taken to illustrate the nature of both uniform and accelerated 
motion. The stone falls with an increasing velocity till it strikes the 
water, but the sound of the splash rises uniformly. 
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Ex. 6. A person drops a stone into a well, and after 3 seconds hears 
it strike the water. Find the depth to the surface of the water, 
the velocity of sound being 1127 feet per second. 

Let X be the time in seconds occupied by the stone in falling, then 
the depth of the well = i6*ij;^ feet. 

But 3— j: is the time during which the sound rises uniformly, 

/. the depth of the well = 1 127 (3 - jt) feet. 

x^ 
Hence i6*ij:9 = ii27 (3— *), /, — = 7 (3— ;c)=2i — 7 jt. 

10 

jc* + 7Qr + 1225 - 1225 + 210 = 1435 

jr=s2'88 seconds, 

.'.the depth of the well =sii27 (3 — 2*88) = 1127 x •I2s= 135-24 feet. 

In the text we have proved the formula s=^^ ; this proof is general, 

and will apply to the action of any constant force, so that we may 

interpret it thus : 

space from restas^ (vel. generated in i") (time)*. 

Or putting it into symbols, let /be the velocity generated in i second 

by a given uniform force; s the space described from rest in / seconds, 

then s^l/i\ 

Ex. 7. A mass of 500 lbs. is acted on by a force of 125 absolute units, 
what space will it describe from rest in 8 seconds ? 

In absolute measure a force i generates in i second a vel. i foot 
per second in a mass of i lb., therefore a force of 500 would generate 
in I second a vel. I in a mass of 500 lbs., and a force of 125 would 
generate in i second a vel. :i in a mass of 500 lbs. 

Hence, space required ■* ^ x (vel. generated in i") (time)' 

= » X J X (8)2=^ X 64=8 feet. 

As an example in gravitation units, take the following problem. 
Ex. 8. A weight of 8 lbs. (called p), is placed on a smooth horizontal 
table, which does not resist the motion, and is attached by a string to a 
weight of 12 lbs. (called Q) hanging over the table. Find the tension 
of the string, the velocity generated in i second, and the space de- 
scribed from rest in 2 seconds. 

As regards the tension of the string, it is evident that the strain is 
lessened by the fact that the weight of 8 lbs. yields to the pull on it. 

Fig. 23. Let / be the velocity generated in one 

"P second in p, 

T the tension of the string in pounds. 
Since T acting on p generates a velocity 
/, we have 

T massx / f 
* 8 mass x ^ g 



3^ 
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Also (12— T) acting on Q generates the same velocity, 

. 12 — T _ 'n\.2&%y.f _f 
12 massx^ g* 

Hence '^^ l^Zl, 
8 12 ' 

3 T = 24-2T, and T«4j lb. 

■^^ 3"^ f 87s' ** •^- »-''*• 
Also space described from rest by either F or Q in 2 seconds 

= ^/x (2)2 =2/= 38 -4 feet. 

Ex, 9. A body whose mass is 8 lbs. is known to be under the action 
of a single constant force. It moves from rest, and describes 5 ft. 
in the first second, what is the magnitude of the force ? 

(Science Exam. 1871.) 

As before, let F be the force which generates a velocity 5 in i 
second in a body weighing 8 lbs. 

.-, I.J'^^jLi. S_ ... F=lill = J2..i.24ib. 

8 mass X 32*2 32*2 32*2 32*2 

Ex. 10. A problem in this form appears to be of little practical use, 
but the knowledge we gain by solving it may be valuable. 

Thus, in the Allen steam-engine^ of which there is an example at the 
works of Sir J. Whitworth & Co., the crank shaft makes 200 revolu- 
tions per minute. The piston and the parts connected with it weigh 
470 lbs. Tins mass comes to rest at the end of one stroke, and must 
be started again on its return ; it is easy to see that the piston may 
either be dragged on by its connection with the rotating shaft and fly- 
wheel, or that it may be moved by the pressure of the entering steam. 
The problem now is, to find approximately what must be the pressure of 
the steam in order that the piston may begin to move without straining 
the crank pin. 

Here the crank is 12 inches in length, and the number of revolutions 
is 200 per minute, it follows therefore that the piston moves through 
•000152 ft. while the crank describes an arc of 1°, i.e., in y^th of a 
second. What then is the force which is competent to move 470 lbs. 
from rest through '000152 ft. in ^-^ seconds? 

I^et P be the required force in pounds, /the velocity which it generates 
in I second in a body weighing 470 lbs. 

" 470 i 32"2 
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But space from rest =i/(time)*, /. '000152 «Z x (-^] 

/. /-» '000152 X 1440000 X 2, 

32*2 i6*i 

.*. p = 470 X 13 '6 lbs. « 6392 lbs. 

The area of the piston is 113 square inches, and hence the steam 
should be admitted at a pressure of 57 lbs. per square inch nearly. 

Ex. II. A body is thrown upward with a velocity of 96 feet per 
second. After how many seconds will it be moving downward ^nth a 
velocity of 40 feet per second ? Take g = 32. (Science Exam. 1872.) 

The answer is 4} seconds. 

Ex. 12. A moving body is observed to increase its velocity by a 
Velocity of 8 feet per second in every second. How far would it move 
from rest in 5 seconds? (Science Exam. 1872.) 

Answer. 100 feet. 

Ex. 13. A body known to be acted on by a constant force moves 
from rest, and describes 36 feet in the first 3 seconds. With what 
velocity will it be moving at the end of the sixth second ? 

Answer. 48 feet per second. (Science Exam. 1871.) 

Ex. 14. A body falls freely from rest through 160 feet. How long 
will it take to fall through the next 80 feet ? Take g = 32. 

Answer. Jths of a second, nearly. (Science Exam. 1871.) 

Ex. 15. A body weighing 50 lbs. is acted on by a constant force 
which acts for 5 seconds and then ceases to act : the body moves through 
60 feet in the next 2 seconds. Express the force in absolute units. 

The answer is 300. (Science Exam. 1870.) 

Ex, 16. A body acted on by a uniform force is found to be moving 
at the end of the first minute from rest with a velocity which would 
carry it through 10 miles in the next hour. Show that the velocity 
generated in i second by this force \ g w I : 131 nearly. 

Ex. 17, A body falling freely is observed to describe 112*7 feet in a 
certain second : how long previously to this has it been falling ? 

Answer. 3 seconds. 

There are many other matters for illnstration connected 

with this introductory chapter, but we prefer not to treat of 

them at present The text is sufficiently clear as far as it 

goes, and it will serve the purpose of an introduction to the 

more detailed iiiformation which will be given hereafter. 
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We pass on to discuss the two leading principles which 
govern the laws of equilibrium of bodies under the action 
of forces, viz., ih^ principle of the lever ^ and the principle of 
the parallelogram of forces. 




CHAPTER I. 

THE PARALLELOGRAM OF FORCES AND THE LEVER. 

Art. 1. — It has been stated that force is any cause which 
moves or tends to move matter, and we have now to sup- 
pose that a very minute particle of 
matter at a is acted on at the same 
instant by two forces, p and q. 

Unless these forces are equal, and ^^ ^^ 

act in opposite directions in the 
same straight line, the molecule 
must move in some determinate "<i 

direction with a definite velocity. But a single force is com- 
petent to move a molecule in a definite direction with an 
assigned velocity. Hence, there is some single force r, inter- 
mediate to P and Q, which, when acting on the molecule, 
produces the same effect as the combined action of p and q. 

This single force r is called the resultant of p and Q, 
and conversely, p and q are called components of r. The 
process of substituting two forces p and Q for the single force 
R is called the resolution offorce^ and the process of finding 
R firom p and q is called the composition of the forces. In 
other words we say that r may be resolved into p and Q, or 
that p and q may be compounded into the single force R. 

In flying a kite, for example, there are two forces acting 
externally, vi;5., the pressure of the wind and the pull of 
the string ; a third force is the weight of the kite, which must 
be equal and opposite to the resultant of the two first-named 
forces. The kite will remain steadily supported in the air 
so long as this equality maintains. 



62 The Composition and Resolution of Forces. 

If any number offerees acted at the same instant on the 
point A, there would still be a single force competent to move 
A as it actually moves. Hence, the forces would have a 
single resultant, and the process of resolution or composition 
may be extended to any number of forces. 

THE REACTION OF SMOOTH SURFACES. 

2. It will now be convenient to explain the meaning of the 
term reaction, as applied to bodies when at rest under the 
action of forces. 

A particle is free when there is nothing to prevent its 
motion in any direction, but a particle is constrained when 
there is some particular direction in which it cannot move. 
Thus, a body placed upon a horizontal table is constrained 
and not free, for it cannot penetrate below the table. A 
body moving in a curved tube is constrained, and so is a 
body suspended by a string. 

Whenever this constraint occurs, there is a resistance 
brought into play which is called reaction. When a body 
rests on a table, its weight presses on the table and pro- 
duces an action^ the table supports this pressure and exerts 
a reaction, which, by Newton's 3rd law, must be equal and 
opposite to the action. 

The sides of the tube react on the body moving within it. 
The weight hanging on a string produces a stretching force 
or tension, and this tension is an upward pull or reaction 
equal to the action of the weight sustained. 

The next point to be considered is the direction of this 
reaction, and here experiment leads us to conclude that if 
the surface of constraint be absolutely smooth, the reaction 
must be always perpendicular to the surface. 

What is meant by a smooth surface ? An optician would 
say that it is a surface which does not scatter or throw oflf 
irregularly any part of a beam of light, and that if there 
were such a thing as a smooth surface we could not see it, 
because none of the light falling on it would be scattered. 
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We should, in point of fact, only see the objects which were 
reflected in it 

In natural objects we never find this ideal perfection, and 
the test of smoothness is simply the absence of any resist- 
ance offered by the surface to motion along itself. Thus, 
ice is called smooth because a body slides along it so easily. 
The most level and true plane that can be made of metal is 
not smooth in the strict sense of the word, for resistance to 
motion along its surface is felt at once. 

It suffices to point out that an ideal smooth surface offers 
no resistance to motion in any direction except in a line 
perpendicular to itself. We always assume, fig. 25. 

in problems relating to bodies resting on 
smooth surfaces, or relating to bodies r 
having smooth surfaces and resting on 
supports, that the reaction is in every 
case perpendicular to the surface. 

For example, if a smooth sphere, held 
up by a string p, rests on a smooth surface 
at the point d, the reaction r of the 
surface will be at right angles to the direction of the 
common surfaces at d, and the pressure exerted on the 
supporting surface at d will be equal to the force R. 

PRINCIPLE OF THE CONCURRENCE OF THREE BALANCING 

FORCES. 

3. Before discussing the method of finding the resultant of 
two or more forces acting on a point, we shall explain a 
principle known as that of the concurrence of three balancing 
forces, which may be thus stated. 

When three forces act on a body and keep it at rest they 
must either meet in one point or not meet at all. 

If they do not meet they are parallel, and that case will be 
examined presently. If they do meet they must all come 
together in one point. For two at least of the forces meet in 
one point and have a single resultant ; this resultant balances 
the third force ; but two forces which balance act in the same 
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Fig. a6. 



Straight line and in opposite directions, therefore the third 
force must pass through the point of intersection of the other 
two forces. 

In the following examples of this principle, we shall assume 
that the weigtit of a uniform rod acts as if it were collected 
in the middle point of a rod. The proof will be given very 
shortly. 

Ex, I. A uniform rcxi rests in a hemispherical cup as shown, find its 
length when it rests at 30° to the horizon. 

Let £ be the centre of the rod, then there 
are only 3 forces acting, viz., the reaction 
at P, the reaction at B, and the weight of 
the rod ; and it follows that these 3 forces 
must meet in a point F. 

Then F P c = 60°, since the rod is in- 
clined at 30° to the horizon. 

But FCP — BCD«2CPB« 60°, 
/. FPC«FCP« 60®, 

/. p F c is also 60®, 

/, F c P is an equilateral triangle. 

Let the radius of the hemisphere = a, and length of rod = zx, 
. X sin EFC _ sin 30 _ sin 30 _ i 




FB sin FEB sin (90 + 30) 



cos 30 V3 



X 



^/T' 



JP— 



2a 



V 



Ex. 2. A uniform beam A b hinged at A, and weighing 100 lbs. , rests 
in a horizontal position under the pull of a weight W attached to a string 
making an angle of 30° with the beam. Find W and the pressure on 
the hinge. 

The forces acting are this pressure, which call P, the force w, and 



Fig. 27. 




100 



the weight of the beam, viz., 100 lbs. Now 
the directions of the tension at B and the 
weight of the beam meet in E, therefore 
p also passes through E. 

Also P, w, and 100 make equal angles 
with each other, and no reason can be 
assigned for making any one force greater 



than either of the other two forces. 
/. they must be equal to each other, 



w 



100. 
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Ex, 3. A uniform rod B E rests on a prop A, and also against a smooth 



vertical wall B D. Find the length of the rod 
when it makes an angle with the wall, the 
distance from the prop to the wall being given. 
Here R', the reaction at B, is a horizontal 
force^ and w, the weight of the rod, acting ^ 
through its middle point G, is a vertical force. 
These two forces meet in F, and the reaction 
R at the prop a must pass through the same 
point 

Now A c s= A B sin 
and A B St B F cos a b F 
« B F sin 6, 

/. a c = B F sin *0 « B G sin*0. sin 6 



Fig. 38. 




= B G. sin '6. 



BG = 



AC 



and BE = 



2AC 



sin 8fl " sin »fl' 

Ex, 4. Let be ^ of a right angle .*. sin => ^, and B E = 16^ AC. 

Ex, 5. Draw a vertical line a b, and a line a c making an angle of 
30** with it ; place an equilateral triangle P Q R, of weight w, between 
these lines, with one angle on A b and the other two on A c. Assume 
that the surfaces are smooth, and find the pressures on A B, A c. 

The forces make angles of 90, 120, 150 with each other, whence the 

pressures are W V 3, and 2 w. (Science Exam. 1870.) 



THE PRINCIPLE OF THE PARALLELOGRAM OF FORCES. 

4. We pass on to a mechanical principle of the highest 
value called ^^parallelogram of forces, vi\iicYi may be thus 
enunciated. 

If two straight lines drawn from a point represent in mag- 
nitude and direction any two forces acting on thai point, 
and if the parallelogram on these lines be completed, the 
resultant of the two forces will be represented in direction 
and magnitude by that diagonal of the parallelogram which 
passes through the point where the forces act. 

The reasoning is divided into two distinct steps, (i) we find 
the direction of the resultant, and (2) we find its magnitude, 

I. To show that this general proposition is true so far as 
r^ards the direction of the resultant, 

F 
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Conceive that two equal forces p, p, represented by the 

Fig. 29. straight lines a b, a c, act upon the material 

particle a.* The ciirectioti of their resultant r 

must bisect the angle bag, for no reason 

can be adduced for its inclining towards 

one of the forces, as a b, which would not 

equally apply to make it incline towards the 

other, as AC; that is, its direction must lie exactly half way 

between a b and a c. 

If now we complete the parallelogram ab c d, as in Fig. 30, 

and join a d, the diagonal a d bisects 
the angle bag, and therefore ad 
determines the direction of the re- 
sultant of the foices p, p. Hence the 
proposition is true, so far as regards 
the direction of the resultant, in the 
case when the forces are equal. 

Next conceive that the point a is acted on by a force p 
in A G, and by two forces p, p, in direction a e. 

Make a g=p, a b^p, b e=p, complete the parallelograms 
b G, E D, and join ad, b f. Let the diagram represent a number 
of rigid Hnes immovably fastened together, then the forces 
p, and 2 p, acting at a, will have a resultant in some direc- 
tion as yet unknown. 

We argue thus respecting it; if we can transfer the 
forces p and 2 p to another point, such as f, for example, 
\sathout disturbing the action felt at a, we shall have a right 
to conclude that the resultant of p and 2P lies in the 
direction a f. The principle of the transmission of forced 
Justifies this conclusion, for it is not possible to transfer a 
force, whether compound or single, to any point not situated 
in the line of its action. In order to follow out this train of 
bought we regard the point a as acted on directly by the 
ibices p, p, in A B, A g, and conceive that the second force p 

* See page 2 of the Introduction, 
t S^^ page 3 of the Introduction. 



TJie Parallelogram of Forces, 67 

is applied at b and transmits its action on to a by means of 
the rigid line b a. 

Now p in A B, and p in a c, have a resultant bisecting the 
angle bag, and therefore acting in ad. Transfer this 
resultant to d, and then resolve it back again into its com- 
ponentS) yiz., p in b d and p in d f ; transfer the first named 
component to b by the rigid line d b, and the second com- 
ponent to F by the rigid line d f. Although the points of 
action of the forces are changed, the pull at a is precisely 
the same as at first 

Now the force p at b, in b d, will compound with the 
force p in B £, and these two forces p, p acting at b will have 
a resultant in direction b f. Transfer this resultant to f, and 
break it up into its components p, p. We shall then have 
p at F in direction e f, p at f in direction d f, as well as 
a third force p at f, in direction d f, which was carried there 
previously. 

On the whole there are now p and 2 p at f acting in 
directions parallel to p and 2 p at a. That is, the forces p, 
2 p acting at a have been shifted to f without disturbing the 
action at a. We conclude, therefore, that the direction of the 
resultant of p and 2 p at a lies in the line a f, which is the 
diagonal of the parallelogram on the sides a e, a c. If, 
therefore, the proposition, so far as regards the direction of 
the resultant, be true for the forces p and p, it is also true for 
the forces p and p+p, or p and 2 p. In like manner, if it be 
true for a c and a b or for p and p, and also for a c and a e 
or for p and 2 p, it may be shown to be true for a c and a b + 
ae or p and 2 p + p, i.e. for p and 3 p. By extending this 
reasoning, the general proposition, restricted to the direction 
of the resultant, is true for p and m p, and finally for n p and 
m p ; that is, for all commensurable forces. 

It may also be proved to be true for incommensurableioxixsy 
that is, forces represented by the quantities such as 5 v" 2, 
V 3, and the like. We pass by any such refinements of 
reasoning, and the proof must sufllice as it standi. 

F2 
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2. To find the magnitude of the resultant Let a b, a c, 
represent, in magnitude and direction, two forces p and q 
Fig. 3x. acting a; complete the parallelo- 

gram A B c D, join A D ; then a d 
gives the direction of the resultant 
of p and Q. Let r be the magni- 
tude of this resultant, produce 
D A to K making a k = R, com- 
jJete- tiie parallelogram k c, and join a h. Since the 
forces A K, A B, A c, acting a are in equilibrium, any one 
may be regarded as equal and opposite to the resultant 
of the other two, that is a b is equal and opposite to the 
resultant of ak, ac But if this be so, a b is in the direc- 
tion of A H, the diagonal of the parallelogram kg; 
.•. H A Bis a straight line. 
/. H A is parallel to c d, and h a d c is a parallelogram, 

/. H c is equal to a d. 

ButHC= KA /. KA = AD. 
But K A = R .\ A D = R. 

TherefOTe the diagonal of the parallelogram c b represents 
the resultant of p and Q in magnitude as weJl as in direction, 
and the general principle is established. 

5. The relations between r, p, q in the general proposi- 
tion are found at once by trigonometry. 

Let BAC = a, BAD = 6. 

Then a d* = a c* + c d' — 2 a c. c d. cosa c d 
or R^ = P* + Q* + 2 P Q cos a . . , . . , (i) 





Fig. 33. 


Alcn^ _ AD _ sma 


H. 


P A B sin (a — 0) 
R AD sin a 




V 

^ 


Q AC sin 

These equations give R : p ! q 

= sin a : sin (a— 6) : sin 

= sinPAQ : sinRAQ : sinRAP. 



Resolution of Force. 6g 

Cor. 1. The resultant of two e^ual forces may be found 
by referring to equation (i), and making q=p. 
It follows that 

R^ = p2 + p2 -f- 2 p* cos a 
= 2 p* (i + cos o) 

= 4 p* cos* - 

2 

/. R = 2 P COS -. 

2 

The same thing appears from the figure, for when the 
sides of a parallelogram are all equal, the diagonals bisect 
each other at right angles. 

Let E be this point of intersection ; then 

RsssAD = 2AE = 2AB COS B A D = 2 P COS ? . 

2 

Cor. 2. The greatest value of the resultant is p+q, and 
the least value is p— q ; also the resultant increases as the 
angle between the forces diminishes. 

RECTANGULAR COMPONENTS OF A FORCE. 

6. In applying this principle it may be convenient to 
commence with the case where bag is Fic 33- 

a right angle. Let the forces x and y, 
acting at a right angle on the point a, 
be represented in magnitude and direc- 
tion by the lines a b, a a 

Then r, the resultant of x and y, 
will be represented in magnitude and 
direction by a d, the diagonal of the parallelogram a b d c. 

Let B A D = a. 

Then a b = a d cos a, or x = r cos o . . . • (i) 

A G = AD sin o, or Y = R sin a . . . . . (2) 
.% x« + Y« = RMcos2a + sin2a)=R« 

R = ± ^ x 2 + Y 2. (3) 




• • 



Equations (i) and (2) give the components of r in directions 
A By A c respectively, and (3) gives r in terms of x and y. 
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From this we conclude that a force r may be resolved in 

and perpendicular to a line making an angle a with its 

direction by multiplying it by cos a and sin a respectively. 

Ai«^ R sin a Y . , Y 

Also as — . . tan o = — . 

R cos O X X 

Ex, I. Resolve the force lo into two forces at right angles to each 
other, one of the forces making an angle of 20° with the force 10. 
Here x = r cos 20 = 10 x -940 = 9*4 
Y = Rsin20 = 10 X '342 — 3*42. 
Ex, 2, Two forces, each of 100 lbs., make angles of 30° and 45® 
with a horizontal plane, and act in directions opposed to each other at a 
point in the plane. Find the effect along the plane. 
Here x = 100 cos 30 — 100 cos 45 

= 100 X '866 — icx) X 707 
= 86*6 — 70 7 =15-9 

RECTANGULAR COMPONENTS OF SEVERAL FORCES. 

7. This principle of the resolution of a force into two 
components at right angles to each other, may be extended 
to any number of forces acting in one plane upon a point. 

Fig. 34. Let X A x', Y A y', be two 

irl ^p straight lines at right Angles 

to each other, meeting in the 

point A. Pj a force, acting at 

A and making an angle a^ with 

A X ; also let other like forces 

P2 P3 &C., acting at a, make 

^ angles 02 03 &c., with a x. 

Then Pj cos aj + P^ cos a^ + P3 cos 03 + &c., is the 

sum of the components of these forces along x a x', 

and Pi sin oi + P2 sin a2+P3 sin a^ + &c. is the sum of the 

components of these forces along y a y'. 

Let R be the resultant of all these forces, the angle 
which it makes with x a x', 
then R cos x= Pj cos oi + P2 cos ng + &c. = x 
R sin = Pi sin. oj + Pa sin aa + &c. = Y 

.•. R^=x^ + Y* and tan e =» - , 
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Cor. If R 2= o, then x^ + y* = o, 

/. X = o, and y = o, 

that is the components in directions x a x', y a y', are 
separately in equilibrium. We shall make great use of this 
simple statement 

JSx, I. Three forces of 27, 52, 49 lbs., act at the point o in directions 
o A, o B, o c, such that A o B = 32°, B oc >- 26°. Find their resultant. 

Here R cos = 27 + 52 cos 32 + 49 cos 58 = 97*0645 
R sin 9 » 52 sin 32 + 49 sin 58 » 69*1 102 

R«- 141977, R - 119*4. 
JSx, 2. Three forces, 4, 5, 6, act on a point at 120° to each other ; 
find their resultant, and the angle at which it is inclined to the force 4. 

Here Xas4— 5 cos 60 — 6 cos 60= — § 
Y«5sin6o — 6sin6o=s — J^~3 
R* = | + } = 3andR= V $: 

Let $ be the required angle, .*. tan »_ = ^~i /. 6 « 30 or 210. 

Y ® 

It is clear that 210° is the angle required by the circumstances of the 
problem. 

The concluding proportion between r, p, q, (See Art, 5) is 
often stated as follows : — 

When three forces act on a point and keep it at rest, each 
one of them is proportional to the sine of the angle between 
the other two. 

It also takes another form, which was an early invention 
in mechanics, and is known as the triangle offerees, 

THE TRIANGLE AND POLYGON OF FORCES. 

8. If three forces acting on a point be represented in 
magnitude and direction by the sides of a triangle taken in 
order ^ they will be in equilibrium. 

Let A B D be a triangle, whose sides, a b, b d, da, 
taken in order, represent in magni- fig. 35. 

tude and direction, the forces a b, 
a c, D A, acting at the point a. Com- 
plete the parallelogram a b c d. 
Then the forces a B, a c, have a 
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resultant a d, that is, the forces a b, a c, d a, are equivalent 
to A D, D A, and, therefore, balance each other. 

It follows that the forces represented by a b, b d, d a, would 

be in equilibrium if they were applied directly at the point a. 

The converse is also true, viz., that if the forces balance, 

and the triangle be constructed, its sides will be proportional 

to the magnitudes of the forces. 

This statement governs the application of the proposition 
in practice. A triangle is drawn whose sides are parallel to 
the forces, the sides of this triangle are measured, or found 
by calculation, and give the respective magnitudes of the 

forces. There are numerous 
examples in the text-book on 
the strength of materials. 
Take the case of a crane. 
Let a weight of four tons hang 
on the chain of a crane from 
the end c, take «^ = four units, 
draw ac^ be, parallel to the 
tie-rod a b and the jib b c respectively. The lines ac,be, 
may be found either by measurement or calculation, and 
they will represent, on the same scale as a 3, the pull on the 
tie-rod and the compressing thrust on the jib respectively. 

Ex. i. Three forces of 8, lo, I2 units respectively keep a point 
in equilibrium ; determine by construction how they act 

Make a triangle whose sides are 8, lo, 12 respectively, and the 
directions of the forces are parallel to the sides of this triangle. 

(Science Exam. 1872.) 

Ex, 2. AB cis an equilateral triangle. Forces of 10, 10, 15 lbs. act 
on a point in directions parallel to A B, B c, c A, respectively ; find their 
resultant. Ans. The resultant is 5 lbs. 

Ex, 3. A rod a c, without weight and hinged at c, supports a weight 
of 100 lbs. hung at A, and is kept in position by a horizontal tie-rod A B. 
If B A c is 30°, find the tension of the tie-rod and the thrust on A c. 
Ans, Tension « 100 A/"3n)s. Thrust = 200 lbs. 

Ex, 4. Find the resultant of forces of 10, 20 lbs. acting on a point at 
an angle of 60°. Ans, 26*4 lbs. (Science Exam. 1871.) 
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Ex, 5. Draw the two straight lines A B, AC, at right angles to each 
other, and bisect the angle B AC by the line ad. A force of loo lbs. 
acts in A D, and is balanced by two forces acting in B A, c A. Find 
these forces. (Science Exam. 1870.) 

Ex, 6. Two equal forces act at any point in the circumference of a 
circle, and their directions always pass through fixed points A and B, 
in that circumference. Show that their resultant also passes through 
a fixed point and find it. 

Ex, 7. The resultant of two forces is 10 lbs. , one of the forces is 8 lbs., 
and the other is inclined at 36° to the resultant. Find it. Ans, 2*66. 

There are two solutions, this being the ambigtams case in the solution 
of a triangle. The second answer is 13*52. Two triangles can be 
drawn having one side equal to 10, another equal to 8, and the angle 
36° opposite to the smaller side, viz. 8. 

Ex, 8. A point is kept at rest by forces of 6, 8, 11 lbs. Find the 
angle between the forces 6 and 8. Ans. 77° 21' 52". 

Ex, 9. Two forces of 123 and 74 lbs. fact at angle of 65®. 
Find approximately the inclination of each force to the resultant. 

Ans, 41® 28' and 23° 32'. 

Ex, 10. Find the resultant of two equal forces, each of 20 lbs., acting 
at an angle of 35°. Ans, 38 • 1 5 . 

Ex, II. A uniform beam weighing 100 lbs. hangs by two cords, which 
make angle? of 108° and 95° with the beam. Find the tension of 
eachjcord. Ans, 52*2 and 49*7. 

Ex, 12. Resolve a force of 20 lbs. into two others, whose sum is 22 
lbs. and which contain an angle of 60°. Ans, 17*1, 4*9. 

9. The proposition of the triangle of forces is easily 
extended into that of the polygon of forces, viz. — If any 
number of forces acting on a point be represented in magnitude 
and direction by the sides of a polygon^ taken in order y tJiey 
will be in equilibrium. 

In the polygon a b c d e, we know F'g- 37. 

that A B, B c are equivalent to a force >^ 

represented by ac, that ac, cd are y^ ^\. 

equivalent to a d, and that a d, d e are -^v"-"^" ^ c 

equivalent to a e. \ """-^^ / 

•% A B, B c, c D, D E, E A are equiva- \ ^^..---^d 

lent to AE, EA, and will balance each £ 
other. Hence the proposition is true. 
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THE RESULTANT OF TWO PARALLEL FORCES. 

10. Let p and q represent two parallel forces* acting on a 
rigid body at the points a, b, and in like directions. 

Join A B, and apply at a, b, two forces s, s, acting in opposite 
directions in the line a b ; this will not affect the equilibrium, 
since these supplementary forces already balance. 

Let the forces s and p at a, have a resultant t, and the 
forces s and Q at b, have a resultant v. Let the forces t, v, 
meet in c, supposed rigidly connected with a b, and resolve 
them back again into their components (p, s), (q, s). 

Fig. 38. 
C 





The forces s, s, acting at c, will balance, and may be 
removed. There will remain p+q, acting at c, in a direc- 
tion c D parallel to a p or b Q, and this is the resultant of 
p and Q, acting at a and b respectively. 

Let R represent the resultant of p and Q, then 

R = p -h Q. 

To find where c r cuts a b, let a b = d5, a d = :r. 

P _ CD Q __CD 



Then 



A D 



D B 



. p_DB a — jx a^ 

Q AD X X 

. a _ P + Q 

• • — ^ — — — } 

X Q 



• 9 •*>• 



'^'^ =DA. 



and similarly 



P+Q 



DBS3 



p+V 
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rf Q be negative and act in the opposite direction, as in 
the second figure, we have r equal to the diflference of the 
parallel forces of p and Q as regards magnitude, and having 
the direction of the greater, and the proof is the same, 
except that the line c d is shifted to the outside of a b. 

Also A D =--1- , D B = . 

Q— P P— Q 

This proof may be extended to any number of parallel 
forces, and we shall now show that their resultant is equal 
to the algebraical sum of the separate forces. 

THE RESUI^TANT OF ANY NUMBER OF PARALLEL FORCES. 

11. It has been shown that if two parallel forces p and Q 
act on a rigid body at the points a,b, in like directions, their 
resultant is a force p+Q acting at a point c such 

thatAC=^^^^^. ^'"^^• 

P+Q 

In like manner, the resultant of 

p -h Q at c, and s at e, isp+Q+s 5f 

acting at a point d, such that 

sxc E 
c D = . „ 

P+Q+S ^ 

By extending this reasoning it is evident that the resultant 
of any number of parallel forces is equal to the algebraical 
sum of the several forces. 

It is also seen that the resultant of p and q acts in a line 
through c, the resultant of p, q, s, acts through d, and so 
on. In this way we arrive at the so-called centre of all the 
parallel forces, viz. the point at which their resultant acts. 

This process is effective, but it is clumsy, and we shall 
hereafter give a better method of ascertaining the position of 
the centre of any number of parallel forces. 

THE CENTRE OF GRAVITY. 

12. It may be well now to introduce a notice of the 
identity of the centre of parallel forces with that point, known 
to every one, and called the centre of gravity of a body. 
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If the parallel forces, hitherto considered, be the weights of 
tlie respective molecules or particles forming a solid body, it 
is legitimate to infer that there is a definite line in which the 
resultant or aggregate of all the weights of the individual 
particles may be supposed to act. If the body be held 
in different positions, the lines of direction of the resultant 
will all intersect in one point That point is the centre of 
gravity of the body. 

Conceive now tiiat a set of equal and heavy particles are 
placed at equal distances along a rigid line without weight* 
Their weights form a system of equal and equidistant parallel 
forces, and the centre of the line must be the centre of the 
forces due to the weights of the particles. Also the resultant 
force is the sum of the weights of the individual particles, 
and therefore the weight of the series of particles produces 
the same effect as if it were collected in the centre of parallel 
forces, or in the centre of gravity. For this reason we 
always consider that the weight of a uniform straight rod or 
line of particles, is, so to speak, collected at its middle point. 

Hereafter we shall discuss the properties of the centre of 
gravity more fully, but at present we pass on to the examina- 
tion of another principle, which is that of the lever. This 
principle might be deduced from the parallelogram of 
forces, but we prefer to give an independent proof, which 
is of great interest, as it was invented by Archimedes. 

THE PRINCIPLE OF THE LEVER. 

13. A lever is a rigid bar or rod in which there is a fixed 
point or axis about which it can fi*eely turn. 

The fixed point or axis is called \ht fulcrum of the lever. 
The fulcrum divides the lever into two parts, called arms; 
when the arms are in the same straight line we have a straight 
lever, in other cases the lever is called a bent lever. 

The shape of the arms is not material, they may be curved 
or bent in any way, and in fact any inflexible body which is 
moveable about an axis constitutes a lever* Thus a wheel 
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is commonly used as a lever, and a system of toothed wheels 
working together m machinery is merely a combination of 
levers. We attach the idea of arms to a lever because we 
are compelled to draw and measure definite lines called 
arms, in order to estimate the power of the instrument 

Fig. 4a 
M c s 



■ZT 

t 

Let M c N represent a rigid horizontal rod without weight 
moveable in a vertical plane about a fulcrum at c, and let 
the power p acting vertically at m support the weight Q hung 
at N. The rule, called the principle of the lever ^ asserts that 
when there is equilibrium we shall have 

PXCMs=QXCN. 

14. The proof is based on the observed fact that a 
uniform cylindrical rod will balance when supported on its 
middle point 

Let A B represent a imiform heavy cylinder whose weight 
is p + Q, then a b will balance in a horizontal position on 
its middle point c. 

Divide A B in D, so that the weight of A d shall be equal 
to p, then the weight of d b will be equal to q. Bisect a d, 
•D B in M and n respectively. 

Fig. 41. 
A C 3> B 

M A N 



h ^ — X 1 ¥ — 5 




p 

Since the rod ad would balance about m, the weight of 
A D may be supposed to be collected at m, and similarly the 
weight of D B may be supposed to be collected at n. 
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But when these weights are respectively collected at the 
points M and n, we may suppose them to be hung from 
those points on a rigid line a b without weight. This will 
not disturb the equilibrium, and the weights p and q 
hanging on a b will replace the heavy cylinder, and balance 
on the point c. 

Our object now is to find the relation between p, q, c m, 
and N a 

Since cm=ca — am = ^ab — ^ad = ^db 

CN = CB — BN=^AB — ^BD=^AD 
CM i DB D B Q 



• • 



C N \ AD A D P 
.•. P X CM = Q X CN. 

which proves the proposition. 

The principle of the lever is one of those numerous 
propositions which are true conversely as well as directly. 

If the weights baknce, the product p x c m is equal to 
that of Q X on; and conversely, if p x c m is equal to 
Q X c N, the weights will balance. It is possible to reason 
back by the same course reversed. 

Ex, I. Weights of 3 and 8 ounces balance on a straight lever without 
weight, the longer arm of which is 2 feet. Find the length of the 
shorter arm. 

Fig. 42. Let c xhe the shorter arm, 

^ s f Then 3 x 24 = r a: x 8, 

3 ^3 .*. tf jp = 9 inches. 

Ex. 2. A rod, whose weight can be neglected, rests on two points 12 
inches apart ; a weight of 10 lbs. hangs on the rod between the points, 
and 4 inches from one of them. What is the pressure on each point. 

(Science Exam. 1872.) 
Fig. 43. Let P and Q be the pressures at A, B. 

V Q Considering B as a fulcrum of the lever 

t f A B, we have 

^ [ ^® p X 12 = 10 X 4, /. p = igO » 3jlbs. 

□ /. Q = 10 - P = 6§; 

^ or again, Q x 12 » 10 x 8, 

/. Q = f = 6| lbs. 



I 



TJie Moment of a Force. 



79 




Ex, 3. A drcttlar plate of weight, w, is hung at the point A and thrust 
out of the vertical by a weight P, hanging by a string over its circum- 
ference at D. Find the angle which A c makes with the vertical. 

Let A c «=s tf , draw A e vertical, and meeting D c Fig. 44, 

in E; let BAG « 9. Then we may regard A. 
D E c as a lever whose fulcrum is E, therefore 
PxDE«WxEC. 

or Pa (I ~ sin0) a Vf a sin 0, 

p — p sin d = w sin 0, 

sine- — L_ 
w + p 

THE MOMENT OF A FORCE. 

15. In examining the principle of the lever it is evident 
that the forces tend to turn the lever round c in opposite 
directions. 

Since p x c m = q x c n, let c n = i, or let q act at a 
constant arm, its eflfect will therefore remain constant, and 
Q may be employed as an unit of reference. 

Suppose that p = 10, c m = 6, then q = 10 x 6 = 60. 
Next let p = 20, c M = 6, then q = 20 x 6 = 120. In other 
words, when p is doubled, its turning effect is doubled. 

Next let p = 10, c M = 6, then q = 60 as before ; whereas 
if p sss 10, CM = 3, we shall have q = 30. Hence we infer 
that the turning eflfect of p increases or decreases in the 
same proportion as c m increases or decreases. 

As in page 19 of the introduction, we represent this state 
of things by asserting that the turning effect of p depends on 
the product of p and c m, i.e., on p x cm. 

It is convenient to give a name to a product which 
expresses a result of so much importance, and hence it is 
izsual to call p x c m the moment of the force p round the 
fulcrum c. The term moment has an extended meaning 
in mechanics, and indicates the numerical measure of the 
importance of any physical agency. 

Similarly, q x c n represents the moment of the force Q 
round the axis through c. 
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The principle of the lever asserts that these moments are 
^qual when the forces balance. 

THE BENT LEVER. 

16. If the moment of p represents the power which p exerts 

to turn the lever c a romid a fulcrum at c, then it will be 

Fig. 45. Competent for us to estimate the power of any 

A other force acting upon any other arm in 

like manner by its moment, and the direction 

in which the arm lies will not aflfect the result. 

' In other words, the turning eflfect of p on 

c A is the same whether c a points in one direction or 

another. 

Thus we deduce the condition of equilibrium of a bent 
lever at once from that of a straight lever. We regard 
nothing but the equality of moments. All problems upon 
the bent lever are solved by one uniform metiiod. 

For example, let m c n represent a bent lever acted on 
by forces p and Q, in directions perpendicular to c m, and 

CN. 

Fig. 46. The moment of p is p x c m, and that 

of Q is Q X CN, and the condition of 
equilibrium is that these moments shall 
be equal, or that 

PXCM = QXCN. 

Next, draw c a, c b, inclined at any 
angles to m p, n q, and let a c m, b c n, represent triangles 
with rigid sides. By the principle of the transmission of 
force, p and Q may be transferred from m and n, to a and 
B, respectively; and the condition of equilibrivun for the 
lever acb will still be, p x cm = Q x c n. 

This proposition includes also the case of the straight 
lever, where the forces act obliquely to the arms, and where 
the same law of the equality of moments holds good. 

17. There is a distinction which has been preserved in 
books on mechanics, as carefully as if it were of great value, 
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viz., the separation of levers into three kinds or classes ; 
one, where the fulcram is between the so-called power and 
weight, two more where the power and weight are on the 
same side of the fulcrum. A crowbar is a lever of the first 
kind ; an oar is a lever of the second kind, the fulcrum being 
the end of the blade in the water ; and a pair of sheep-shears 
is a double lever of the third kind. No practical mechanic 
cares about these distinctions, the turning eflfect of a force 
is represented by its moment : that is the lesson to be learnt 
from the lever, and after this one idea is grasped, and the 
position of the fulcrum is ascertained, the subject-matter is 
exhausted. 

' THE PRINCIPLE OF THE LEVER STATED GENERALLY. 

18. What has been inferred will be true however we multiply 
the number of the forces. In order to arrive at the complete 
turning eflfect of a number of forces acting in one plane, it 
suffices to add their separate moments, for in doing so we 
are only adding numbers of the same kind, which is per- 
fectly admissible. 

The principle of the lever may therefore be stated gener- 
ally as follows. 

If any number of forces acting on a rigid body in one 
plane tend to turn it about a fixed axis, there will be 
equilibrium when the sum of the moments of the forces 
acting to turn the body in one direction is equal to the sum 
of the moments of the forces acting to tiu:n it in the opposite 
direction. 

That point in the axis about which the moments are esti- 
mated is often called the centre of moments, 

THE CONDITIONS OF EQUILIBRIUM OF ANY NUMBER OF 
FORCES ACTING ON A BODY IN ONE PLANE. 

19. Here we arrive at the resting-point to which the 
previous propositions have all been tending, and when we 
master these conditions of equilibrium the power of working 
mechanical problems will be wonderfully increased. 
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The first step is to reconsider the method of finding the 
resultant of two parallel forces in the case where these 
forces are equal and opposite. (See Art, lo.) 

Let p and p be two equal and opposite parallel forces acting 
at the points a, b, of a rigid body. 

According to the reasoning, the resultant of p, p, is p — p, 

or zero, and a d = -^ — = ^- . 

p— p o 

This expression has no numerical representation, and we 
infer that two equal and opposite parallel forces have no 
resultant, in the sense that they are not equivalent to any 
single force tending to produce a motion of translation. 
But they have a resultant effect in their tendency to turn 
the body, and this turning effect is a measurable quantity, 

Def, I. A pair of equal and opposite pairallel forces is 
called a couple, 

Def, 2, The perpendicular distance between the forces is 
called the arm of the couple. 

jDef. 3. The product of either force intothearm is its moment, 

Def, 4. A straight line drawn perpendicular to the plane 
of the couple, and proportional in length to its moment, is 
called the cuxis of the couple. 

20. To show that the effect of a couple is completely 
represented by its axis. 

1. The plane in which the forces act is perpendicular to 
the axis, and therefore the direction of the axis determines 
the plane of the couple. 

2. Let the forces p, p, act at the ends of the arm a b, and 
let the axis cut the plane of the couple, either in a b, or a b 
produced, as at e, f. 

Fig. 47. The turning effect round e 

p =pxae+pxeb = pxab. 
^ t B I So also, the turning effect round f 

" T ^ =px fb — p X fa = p xab; 

"B* and this is equally true in the extreme 

case when e coincides with either a or b. 
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Hence, the turning effect of the couple is proportional to 
the moment p x a b, which is proportional to the axis. 

Since a couple is correctly represented in all respects by 
its axis, it follows that we may apply to the axes of couples 
the same principles of composition and resolution which 
we have proved to be true in the case of simple forces. The 
so-called proposition of the parallelogram of forces may be 
extended to any effects completely represented by straight 
lines, and holds in compounding the turning effect of couples 
whose axes are inclined to each other. 

Also we can add and subtract the parallel axes of a set of 
couples just as we add or subtract simple forces acting in 
the same straight luie. By this process we obtain what is 
called a resultant couple, 

21, Prop, To find the conditions of equilibrium of any 
number of forces acting in one plane on a point a. 

As before, let x a x', v a y', be two straight lines at right 
angles to each other intersecting in the point a. (Art, 7.) 

Let Pi Pa ... be the forces, a^ aa . . . their inclinations 
to X A x', and let r be their resultant, if they have one* 

Then x =Pi cos aj + Pj cos q,^ -f &c. 
Y = Pi sin Qi 4- P2 sin a^ + &c. 
and R* = x^ + Y*. 

If there be equilibrium, r = o, /, x* + y^ = o, 

X = o, Y = o, 
or Pj cos Qj + Pjcos Qg + &c =30.., (i) 

Pi sin ax + P2 sin a^ + &c. = o . . . (2) 
which are the required conditions. 

22. Prop, To find the conditions of equilibrium of any 
number offerees acting in one plane upon different points of 
a rigid body. 

Let A be any point in the body, Pj P2 . . . the forces 
acting on it, Ox qg • • • ^^^ angles their directions make 
with a fixed line x a x^ 

Let Pj act at b, and apply at a two opposing forces, each 

G 2 




J^t&i 
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equal and parallel to the force Pj ; this will not disturb the 

equilibrium. DrawADj perpendicular to bpi then Pi at b 

Fig 48. is equivalent to Pj at a, in direction 

^parallel to bPi and to the couple 

pfPi whose moment is Pi x aDj. 

The remaining forces P2, P3 . . . 
may be treated in like manner, and 
we thus obtain a collection of forces 
Pj, P2, P3 . . . acting at a in directions 
parallel to their actual directions, and also a collection of 
couples whose axes are parallel 

The couples are represented by their moments Pj x aDj, 
P2 X A Da, &c., and are equivalent to a single resultant 
couple whose moment is 

Pi X A Di + Pa X A D2 + &a 
If there be equilibrium, the forces acting at a must be sepa- 
rately in equilibrium, 

.•, Pi cos ai + PgCOS Qa + &c. = o . . . (i) 
Pj sin tti + Pa sin a^ + &c. = o . . . (2) 
Also the resultant couple must disappear ; 

Pl X ADi + Pa X ADa + &c. = ... (3) 
These three conditions are necessary and sufficient for the 
equilibrium of a rigid body under the action of forces in one 
plane. If any further conditions are required for the solution 
of a problem, they are of a geometrical character, and have 
nothing to do with the actions of the forces. 

In the foregoing proof we have in effect stated that a force 
p acting at the point d, in the arm ad of a lever, and tend- 
ing to turn it about a, produces a push at a, which is 
equal to p. This is a well-known fact in mechanics, and 
explains the use of double lever handles, such as are 
commonly seen in small screw presses. If there were only 
a single lever handle, a pull on tiie lever would tend to upset 
the press, by reason of this transfer, whertas by putting one 
hand on each lever we can turn the screw without moving 
e 6mne. 
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Fig. 49. 
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THE PRINCIPLE OF ROBERVAL'S BALANCE. 

23. An excellent example of the action of couples is found 
in the common balance where the arms are underneath the 
scale pans. This is Roberval's balance, and its principle 
will be understood from the model sketched. 

Two equal bars cd, ef, are threaded on axes at the 
centres a and b, and are further jointed into a frame by the 
equal bars C£, d f. 

Two bars kn, hm are attached to df, ce, and the 
weights p, p are placed any- 
where on these bars. It is 
foimd that they balance, al- 
though at very unequal dis- 
tances from the line a b. 

This is the very thing wanted 
in the balance. The scale 
pans are fastened to the beams, 
and the load is put anywhere 
in the pan, but the weighing is not interfered with. The 
balance will be perfectly accurate in its indication, although 
the weights are at unequal distances from the middle line. 
To prove this — 

Apply at K two forces equal, opposite, and parallel to 
p, then we have in the place of p at n, a force p at d in d f, 
and a couple whose moment is p x n k. 

Treat the force p at m in like manner and we shall replace 
p at M by a force p at c in c e and the couple whose moment 

is P X H M. 

The forces p at d, and p at c balance because they are 
parallel and act on equal arms a d, a c. 

The couples are imequal and yet they do not disturb the 
equilibrium : this is the peculiarity of the invention. One 
couple tends to twist n k, and so to pull at the pe.% k ^tA \a 
push at B, the other couple does the same, axidi xJc^a x^'3»\S^x.S& 
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In a locomotive engine the weight of each part rests upon 
the supporting wheel, not directly, but through the medium 
of a powerful spring. 

In the diagram, a b represents the framework, and the 
pressures of nine and four tons are severally communicated 
to the driving wheels by means of the springs e f and g h. 

Fig. 52. 




'ft-.tona 



The arrows represent the directions of the forces, and 
since either spring, e f for example, is a lever with equal 
arms, acted on by two equal forces, each 4^ tons, at its 
extremities, it follows that the pressure on the fulcrum will 
act in the vertical line through c, and be the sum of the 
weights pressing at e and f, that is, 9 tons. 

In like manner, the forces of two tons each acting at G and 
H, will produce a pressure of four tons on the other wheeL 

Fig. S3. 




If the ends f and G, instead of being attached to the frame 
are connected by a lever having equal arms, and centred at k, 
the mechanical conditions are changed at once. 
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The forces at the ends of this lever must be equal, and 
we have two equal forces p and p, replacing the unequal 
forces 4i at f and 2 at g which were previously in action. 

The force p at f, produces a pressure 2 p at c, the spring 
E F acting as a simple lever, whose fulcrum is e ; and in 
like manner p at G produces a pressure 2 p at d. Hence, 
the weight on the rail is 2 p for each wheel, and the lever 
has quite abolished the previous inequality. 

The student may enquire, why not assume at once that p 
is the mean of (4J+ 2) tons ? As far as the drawing shows 
the contrivance, p would have that value ; but in practice 
there is a third or leading- wheel, and some portion of the 
weight may be thrown upon it by the action of the lever. 
It was found by trial, in the case from which the explana- 
tion is derived, that the aggregate pressure was no longer 
13 tons, but was reduced to 11 tons. It is sufficient for our 
purpose to make out that the pressures of the two driving 
wheels upon the rails are made equal. 

The practical value of these compensating levers is not 
so much to equalise the weights, since this may be done 
otherwise by tightening the springs, as it is to prevent jars 
and shocks when the engine is running upon a bad road. 

Here is another illustration of the inertia of matter. It is 
more easy to bend the compound elongated spring formed 
by the two separate springs and the lever, than to divert the 
mass of the engine from its straight path. With a shorter 
and stiflfer spring the shock of a sudden inequality in the 
road would be transferred, as by a rigid body, through the 
spring to the engine. 

THE PRINCIPLE OF THE WHEEL AND AXLE. 

2S. The wheel and axle is a form of lever which allows a 
weight to be raised through any given height It is a 
practical arrangement for continuing the action of a lever as 
long as may be required, the weight rising all die ticcife. 

The wheel and axle is familiar to every one \ \XS& >as»^^^<3t 
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drawing a bucket out of a well ; the rope is wound round the 
axle, and the power is exerted by a lever which might be a 
wheel with handles, like the steering wheel of a vessel. So 
again, a capstan is a wheel and axle, the wheel being replaced 
by a set of capstan bars. 
The principle of the contrivance is shown in the drawing, 

Fig. 54. 





where the large circle represents the wheel, and the smaller 
one the axle. 

The weight w hangs at a, and the power P is either a 
weight hanging at b, or an upward force exerted at b in a 
vertical direction. The latter is by far the best arrangement 
where it is practicable, as the pressure on c is then w— p 
instead of w+p, and the friction of the axle is reduced. 
This point will be explained hereafter. 

Regarding a c b as a lever, c being the fulcrum, 
we have p x cb = w x c a, in both cases ; 

]p __ radius of axle 
w radius of wheel * 

It is manifest that if the thickness of the rope a w be con- 
siderable, we must add half its thickness to the radius of the 
axle, and we must also have regard to its weight. 

This is the mechanical principle of the wheel and axle, 
which is applied most extensively in wheelwork. As an 
illustration we propose to examine a method of using the 
wheel and axle in raising coals from deep pits. 
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THE WHEEL AND AXLE FOR RAISING COALS. 

26. About 100 years ago the wheel and axle was employed 
by Smeaton for raising coals, and the apparatus was compe- 
tent to raise 9 tons of coals in one hour from a depth of 
600 feet. 

The wheel was a double water-wheel, having two rows of 
buckets placed in opposite directions, and the axle was a 
large drum, with two ropes wound round it in opposite 
directions, so that one rope let down an empty tub while the 
other raised a full one. This is the same in principle as the 
modem winding engine, the only difference being in the 
details. A direct-acting high-pressure engine of great power, 
with two steam cylinders, supplies the place of the water- 
wheel, and acts the part of two men on a common windlass. 

At the Kiveton Park Colliery, near Sheffield, the depth 
of the shaft is 406 yards, the wheel is a cone increasing from 
20 feet to 30 feet in diameter, the cage containing the tubs 
of coal is drawn up in 45 seconds, and the wheel makes 14 
revolutions in accomplishing this work. 

It is very interesting to witness one of these gigantic 
wheels in action. The ease with which the steam power 
does its work, the perfect control over the machinery, the 
dial which tells the number of revolutions, the extra chalk 
marks on the rim of the wheel to enable the driver to pull 
up exactly at the right spot, the wonderful speed of the lift 
(three times the height of St. Paul's in as many quarters of a 
minute 1) the splendid mechanism of the engine, the gradual 
starting and stopping, and the rapid swing when at full 
speed : we look at everything and admire the skill and 
courage of the practical mechanician who has brought 
security out of so many perils. This problem of deep 
winding gives a new conception of the power of the wheel 
and axle. 

At the Rosebridge Colliery, near Wigan, the shaft \s» \.^ 
feet in diameter and 815 yards deep, t\vat \s, n^'tj xv^a:^ 
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half a mile. The coals are raised in one minute from the 
instant of starting to that of stopping. There is a point of 
the descent where the steam is employed to check the 
motion ; here a sudden change is felt, and the impression is 
that the cage has its motion reversed and is being pulled up. 
This is a curious feeling, which is mentioned because we 
are about to discuss the action of the steam in bringing the 
wheel safely to rest. 

The problem is complicated by reason of the weight of 
the rope, which here amounts to 9 lbs. per yard, and in each 
revolution some 30 yards is wound up at one side and un- 
wound at the other. This causes the load raised to vary at 
every monacnt 

To examine the matter in its simplest form conceive that 
two chains, each weighing i lb. per foot, are wound in oppo- 




site directions on a wheel a c b, in such a manner that 10 
feet of one chain overhangs when the other is wound up, 
and that a weight of 20 lbs. is also to be lifted. The moment 
of the load would be found as follows : — 

When 3 feet is unwound at a, the load is (20 -H 7 — 3) 
or 24 lbs., and the moment of the load is 24 c b. 

When 4 feet is unwound at a, the load is (ao + 6 — 4) 
or zz lbs., and the moment of the load is 22 c b. 

Whea 10 feet is unwound at a, the load is {zo — 10) lbs. 
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or 10 lbs., and the moment of the load is 10 c b. Hence 
the moment of the load at each instant would be represented 
by a diagram where hm is 10 feet, and the lines lm, /;«, 
khyiLTi represent the forces at b when the lengths o, 3, 4, 
10 feet are wound up. The sloping side k l shows the 
general effect of the inequaUty introduced by the weight of 
the rope. In order to get rid of it, the wheel is made coni- 
cal, and becomes what is called a fusee. The principle of 
the fiisee is so important that we must examine it separately, 
but it is evident that if the radius of the wheel be enlarged, 
and the weight hanging becomes less, the product of the 
weight into the radius of the wheel may remain constant, 
and the line k l may be parallel to h m. 

The drawing represents the steam cylinders employed to 
drive the conical drum ; one side of the drum is filled with 
the chain and the other side is empty, and since the winding 
begins at the smallest part of the cone it is obviously intended 
that the radius shall enlarge up to a certain point about mid- 
way in the motion. 

Fig. 56. 



The engines act upon two cranks e and f at right angles 
to each other, which replace the ordinary winch-handles ; and 
the power actually exerted is that of 166 horses, the weight 
of the coals raised being 22 cwts. This shows how much is 
paid for the speed at which the winding is performed. 

It being now made clear that the moment of the load at 
any instant represents the power exerted by the load a<^ves&\. 
the rotation of the wheel, so also the momenX oi >i)cva 'sxaasss. 
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power on the crank levers represents the turning effect of 
the engine at every instant, and may be exhibited to the 
eye by a diagram. It is enormously in excess of the former 
moment, and the boundary line e b c d h crosses to the other 
side of the vertical during the loth revolution. The velocity 
is then so great that the cage with the coal would rise far 
above the top of the shaft if the steam were not employed 
with full force to bring the whole moving mass to rest The 
diagram tells us this better than any description would do, 
and it is a remarkable fact that 60 tons of material in the 
form of the fly-wheel, drums, ropes, cages, tubs and pulleys, 
are set in motion with an estimated velocity of 36 feet per 
second, in order to raise this 22 cwts. of coal. It is on 
account of the great weight of the moving parts that so much 
steam power is required. 




Referring to the sketch, it is seen that the shaded area in- 
forms us as to the moment of the load at any instant, and that 
the effect of the conical drum is to make the line l k nearly 
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parallel to m h. Also e b c d h is the curve which determines 
the magnitude of the moment of the steam power at each 
instant, and the direction of the line shows that, if the first 
portion of this moment acts in raising the weight, the second 
portion will act against the weight 

The numbers i, 2, 3 . . . 14, indicate the revolutions of the 
drum, and the horizontal ordinates of the two curves present 
to the eye a comparison between the action of the load and 
that of the steam power at each point. The engine is re- 
versed between the ninth and tenth revolution of the drum. 

Finally it becomes a question whether the work done 
against the load by the reversal of the engine is really lost, or 
whether the momentum which so much steam power could 
generate is by some means stored up and preserved. We 
shall return to this subject when we refer to the mechanical 
theory of heat 

THE PRINCIPLE OF THE FUSEE. 

27. The fiisee is a tapering barrel used in chronometers and 
in most English watches, ^ig. 58. 

for the purpose of equal- 
ising the pull of the main- 
spring. The drawing shows 
the form of a fusee as applied 
in a dock train ; when used 
in watches the fusee is 
shorter and there are fewer 
turns. The amount of taper 
is adjusted to the force of 

the spring by experiment, and the result is that the moment 
of the power to turn the fusee remains constant, although 
the actual pull on the chain becomes weakened as the 
spring uncoils. The diminishing force acts on a continually 
increasing arm. 

28. The principle of the fusee exists wherever the arm 
of a lever changes continually. 
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Let an arm c d, moveable about c be acted on by a force 

p in a direction perpendicular 
to the arm; and suppose a 
weight w to be hung on a 
string passing over a pulley at 
E and fastened to the rod at 
B. Draw c M perpendicular to 
E B. There will be equilibrium 
when p X c d=w x c m, or 

PXCD 




when 



w= 



CM 



If p remains constant, w will increase as c m diminishes ; or 
again, if w remains constant, p will become less, the more 
nearly c d approaches the direction of e c. In the fusee 
the variation of the radius of the barrel follows the variation 
in the force of the spring. 

29. If we make e b a rigid bar, whose end e is constrained 
to move in the line c e, we have a combination known as the 

crank and connecting rod, and 
which also forms part of the 
Stanhope levers. 

Let Q be the pull in direc- 
tion c E exerted by a bar e b 
which is jointed at the point b to the bar c d. 

Then q cos c e b is the resolved part of q in direction e b, 

/. Q cos cebxcm=pxcd, 



Fig. 6a 




.•. Q = 



PXCD 
C M COS C E B 



In this expression nothing changes in any extreme degree 
except c M, which rapidly diminishes to zero as c d comes 
down to E c. 

Hence q increases slowly at first, but very rapidly indeed 
as c M approaches to zero. In fact it increases without any 
limit at the last instant, and the result is that this combination 
is extremely useful in cases where a large pressure is to be 
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exerted through a small space, as in the printing press, or in 
machinery for pmiching metal plates. 

If E B c be straightened out into a line we have another 
combination which is appHed in an endless variety of ways. 

As before, Q cos c e b is the f,g. 6i. 

push of Q in E B. D _--r^ 

.*. Q cos C E B X C M = P X CD, ^^^^^^^^ir^\ 

. ^ p X CD tf:=^s?~r!rj_r!r5r^^-\ 

C M COS C E B 

And here also Q becomes infinitely large as c m diminishes 
to zero, or as E B c straightens into one line. 

This is often called a * toggle joint.' 

80. Among the varied instances of the applications of this 
combination of levers, we may point out that the toggle joint 
is used for supporting the head of a carriage. This joint, 
which is disguised in the form of an S-shaped hinged bar of 
iron, is grasped near the bend, and its power is shov/n by 
the ease with which the head can be straightened. When 
the hand is released, the head does not fall, because the 
angle of the joint has passed a little beyond the line joining 
the ends of the two arms, and the joint is constructed so as 
not to bend any more in that direction. The action of the 
head is to compress the ends and to lock the joint as soon 
as its angle has passed the line in which compression takes 
place. The tendency of the head to come down is there- 
fore converted into the cause which prevents it from falling. 
The distance referred to is called the set of the joint, and 
would be about | inch when the joint is 24 inches long. 

STONE-CRUSHING MACHINE. 

31. This machine, the invention of Mr. Blake, is employed 
for breaking limestone and ore for blast furnaces, and is 
constructed so as to make use of the enormous power of the 
toggle joint. It is driven by steam-power, and consists of a 
moveable jaw c d which is hung loosely on a bar of iron at 
c, and vibrates a little to and fro in the direction of a fixed 

H 
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block. A lever a f rises and falls on the fulcrum a, and 
continually straightens or bends the joints e e. Each 
vibration of the oscillating lever may cause the lower end of 
the jaw to advance about | inch, and then return. Upon 
drawing back the jaw some of the broken stone drops out, 
and more stone slides down ready to receive the bite of 

Fia 62. 




FULCRUM OF 
LEVER 



OSCILLATING LEVER 



the jaw on the next oscillation. The distance between the 
jaws at the bottom of the opening can be regulated, and 
determines the size of the fragments. 

This is an excellent machine and is constructed so as to 
be capable of breaking up 10 tons of limestone in an hour. 
It is largely used in granite quarries for breaking the granite 
chips into pieces suitable for road-making, and may be 
simplified by leaving out the oscillating lever. 

THE STRAINS ON BEAMS, 

32. The lever principle is applied in calculating the strains 
on girder beams and bridges. 

A transverse strain upon a beam is produced by a 
force acting perpendicularly to the the direction of the beam, 
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and tending to bend it about the point where the strain is 
estimated. The parts on either side of the bending point 
are assumed to be perfectly rigid, the bending point is taken 
as the centre of moments, and the strain of the beam is 
measured by the tendency which the forces exert to turn 
either portion of it round the point considered. 

The transverse strain is resisted by the material of the 
beam, or, as in the case of a compoimd girder beam, by the 
separate action of individual, lines of metal ; hereafter the 
student will be asked to consider the method by which 
engineers have thrown straight line iron bridges over spans 
of 250 feet with perfect security. 

Ex, I. A umform heavy beam A B, of length /, and weight w, is 

supported at its extremities ; find the moment of the strain at the 

middle point C. 

Fig. 63. 

% 2 



? 



i 



w 
The pressure on either prop a or b is — , also the weight of c B is 

, and may be supposed collected at the middle point of c B, viz., 

at E. Then by the principle of the lever, the moment of the strain 
tending to break the beam at c 

w ^„ w ^„ w _ / w / w/ 

H — xCB XCE = — X X — =s »__. 

2 2 2224 8 

To find the moment of the strain at any other point F. 

Fig. 64. 



Ae 



i 



W4 



Let A F « A B F — ^, then the weight of f b ^^L3 

I 



H 2 



I 
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moment of strain atF = — xfb S x — 

2 / 2 

Ex. 2. If the weight of the beam A b were supposed inconsiderable, 
and a weight w were hung at its middle point, we should estimate the 
breaking strain as follows : — 

Fig. 6$. 



Y 



1 



w 

w 
The weight w produces a pressure — at each of the points A and b. 

z 

Hence moment of strain atc= — xCB=. — x — = — . 

2 224 

Ex, 3. If the beam be loaded at any point E, and the breaking strain 



be required at any other point F. 



Fig. 66. 



P 



a 



W 

Let AFsssfW, AE=/, BE = ^. 

p and Q the pressures at A and B respectively. 
Then moment of strain atF = PxAF« ^ x m =^Ll^, 

Ex. 4. When the beam is placed obliquely, as in the common isosceles 
roof, the forces acting to strain it are at once deducible from the prin- 
ciple of the lever. 

Fig. 67. 

c 




A'^ 
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The roof consists of two equal beams AC, c B, each of weight w, and 
tied together by the rod A b. 

The forces acting on ac are, the horizontal thrust T at c, the 
horizontal pull x at A, the reaction R at A, and the weight w. 

Let AC «/, CAB = ^, 

then T. /sin = w — cos 6, taking moments about A. 

z 

T = — cot e. 



Also, R and w are the only vertical forces, 

R « w. 



similarly 



X = T«-!lcot ft 

2 



Let w = 100, ^ « 6o^, 

/. cot e = i- = -i = J- - f nearly, 
^Z -^ff -'^ 

T = 50 X f « 288. 

Ex, 5. A uniform beam of weight w rests on two supports, as shown 
in the sketch, find the tendency to break at any point. 

Fig. 68. 




The beam is divided into three portions, in each of which the ten- 
dency changes the law of its action 5 these parts are B L, L K, K a, 
I. To find the tendency to break at any point F in B L. 



Let 



A B « 2^?, B F = ;c, then weight of F B «= ^^, 

2A 

moment of strain at F = —^ x * = Jl^. 

2a 2 ^ 

Hence the tendency to break increases as the square of the distance 
from B, in the manner shown by the parabolic curve B Q, where any 
ordinate, as FQ, represents the tendency to break at that particular 
point. 
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SL. To find the tendency to break at any point £ between L and K. 
Let c £ = ;([:, C K » /:, and let R be the pressure at K, 
then RxKL-aWxLC. 

Also weight of e A = _i^-Il^, since E A «= a^x, 

2a 

.', moment of strain at E ■» K^"^) x _Il£ + R(f— jr). 

2a 2 

4a KL 

3. The moment of strain from A to K increases as the square of the 
distance from A, just as in the first case. 

THE PRINCIPLE OF THE INCLINED PLANE. 

33. An inclined plane is a plane inclined at any angle to 
the horizon, and the principle consists in this, that a weight 
w may be supported on an inclined plane by a power p 
which is unequal to w. It is a direct example of the parallel- 
ogram of forces. 

Prop, To find the relation between p and w on a given in- 
clined plane. 

Let A B be the plane ; draw a c, b c 

horizontal and vertical lines through a 
and B. 

Let D be a body, of weight w, sup- 
ported on the plane by a force p, and 
let R be the reaction of the plane. 

Let BAG = a, PDB = 0. 

The object is to find p and r, and 
there are two methods of solution which are. equally con- 
venient. 

^ ^ sin R D w __ sin (90 -t- 90 •- a) _ sin a 

sin (90 — ^) 



69. 







w 



sm R D p 



cosy 



R __ sin p D w _ sin (90 -f- a + ^) _ cos (a + Q) 
sin R D p "" sin (90 — ^) 



w 



cos \i 



2. Resolving the forces along the plane and perpen- 
dicular to it, we have . 
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K -h p sin = w cos a, and p cos = w sin a, 
Hence p = ^ '^" °. 

COS 

. ^ ,„ ^ w sin a . ^ 

•*. R = w cos a — . Sin 6, 

COS ^ 

— w ^^s a COS — sin a sin 

COS tt ' 

_ W COS (g + 0) 
COS 

Cor. I. If p act horizontally, 6 = — a, 
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.'. P = 



w Sin a 



w sin a 



R = 



cos ( - o) COS a 

W COS O W 



= w tan a, 



COS COS (^ 

Cor. 2. If p act along the plane, = o, 



/, p = w sm a, 



R z= w cos a. 



These corollaries may be proved independently by the 
triangle of forces. 

1. Let p act horizontally, and draw the lines c<r, cb^ 
parallel to r, p, respectively. 

Then — = ££ = iLE = height fic 7a 

w bo, AC base ' 

R__ £C__ AB _ length 
w ^ ^ "" A c "" base ' 

2. Let p act along the plane, 
and draw c e perpendicular to a b. 

Then the sides of the triangle c e b are parallel to the 
respective forces. Fig. 71. 




. p_be_bc_ height 
" w""Tc "" AB 

R _ EC __ AC 

w 



BC 



AB 



length' 

base 
len gth* 




Ex. I. If R, P, w, in the inclined plane be represented by forces of 
4, 5, 7 lbs. respectively, show that o = 44^ 25', ^ « 11° 32'. 
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Ex, 2. A force of 40 lbs. acting parallel to an inclined plane sup- 
ports 56 lbs. on the plane. The base of the plane being 340 feet, find 
its length and height. Answer y 484, 180. 

Ex. 3. A traction-engine weighs 6 tons, and is capable of drawing 
20 tons behind itself over a good level road; what load will it draw up 
a similar road with a rise of i in 10? (Science Exam. 1872.) 

34. Prop. In an inclined platie the power p acts with the 
greatest effect when its direction is parallel to the plane. 

This is shown by taking Fig. (69) and drawing b e, c e 
from the points b, c respectively parallel to p and r. Then 
p will be least when b e is least, or when b e is perpendicular 
to E c, for a perpendicular is the shortest distance from the 
point B to the line c e. 

But when b £ c is a right angle, the point e falls upon a b, 
and the direction of p coincides with that of the plane. 



CHAPTER 11. 

ON WORK AND FRICTION. 



It has been already explained that work is done in 
moving a body against a resistance, and we purpose now to 
enter more in detail into the measure of work, and to state 
dXso Xht principle of work. 

Work is done by a force when some resistance is continu- 
ally overcome, and the point of application of the force is 
continually moved notwithstanding the resistance. 

The simplest case is where the force is constant and the 
direction of motion is opposite to the direction of the force. 
The work done will then be expressed by the product of the 
force into the space described. 

35. The unit of 7vork is the work done in lifting one pound 
through a height of one foot, and is called b. foot-pound. 

In France the unit of work is one kilogramme raised 
through one metre at Paris, and is called a kilogrammltre. 
Its value is 7*2331 foot-pounds or about i\ foot-pounds. 



The Estimation of Work, 105 

The number of units of work done in a given time, say one 
minute, is a measure of the efficiency of the agent employed 
to do the work. 

Watt estimated the work of a horse for one minute at 
33,000 foot-pounds, and this estimate is adopted by universal 
consent, though it is too large. The number 33,000, 
meaning thereby 33,000 pounds raised one foot in one 
minute, represents a quantity of work technically termed a 
Horse-Power. 

The power of a man is taken at 3,300 foot-pounds, 
or -^th that of a horse, but it varies considerably. 

The conception of work is associated with force and 
motion ; thus force produces motion when work is being 
done ; and accordingly it has been said that a column does 
no work when it supports a heavy weight, which is true ; and 
further, that a man does no work when he supports a load on 
his shoulders, which appears to be quite untrue. If a man 
does work he gets tired, and surely it is an effort of hard 
work to support a heavy load. The truth no doubt is that 
the man who supports a load is continually and unconsciously 
lifting it through small spaces : he yields a little and recovers 
himself without being aware of anything more than a struggle 
to support the weight, and thus he does work in the true 
mechanical sense of the term. 

Ex. How many cubic feet of water can be raised in an hour from a 
well 410 feet deep, by a steam-engine of 50 horse-power, allowing 25 
per cent, for friction, leakage, &c. ? (Science Exam. 1 87 1.) 

Ex. A man working on a machine performs 1,000,000 units of useful 
work in a day of eight hours, and the machine is so arranged that he 
can lift a weight of 5 cwt. How long will it take him to lift that 
weight through a height of 100 feet ? (Science Exam. 1870.) 

Ex. A man can do 900,000 units of work in a working day of nine 
hours, at what fraction of a horse-power does he work on the average ? 

(Science Exam. 1872.) 

Ex. It is said that a horse, walking at the rate of 2 J miles per hour, 
can do 1,650,000 units of work in an hour. What force in pounds 
does he continuously exert ? (Science Exam. 1872.) 
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Ex. What power of steam-engine will be required to raise 10 tons of 
coal per hour from a depth of 600 feet? (Science Exam. 1871.) 

Note. — The solution will give no idea of the actual power required, as 
no account is taken of the weight of the cages, rope, &c. 

WORK DONE BY A FORCE ACTING OBLIQUELY. 

36. When estimating the work done by a force which acts 

obliquely to the line of motion, it is sufficient to remember 

that a force can do no work in a line perpendicular to the 

direction of its action. 

P^^ ^ Let a force p, acting in a direction 

making an angle 6 with a b, move a 

body D from a to d. 

Then p cos 0, and p sin 6 are the 

_ components of p, and of these, the 

force p cos ^ does all the work. 
Hence, the work done by p = (p cos 6) x ad. 

Prop. To find the work done by p in raising w up an 
inclined plane. 

We refer to the diagram in Art. 33, and suppose that p 
acting at an angle ^ to the plane a b supports a body d, of 
weight w. 

Then the work done by p in raising d from a to b 

= p cos 6 X A B, 
and the work done on d in raising it from a to b 

= w X BC 

Now it is clear that when p balances w, the work done by 
p is equal to the work done in moving w against the force 
of gravity. The force of gravity and the force p, both act 
upon D, and their actions in the line a p must balance each 
other. But if that be so, the condition of equilibrium 
between p and w will be that 

P cos 6 XAB=WX BC. 

Now B c = A B sin a, .', p cos X A B = w X A B sin a, 

/, p COS (^ = w sin a, 
the well-known condition of equilibrium on an inclined plane. 
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37. This example shows us that in estimating the power 
of any combination it is only necessary to look at the result 
The weight w is pulled up the plane by an oblique force p, 
yet we care not about the plane, or the force, or its direction. 
All we want to know is the height to which w is raised, viz., 
B c, and when that is given, the work done is w x b c ; a 
certain number of foot-pounds represents this product, and 
the answer is complete. Furthermore, we deduce the con- 
ditions of equilibrium by simply equating the work done, 
undei like conditions as to motion, by the separate forces. 

Prop, To find the work done upon the crank in a direct 
acting steam-engine. 

A force p, which we assume to be constant, pushes the 
end D of the connecting rod d b against the resistance to 
motion existing in the machinery connected with the crank. 

Fig. 73. 



This force p produces a variable thrust r in the rod d b 
which turns the crank c b. What now is the work done in a 
half-revolution, viz., from a to e ? 

We are not concerned with r, either as regards its amount 
or direction, both are changing continually, and it would not 
be easy to trace their action ; but we know that in the end 
p moves D through a space a e in the line of its action, and 
thereby does the work represented by p x a e. 

Note, From this we conclude that there is no foundation 
for the popular error that some power of the steam is lost by 
reason of the disadvantage of the push or pull of the connect- 
ing rod when the crank c b approaches the so-called dead 
points in the line d a e. 

These examples will prepare the student for a statement 
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of the PrinciJ>le ofWork^ which is a compendious proposition 
containing, in its widest sense, the whole theory of equi- 
librium. 

THE PRINCIPLE OF WORK. 

38. If any system of bodies is in equilibrium under the 
action of forces, and we subject it to a small displacement 
consistent with the conditions to which the bodies are subject, 
the work done by all the forces is zero. 

And conversely, if the work done be zero, the forces are in 
equilibrium, 

A large amount of ingenuity has been displayed from time 
to time in inventing a proof of this general proposition. Per- 
haps it is self-evident, but whether it be so or not, the student 
will now understand that it is perfectly in accord with com- 
mon sense that a system of balancing forces should be re- 
garded as incapable of doing work. Some one or more of the 
forces must preponderate in order that work may be done. 
It may suffice, therefore, to assume the truth of the principle 
and to give an example. 

Note. The condition of the equality of moments in a lever 
follows directly from the principle of work. 

Let the weights p and Q balance on a lever a c b, whose 
fulcrum is e, and suppose the lever to be tilted through an 
angle xza, then the work done on p is p x am, and the 
work done on q is Q x bn. 

But when p balances q, the whole work done is zero, 

Fig. 74. /. P X «/« - Q X ^;^ = O, 

or p X A /« = Q X ^;^, 

B t — = £^ — ^ -^ 
b n c ^ "" c b' 

.'. P X C A = Q X C B, 

which is the condition of equilibrium on a straight lever. 

39. This principle of work includes within itself a truth 
which has passed into a proverb, viz.. What is gained in power 
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is lost in time. To gain in power means that it is possible 
to move a heavy weight by a small force, and to lose in time 
means that you caii only do it very slowly* 

If p be the power, and w the weight, x^ y^ the spaces 
moved by each respectively, we have, when p just balances 
w, so that no work is done in their own directions, 

p^ — wj' = o, orpar = wj^, 

and the smallest increase in p above the value here given, 
will suffice to raise w ; from which it follows at once, that if 
w be large, and p small, x must be proportionally less than 
y, or what is gained in power must be lost in the time of 
the movement. 

THE WORK STORED UP IN A MOVING BODY. 

40. We recur now to the estimation of the amount of work 
stored up in a moving body, as given in page 36. It is 
there shown that if a body of weight w be moving with a 
linear velocity Vy the number of foot-pounds of work stored 

up m It is given by the expression . 

If a heavy particle of weight w, at a distance r^ from the 
centre of a circle describe a circular path with an angular 

o 

velocity w, the amount of work stored up in it is — 1 r^. 

The same would be true for any number of particles Wg, 
W3, &c., at distances r^^ r^, &c., the angular velocity w 
being the same for all. But we then arrive at a solid body 
made up of parts, and rotating about an axis. Hence the 
work stored up in a solid body rotating about a fixed axis 
is given by the expression 

J^. (Wi r,^ + Wa r^^ + W3 r^^ + &c). 

The assistance of the mathematician is required for the 
summation of this series ; at present we must be content 
to know the fact, and to comprehend that it is possible to 
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ascertain the exact amount of work stored up in a rotating 
body. 

One thing may be said with advantage. The expression 

1 (w, r^ -f W2 r^ + &c.) is the sum of the products of 

the masses of each particle of the system into the respective 
squares of the distances of those particles from the axis, 
and we have pointed out in the introduction that the square 
of the distance of a particle from an axis measures its im- 
portance when revolving about that axis. Hence the above 
expression measures the importance of the matter which is 
rotating, or the importance of its inertia^ and is therefore 
called the moment of inertia of the rotating body. 

THE RESISTANCE OF FRICTION 

41. Friction is the term appHed to denote the resistance 
to motion which is brought into play when two rough sur- 
faces are moved upon one another. // is not a force, but a 
resistance which absorbs work, and neutralises the action of 
force. It is a thing of great utility in some cases, and in 
others it is a source of waste and expense. Without friction 
an arch would not stand, a nail or a screw would be useless, 
and a railway train could not leave a station ; but in the parts 
of machinery where pieces are revolving, friction is a direct 
loss of power, and the object of the mechanician is to lessen 
it as much as possible. 

42. The fundamental laws relating to friction are the 
following : 

1. The friction between two surfaces of the same kind is in 
direct proportion to the pressure between them, 

2. The amount of friction is independent of the extent of 
the surfaces in contact, 

3. The friction is independent of the velocity when the body 
is in motion. 

There is not space in this treatise to enter upon a dis- 
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cussion of the experimental proof of these laws, and we shall 
merely point out the methods in which they are applied. 

I. Let R be the perpendicular pressure between two sur- 
faces, F the friction, then the ratio of f to r is a constant 
number, when the surfaces are of the same material and in 
the same condition. 

This number is called the coefficient of friction^ and is 
denoted by the Greek letter fi, (the letter m of the Greek 
alphabet) ^ 

that is — = u^ and f = u r. 

43. The angle of repose is the angle at which a plane a b 
may be inclined to the horizon before a body placed on it 
will begin to slide. The surfaces of the body and plane 
must be prepared carefully, and the forces acting are the 
friction F, the weight w, and the reaction r. 

Draw c e perpendicular to a b, and let b a c = a, 

Fig. 75. 
Rw B 



Then 2 = ?J=l?=tana 






C£ AB 

F = R tan a, 

But F = /i R, 

fc = tan a. 







44. It is useful to record this fact by a diagram. For this 
purpose take a line ac «= loo, draw c b at right angles to it, 
and ^divide c b into parts of the same size as those in a a 

If the coefficient of friction be 'oS, take the 8th gradua- 
tion on c E at ^ suppose, and join a r. 



Fz& 76. 




D 

tao 



•10 



-I ^- t il l 'c 

Then ckq represents to the eye the angle of repose. 
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Some of the principal results are the following: 
— = • 08 for metals on metals with oil 

AC 

= . 17 for metals without oil. 
= . 33 for wood on wood. 
= . 65 for dry masonry. 

Ex, I. A body just rests without support on a plane inclined to the 
horizon at an angle of 30**, What is the coefficient of friction between 
the body and the plane ? (Science Exam. 1871.) 

Ex, 2. A body weighing 54 lbs. is just set in motion on "a rough hori- 
. zontal plane by a horizontal force of 9 lbs. If the force be withdrawn 
and the plane tilted up, at what inclination of the plane to the horizon 
will the body begin to slide? (Science Exam. 1869.) 

Ex, 3. A rough plane is inclined at 30° to the horizon. A weight w 

is placed on it, and it is found that a force ^ — acting parallel to the 

4 
plane will just move the weight up the plane. Find the coefficient of 

friction. (Science Exam. 1870.) 

Ex, 4. Two unequally rough bodies of given weights are connected 

by a thread and placed on an inclined plane, the less rough body being 

below the other. Find the inclination of the plane when the bodies 

begin to slide. (Science Exam. 1873.) 

THE DIRECTION OF THE REACTION OF A ROUGH SURFACE. 

45. In order to form an idea of the direction in which the 
reaction of a rough surface acts, take the following simple 
experiment 




Balance a light lath on a horizontal cylinder and put a 
small weight o on the lath. With care the lath may be 
made to tilt more and more till it slips off at e. 

At this instant the friction is exerting its greatest effect, 
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and it is clear that the pressure at e can never act in any- 
other direction than the vertical line r' e drawn through e. 

But action and reaction are equal and opposite, therefore 
the reaction at e acts in e r'. 

If tested further, it would be found that r e r' is /^ angle 
of repose for the surfaces in contact 

This experiment may be made the subject of a problem. 
Let 2a =* length of A B, ^ = radius of cylinder, and let Q be placed 
at the end B. 

At the moment when the lath is beginning to slip off we shall have 

Q = ^- , where o is the angle of repose, expressed in circular 

a — 00. 

measurement It is easy to prove this by taking moments about £, 

and remembering that the lath rolls through an arc subtended by an 

angle a before it begins to slide. 

46. Prop. The direction of the reaction of a rou^h surface 
(when motion is on the point of beginning) is inclined to the 
perpendicular at an angle equal to the angle of repose. 

Let E be a point of some body in contact with the plane 
A B, and just prevented from sliding by the friction f. 

Let R be the pressure at e in a direction perpendicular 
to A B, and r' the resultant of r and f inclined at an angle 
to E R. 

Then r' sin = f, r' cos = r, 

F R ' sin . ^ 
= tan 0, 






R R'COS0 




F 

But ^ ^si a. .\ u== tan 6, 

R 

But fjL = tan a (see Art 43.) 

A 6 = a, A — B 

and the direction of the resultant reaction, viz; r', is inclined 
at an angle a to the perpendicular. 

It is most necessary, in applying this proposition, to re- 
member that it is only true when the body is on the point 
of sliding. The direction of the reaction of a rough surface 
may be strictly perpendicular to the surface, but then friction 
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is not called into play. The eflfect of trying to move the 
body is to incline the direction of reaction more and more 
till it reaches the limit, viz. the angle of repose. 

This angle, being the limit of the direction of the reac- 
tion, is frequently called the limiting angle of resistance of the 
surface. 

47. An experimental illustration is easily arranged. Place 
a slab of wood or metal on a plane surface, and press on it 
obliquely by a rod. The direction of the rod may be tilted 
until it reaches the limiting angle of resistance before the 
slab will move, and so long as the rod is kept within this 
angle no amount of force will produce any sliding of the sur- 
faces in contact. 

The friction grips used in machinery depend on this fact. 
A friction grip is obtained when any increase of pressiure 
causes the surfaces to bite or seize, as it is termed, more 
closely. Let e f represent a plane surface, d a slab of wood 
resting on it, c another slab of wood hinged at b to a rod a b, 
which is centred on an immoveable axis at a. Now exert a 
Fig. 79. pushing force on d, it will act 

A^ through c on a B, and since a b, 

on rotating round a, must press 

with greater force on c, in the 

line of its own direction, it 

g follows that so long as the 

^11 direction of ab lies within the 

F limits of the angle of resistance, 

the attempt to move d will cause the pressiure on its surfaces, 
and therefore also the friction, to increase indefinitely. But 
the pressure will be powerless to cause motion for the reason 
above stated, and if the friction once becomes master, it will 
remain so. 

The same kind of thing occurs when a drawer jams. The 
drawer must fit badly for this to happen, and should be 
pulled from one side. The drawer then twists, and two 
opposite comers may bite ; if they do so, the friction will 



TT I P I 



The Limiting Angle of Resistattce. 



115 



become greater, as the pull is more energetic, and very pro- 
bably the drawer will not move. It can only be released by 
being set with the sliding surfaces quite parallel. 

An example of a friction nipping lever is given in the Text 
Book on Mechanism. 

48. Another illustration of the influence of the limiting 
angle is afforded by a piece of apparatus which assists in 
explaining the friction of an axle on its bearing. Place the 
axle of a tolerably heavy wheel in a bearing formed of two 
iron rings much larger than itself. 

If the wheel be set spinning, the axle 
will endeavour to roll up the inside of the 
ring ; it will rise to a certain height e, but 
can mount no further than the point where 
the surfaces begin to slip. This happens 
when the direction of the pressure has 
reached the limiting angle of resistance, or 
when the vertical w e makes an angle 
R E w, equal to the limiting angle of 
resistance, with the perpendicular c e r. 



Fig. 80. 
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weston's friction coupling. 

49. The nipping action referred to above depends on the 
increase of pressure, but Mr. Weston has shown that you can 
increase the friction as much as you please without increas- 
ing the pressure by proceeding on a different principle. In 
mechanics there are often several roads leading to the same 
result. 

Conceive that a number 
of alternate slabs are fas- 
tened by cords to an 
upright piece k l, and that 
a number of other slabs 
A, B, c, are furnished with 
cords by which you can 
pull them away. ^ Place a 

12 
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heavy weight w on the top of the pile of slabs. The friction 
between each pair of slabs will be the same, for we may 
neglect the weight of the separate slabs and regard only 
the weight w. If a pull is exerted on the cord a«, a certain 
resistance will be set up by friction. If two cords, as c ^ 
and A a^ be pulled together, twice this resistance will be 
felt, and so on. But w has never varied, and therefore, 
without altering the pressure, it is possible to multiply the 
number of surfaces, and multiply the resistance of friction as 
much as you please. 

The second law of friction, viz. that the amount of friction 
is independent of the extent of surfaces in contact, has been 
stated generally, because it is always so stated in books on 
mechanics. It is not true in every case, and it is not true 
here. But it cannot lead into error if the student will re- 
member that it applies only where the pressure on each 
square inch of surface increases or decreases in the exact 
proportion in which the whole area of surface exposed to 
friction decreases or increases. 

Here the pressure on each square inch is constant, what- 
ever be the total area of surface. 

There are many cases in practice where the friction is not 
independent of the extent of surface. Thus, the friction of a 
large steam piston in a cylinder is much greater than that 
of a small one. 

60. One form of Weston's friction coupling is shown in 
the sketch. The object is to lock the piece c to the central 
shafting on which it rides ; this is done by squaring one end 
of the shaft at d, and threading on it a series of iron discs, 
whereof one is shown separately at h. In the inside of the 
drum are some elm-wood discs bored with a circular hole to 
admit the shaft D, and alternating in a series with the iron 
discs. The elm discs are fitted so as to rotate with the 
drum D, but they admit of sliding a little longitudinally in 
the direction of the shaft. One of these discs is shown at k. 

On tightening the contact pressure between the discs of 
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wood and iron, by screwing up the nut furnished with a 
hand wheel E, it is easy to set up a very considerable 




amount of friction, and thus to lock c and d together. The 
apparatus is used in a 6-ton hoisting crab where c is part of 
a driving pinion. When E is turned backwards, c will be 
released and tiie weight will be lowered. When the friction 
is increased the weight will run down more slowly. 

The power obtained in this way is remarkable. Six discs 
of iron 14^ inches in diameter, riding between wooden discs, 
and used in a windlass, are recorded to have sustained a 
direct pull on the cable of 34 tons without yielding. 

Ex. I. The problem of a beam resiing between two inclined planes 
serves very well to itlostrate the observations nbout the reaction of a 
rough sui^e. 

Call I. Let the planes be smooth. 

CE " sin C A E ' CB °° smCBE' 
Also AEC=(l,CEB~a', 




If the planes be rough, we have r and &', maldng angles ^ and ^ 
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with the perpendiculars at A and B. The equations are the same as 

before, except that 

AEC«o + 4>, CEB=»a'— ^/, 

CAE= 90 — O- fl — 4>, 

CBS s 90 > a + a+ 4>, 

, sin (g + 4>) _ sm (1^ — ^') 
" * cos (0+ ^ + 4> ) cos (a' - e - i^') 

whence we deduce 
tan ^ = cot (a+ 4>) — cot (o' — <^'). 
Ex, 2, Find the least force which will support a weight of icx> lbs. 
on a plane incline.d to the horizon at 30°, the force making an angle of 
45° with the plane and the coefficient of friction being |. 

Let p be the force, and a the angle of repose. 

Then -1 _ sin(30-a) ^ V2 . i- Vstana ^ .. 
100 sin (45 -- o) 2 I — tan a 

JSx, 3. Find the least force which will drag a body of weight w along 
a horizontal plane. 

It may be shown, by the triangle of forces, that the force is least 
when it makes an angle a with the plane, where a «= angle of repose. 

Force ^ sin (180 — a) _ cin a. 
w sin 90 

and force required = w sin a. 



THE RELATION BETWEEN HEAT AND WORK. 

61. The phenomena attendant upon friction possess a 
peculiar interest because they have led to the development of 
the mechanical theory of heat. Whenever friction is over- 
come, heat or electricity is produced, and in dealing with 
masses we find that heat is the only result which is sensible. 
We say, therefore, that friction produces heat, and that the 
heat produced is an exact measure of the work expended in 
overcoming the friction. 

According to an eminent writer, the energy of heat in the 
fire-box of a locomotive passes into the mechanical motion 
of the train, and this motion reappears as heat when the train 
is brought to rest. When a station is approached, the break 
is applied, smoke and sparks issue from it, and the momen- 
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turn which the tram possessed is converted into the minute 
and rapid vibration of heat. 

In passing through an engineer's factory and looking at 
the steel cutters at work in a lathe, we note the heat which 
is set free and the jets of water which play upon the cutting 
edges. The heat evolved represents so much of the 
mechanical work of the engine which is thrown away and 
wasted, and this is true without any exception. All sensible 
heat produced by mechanical operations represents so much 
power expended uselessly. 

In the year 1849, Mr. Joule measured this loss of power, 
and he concluded, from experiments made on the friction of 
water, mercury, and cast-iron — 

1. That the quantity of heat produced by the friction of 
bodies, whether solid or liquid, is always proportional to the 
quantity of work expended. 

2. The quantity of heat capable of increasing the tem- 
perature of a pound of water, taken between 55° and 60°, by 
1° Fahr., requires for its evolution the expenditure of a 
mechanical work represented by raising 772 lbs. through a 
height of one foot 

Or more concisely, 

52. Heat and mechanical work are convertible^ one into the 
other— viz,^ heat into work^ or work into heat; and heat requires 
for its production^ or produces by its disappearance, mechanical 
work in theproportion of TJ 2 foot-pounds for each unit of heat 

The number 772 is called the mechaniccU equivalent of 
heat. It enables us to calculate the thermal value of any 
mechanical act Heat is a soiu*ce of energy, and Mr. Joule 
has given us an estimate of the amount of energy which is 
stored up when a body is raised from a lower to a higher 
temperature. 

Def. In England the unit of heat is the quantity of heat 
required to raise i lb. of water at 39'2® Fahr. by i*'. 

This temperature is selected because the water has then 
its maximum density. 
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A unit of heat is an entirely different thing from a unit of 
temperature. We regard heat as a source of energy. We say 
that the laws of motion are applicable to the case of atoms 
held together by molecular forces just as certainly as to 
bodies resting on the earth's surface. When two atoms are 
separated against molecular force, potential energy is stored 
up. If the atoms fall togetheir, the potential is converted into 
kinetic energy. A quantity of heat is a quantity of energy, 
which may exist as potential, when it becomes latent; or 
as kinetic, when it becomes sensible, and influences the 
thermometer ; or which may exist, as is commonly the case, 
partly in one form and partly in the other. 

Some idea of the amoimt of force existing in coal, by virtue 
of the heat which it gives out in burning, may now be 
gathered. The chemist, by carefully burning coal, has found 
that I lb. of ordinary coal gives out during combustion 12,000 
imits of heat Now i unit of heat is equivalent to 772 foot- 
pounds of work, and therefore 12,000 units of heat represent 
a quantity of energy measured by 9,264,000 foot-pounds. 
In other words, i lb. of coal is capable of doing the work 
^f 280 horses acting for i minute, or of 2,800 men exerting 
their full power during that time. 

THE DUTY OF A STEAM ENGINE. 

63. In the steam engine it is useful to record the work 
dohe by the burning of a given quantity of coal, and the 
term duty is applied to indicate the number of million pounds 
raised one foot by the burning of a bushel of coal. 

In Cornwall a bushel of coals weighs 94 lbs, whereas in 
Newcastle it weighs 84 lbs., and the consequence is that the 
duty is commonly estimated with reference to the burning of 
112 lbs. of coal. 

Again, this measure, though suitable for estimating the 
work of pumping engines, is not convenient for other pur- 
poses, and the common practice now is to estimate the per- 
formance of an engine by ascertaining the number of pounds 
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of coal burnt per hour for each horse-power at which the 
engine is working. 

Ex, To find the duty of an engine which bum 2*2 lbs, of 
CQolfor each horse-power pdr hour. 

The student should remember that a consumption at the 
rats of I lb. of coal per horse-power per hour is equivalent 
to a duty of 222 millions of foot-pounds. 

Thus, 33,000 poimds raised i foot in i minute gived 
^o X 33,000 pounds raised i foot in 60 minutes. 

And 112 lbs. of coal will raise 112 x 60 x 33,000 pounds 
through I foot ; 

/. duty of the engine =112 x 60 x 33,000 foot-pounds. 

:= 221,760,000 foot-pounds. 
= 222 million foot-pounds nearly. 

If the engine burnt 2 lbs. of coal per hour its duty would 
be III million foot-pounds, and the answer required is 

manifestly ^— or about loi million foot-pounds. 
2*2 

The largest amount of work yet performed by a steam- 
engine is a fraction under 1,000,000 pounds raised one foot 
by burning one pound of coal, and we have seen that one 
pound of coal is, in theory^ capable of raising 9,264,000 
pounds through the space of one foot 

Ex, In the ventilation of mines we have illustrations of the work 
done in moving large masses of air, and also of the estimation of the 
duty obtained from the coaL 

In the Haswell Colliery, near Newcastle, the depth of the shaft is 
936 feet, and it has been calculated, from observations of the tempera- 
ture, that the furnace burning at the bottom of the pit raises aU the air 
which ascends the shaft through a height of 170 feet. That is the 
work which it does. If the temperature of the air be 50°, and the 
quantity of air passing through the mine be 94,960 cubic feet per 
minute, what is the work done ? 

The weight of one cubic foot of air at 50*^ is '078 lb. 

/. The weight of 94,960 cubic feet is 7,407 lbs. 

This weight is lifted 170 feet in I minute ; therefore the work done 
is 1,259,190 foot-pounds, which, divided, by 33,cxx>, gives 38 horse- 
power as the ventilating power of the ftimace. 
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The coal consumed is 8 ibt. per minute ; hence the duty is 1,259, 190 / 
X 14 foot-pounds fiar 112 lbs. of coal— t,^. 17,628,660 foot-pounds. 

THE FRICTION OF AN AXLE IN ITS BEARING. 

64. We now approach a problem of the highest practical 
value, viz., the calculation of the work absorbed by an axle 
which revolves in a rough bearing. 

Let any number of forces be applied to a body having a 
hollow cylindrical bearing surface, and resting on the fixed 
cylindrical axis c, and conceive that these forces are in 
action to press the body against the axis. 

Let s be the resultant of all these forces 
acting at the point of contact e, f the re- 
sistance of friction, a the angle of repose. 
When the body is on the point of sliding, 
the force s must makes an angle a with 
the perpendicular c e d, 

,\ F = s cos s E F = s. sin a. 

Let r be the radius of the axle, and let 
it make one complete revolution. 
Then work done at e = 2 Trr s. sin a. 
This is the whole theory of the subject, and the engineer 
has to deal with the matter so as to reduce the lost work 
to a minimum. 

Ex, A fly-wheel weighs 20 tons, and turns on an axle 18 inches in 
diameter, the coefficient of friction between the axle and its bearing 
being O'l. Determine approximately the number of units of work 
expended on friction in one turn of the wheel. (Science Exam. 1872.) 

66. In discussing the problem of reducing the friction of 
an axle on its bearing we note that there are three quantities 
at our disposal, viz., s, r, and a. 

First, to reduce s. 

This is done by opposing as much as possible the forces 
which press the axle on its bearing. Take the wheel and 
axle as an example, and let a = radius of wheel, b = radius 
of axle, r = radius of the pivot on which the axle turns. 
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Also let Q = weight of wheel and axle, &c, a = angle of 
repose, and let p be the power which is just overcoming w. 

In this case s = w + q — p, ors=sw + (3 + p, 
according as p and w act on the same or opposite side 
of the centre. It is therefore a considerable advantage to 
arrange p and w in opposition lo each other, as we see 
clearly from the equation of moments, which is 
p a = wi + (w + Q — p )r sin a. 

If fiiction were abolished, we should have pa = w^, and 
we can therefore estimate the loss of power due to friclion, 

66. The water wheel furnishes an excellent illustration. 
There is a wheel at the Catrine Works in Ayrshire, which is 
of great power, being 50 feet in diameter, and 10^ feet wide. 




This wheel is dragged round by water descending in buckets 
round its periphery, and the power which it gives out is that 
oi ISO horses. The common notion about a water wheel is 
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that it drives machinery by means of a large toothed wheel 
on its axis. But let the student ask himself what would be 
the weight of a wheel 50 feet in diameter if it were made 
strong enough to resist the twisting action due to the transfer 
of force from the circumference to the centre. Accordingly 
the first substantial improvement in the constmction of water 
wheels consisted in taking the power from the circumference 
of the wheel and not from its axle. When this is done the 
spokes of the wheel transmit no force, they merely sustain 
the structure; they are light tie-rods instead of being 
massive beams of iron. 

The reduction of the weight which presses the wheel on 
its axle and thereby increases the fiiction is the first 
consequence of this improvement, but it is not the only one. 
Another result is the opposition of direction between the 
power and the resistance, which diminishes s. This point 
should be thoroughly understood. 

Fig. 87 shows the pinion a, which gears with the large 

annular wheel. The line running round part of the wheel, 



Fig. 87. 



Fig. 88. 





and ending in the arrow marked p, represents the pressure of 
the water, and the resistance to motion due to the machinery 
supplies the upward force, q. 

If w be the weight of the wheel, we have the sum of the 
forces which press the wheel on its axis equal to w + p ^ Q, 
and the friction on the axle is (w + p — q) sin a. 

Whereas in Fig. 88, where the pinion a gears with a 
pinion on the axle of the wheel, we have q, the resistance of 
the machinery, causing a reaction which is felt on the 
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opposite side of the fulcrum a It follows that q no longer 
opposes w, and the friction becomes (w+p+q) sin a. 

This makes a very serious difference, since p and Q are 
nearly equal and are both very large. Also w requires to be 
greater in the second case, and very much greater when 
the wheel is of considerable dimensions. 

There is yet one thing more. The rim of a large wheel 
will run at a high velocity ; in the present example any point 
of it travels at a linear velocity of 4 feet per second. The 
result is that no intermediate train of wheels is required 
between the water wheel and the pinion which drives the 
machinery ; the high velocity renders this arrangement un- 
necessary, and all the friction, consequent on additional 
wheelwork, is avoided. 

An important step was made about 30 years ago by Sir 
W. Fairbaim when he commenced to drive the shafting of 
mills by teeth formed on the rim of the fly wheel of the 
engine. He did this simultaneously in both water wheels 
and steam engines, and greatly simplified the motion by 
imparting the requisite velocity to mill shafting from a single 
wheel. Before that time the power was taken from a spur 
wheel on the axis of the engine shaft, and the requisite velocity 
was obtained by adding a train of heavy wheelwork. 

It follows from the principle of work that no power is lost 
by driving at a greater distance from the centre with a 
diminished pressure. The loss in pressure is exactly com- 
pensated by the increase in velocity. At one time mechani- 
cal education was so imperfect that it was necessary to 
argue this point 

57. Take the great beam of a steam engine ; the steam 
cylinder is under one end of the beam, and the shaft of the 
fly-wheel is under the other end. The power and resistance 
are on opposite sides of the fulcrum, and therefore s has its 
maximum value, viz. the sum of all the forces in action. 

The resistance in a pumping engine is often 40 tons, the 
power is more than 40 tons, and the weight of the beam is 
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perhaps 35 tons ; there is, therefore, an enormous aggregate 
pressure producing friction. If the power and resistance 
acted at the same end of the beam, the pressure on the ful- 
crum would be littie more than the weight of the beam itself. 
This is no doubt true, and there is a class of small engines 
known by the name of Grasshoppers where the power and 
resistance act at the same side of the fulcrum. In one type 
of marine engines the same thing was attempted, but it has 
not proved successful 

58. There is another example in the transmission of 
power which is familiar to every engineer. When a pulley 
with a strap round it carries the motive power from one line 
of shafting to another, the pressure on the axis of the shaft 
is the sum of the tensions of the band. Probably one of 
these tensions, viz. the working tension, will be twice the 
other, on account of the absorption of force by the friction of 
the surface of the pulley, but still a pressure producing fric- 
tion is introduced without any absolute necessity for it. 

If toothed wheels were employed to convey the power, 
the pressure on the axis would be the resistance simply, and 
not the resistance added to a superfluous force. This fact 
does not prevent the use of bands, for they are most valuable 
in machinery, but may exercise some influence in practice. 

69. Secondly, to diminish r. 

Here it is important to distinguish between light and 
heavy mechanism. In watch-work, the force transmitted is 
so small as to be scarcely appreciable in those parts where 
friction comes into play — such, for instance, as the vibrating 
balance wheel or the escape-wheel. Accordingly the watch- 
maker reduces the pivots to a fine wire of steel, and only 
leaves material enough to support the wheel He can do 
this because he has to transmit motion and not force. In 
delicate philosophical apparatus the use of pivots is aban- 
doned altogether, because the friction of an axis is too 
serious an objection where we are concerned with minute 
forces. The suspension which is adopted is that of a small 
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fibre of silkworm's thread. This holds the light tiiin strip 
of magnetized steel which forms the needle of a galvano- 
meter, and substitutes an infinitesimal resistance to torsion 
in the place of friction. We may note another ingeni- 
ous contrivance for avoiding a mechanical difficulty. These 
needles were formerly encumbered with pointers made of the 
' lightest material, but the inertia of which always remained 
to diminish the sensitiveness of the instrument. Sir W. 
Thomson fastened a very small piece of silvered glass na 
thicker than paper to the magnet, and caused a beam of 
light to be reflected from it. This beam may be 20 feet long, 
and, when tracked in the dust of a room, is as visible as if it 
were a bar of wood; but it weighs nothing, it has no inertia, and 
the mirror itself is close to the axis of rotation, where the 
harm it can do is the least possible. 

This invention has given rise to a class of instruments of 
which the reflecting mirror galvanometer is the type, and 
scientific men are now enabled to observe results which 
could not formerly have been made \isible by any known 
apparatus. 

60. In light mechanism, such as the spindles and fittings ot 
a lathe, the system of conical bearings has superseded to a 
great extent the older system of parallel bearings. The 
disadvantage of conical bearings is that a circular section 
near the base of the cone has a higher linear velocity than 
one nearer the apex, and the wear is imequal. Accordingly 
all water-taps which are made conical wear loose in time. 
But setting aside this objection, it is the practice to turn 
down the spindle of a small revolving piece to a conical 
point and to fit this cone into a hollow coned cavity. 

The radii of the jubbing surfaces are thus reduced, and the 
friction is much less than it would be if the spindle were 
supported on a cylindrical bearing. 

The drawing shows the poppet head of a lathe; the 
spindle, or mandril, which supports the speed pulley is coned 
at one end in a steel point, and rests on a parallel bearing 
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Fig. 89. 




with a shoulder at the other extremity. A small hole is 

drilled truly in the axis 
of the mandril to receive 
the point of the cone, 
and to preserve the truth 
of the geometrical line 
as the point wears. The 
two systems of bearings 
can be examined in con- 
trast to each other. 
61. Thirdly, to diminish a. 

Since a depends only on the coefficient of friction, 
there is little scope here for the mechanician. In watch- 
work it is found that the hardest steel works with the 
least friction against a ruby or a diamond. The jewel- 
ling of the end of an axis of a balance or escape wheel 
is readily seen on examining a watch with a magnifying 
glass. The pivot of steel is 'threaded through a hole 
bored in a ruby cup which holds the oil, and sometimes 
a stone cap is fitted over the pivot to prevent the endlong 
motion. Again, the teeth in the scape wheel of a lever 
watch strike and rub against ruby plates let into the pallets. 
When great force is transmitted, the bearing surface should 
be as soft as possible. It will then be less easy to set up 
the vibratory motion of heat. Accordingly soft metal bear- 
ings, made of tin and antimony, with a small admixture 
of copper, are used to form the interior lining of the 
brass boxes which support an axle or rubbing surface. 
The metal is so soft that it would be squeezed out if it were 
not contained in a harder casing. 

Where a shaft works under water the mechanical con- 
ditions are changed, and accordingly in the case of screw- 
propeller shafts it has been found that hard wood bearings 
are superior to all others. Here also the forces involved 
are very great ; the propeller itself may weigh ten or more 
tons, and the end of the shafting is commonly protected by 
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a biass casing in order to get rid of any galvanic action 
which might injure the bearings. The shafting is therefore 
very ponderous and massive, and the friction has been 
a source of great difficulty. It is now overcome by the 
introduction of bearings formed of strips of lignum vitae 
placed longitudinally, and forming channels for the free 
circulation of water. Some careful experiments have been 
made on the resisting power of wood, and it has been shown 
that wood bearings, when immersed in water, will not be- 
come abraded under a pressure of 2,000 lbs. on the square 
inch, and will, even support an exceptional pressure of 
8,000 lbs. ; whereas brass, working on iron, gives way as 
soon as the pressure rises to 200 lbs. on the square inch. 

An indirect means of diminishing friction is to employ 
long bearings. A large bearing surface is essential where 
an axle is heavily weighted ; the pressure per square inch is 
not so great, and there is less danger that the film of oil 
between the metal surfaces will be squeezed out 

Also the bearing should be perfectly cylindrical and a 
very little larger than the axle which runs in it The 
pressure is thus received on an adequate an^jmt of sur- 
face, instead of on a line, as would be the case if the 
bearing were too large. The object is to cause the axle to 
float, as it were, on the thin film of oil existing between its 
surface and that of the cylindrical bearing. The difference 
of diameter will depend greatly on the fluidity of the oil 
employed for lubrication ; the finer the oil, the closer may 
be the fit Any defect of roundness or parallelism in the 
axle or bearing sets up friction and heating in an inordinate 
degree, and thus accuracy of measurement in gauging the 
wearing parts, by making them true to the thousandth part 
of an inch, is labour well expended. 

BREAK DRUMS ON THE INGLEBY INCLINE. 

62. As an illustration of the effect of friction in absorbing 
mechanical work, and also of the importance of increasing 
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the radius of the rubbing surface when the object is to 
heighten the effect of friction as much as possible, we give 
the following example which may be seen on a mineral 
branch of the North-Eastem Railway. 

Here the incline is f of a mile long, witli an average 
gradient of i in 5|. The wagons composing a train weigh 

Fia 90. 




20 tons when empty, and carry 30 tons of ironstone, so 
that a loaded train when running down the slope is 30 tons 
in excess of an empty train coming up. The object of the 
break power is to contend against the increasing momentum 
of this weight of 30 tons, and to carry the train safely to the 
bottom of the incline. The scale of the apparatus is imposing. 
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On an iron shaft 15 inches in diameter are placed a pair 
of cast iron drums, each 18 feet in diameter, and 4 feet 8 
inches broad. They are surrounded by wrought iron straps 
lifted with blocks of cast iron which act like the blocks of wood 
in a railway break. The weight of the drums is 68 tons.. 
The wire ropes to which the wagons are attached are 5 
inches in circumference, 1,650 yards long, and weigh 8 tons. 

Each run on the line occupies three minutes, the speed 
being 20 to 30 miles an hour, and at this rate 1,600 tons of 
ironstone are carried down in one day. 

The mechanical point for the student is the arrangement 
of the break power. The strap encircling the upper half 
of the break wheel, is tightened by a simultaneous pull 
on the levers centred at a^ b. The same thing is done with 
the lower half of the break strap, the bell cranks at d 
and E controlling both straps in the manner made clear by 
the drawing. Two men, acting upon a hand-winch, can 
work the apparatus, their power being magnified 250 times 
before it reaches the straps. The winch is in the direction 
of the arrow marked p. 

The iron blocks appear to wear well, and have been sub- 
stituted for wrought iron straps working on elm blocks, 
which speedily wore away. These elm blocks also became 
extremely hot, as was inevitable, the wood being a bad 
conductor, and the rubbing surfaces being employed in 
converting the energy of the moving train into heat With 
iron blocks the wheel remains cool, but it must not on that 
account be supposed that there is any change in the action. 
The fact, no doubt, is that the large mass of iron takes up 
the heat by conduction, and dissipates it as rapidly as it is 
generated. 

Viewing the whole operation with a knowledge of the 
doctrine of the conservation of energy, we observe, first, 
that the train at the top of the incline possesses potential 
energy ; secondly, that the potential is converted into kinetic 
energy during the descent ; and thirdly, that the surface of 

K2 
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the break drum takes up the kinetic energy of the moving 
mass, and restores it in the form of molecular motion, as a 
quantity of heat 

THE FRICTION OF A PIVOT. 

63. Although somewhat beyond our powers of treatment 
in this book, it may be well to find the work absorbed by 
the friction of a pivot. 

When an axle rests on the flat end, instead of on cylin- 
drical bearings, it terminates in a pivot 

Let r = radius of such a pivot, w the weight supported 

on it, /i the coefficient of friction, and o the angle of repose. 

Then the area of an annulus of the pivot of radius x and 

breadth dx 

=z ic (x '\- dx)^ — trx^ = 2 w X dx, 

if {dxy be neglected 
Also the pressure on the annulus = ^ 217 x d x. 

.•. the work absorbed by the friction on the annulus 
during one revolution = — ^ . x dx, /x. 2nx. 
.% the whole work absorbed by friction in one revolution of 
the pivot = ^^J^ . (Sum of x^ dx). 

It may be proved by analysis that the sum of a series of 
quantities of the form x 2 dx, where d x is indefinitely small, 

. r^ 

taken between tlie limits x =i o and x = r,is — . 

3 
Hence the work absorbed by friction in one revolution 

= iii^. i:l==ia7rw.r. = i7rwrtana. 
r^ 3 3 3 

The loss by friction is therefore made less, 
I. When w is diminished, or when the forces which press 
the pivot on its bearing are diminished. 

-^. When r is diminished. 
3- Wheufi, or tan a, has its least value. 
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The method of reducing the friction of a pivot by reducing 
the area of the rubbing surface will be understood from 
the drawing, which shows the construction of the pivot of a 
turn-table. In order to reduce r, and yet to ^^°' 9«* 
preserve the pivot from rapidly grinding 
away, the end of the steel pin is made circu- 
lar, and rests on a horizontal plate. 

The same principle holds in philosophical 
apparatus. A bar magnet may be balanced 
on an inverted watch-glass and supported on 
a glass plate. The convex surface of the 
watch-glass corresponds to the rounded end of the pivot, 
and the magnet will rotate very readily. A better method 
is to bore a hole through the centre of the magnet and cover 
it with a hollow agate cup. The magnet will now balance 
on the point of a needle, and r is still further reduced. 




THE MODULUS OF A MACHINE. 

64. An endeavour has often been made to trace the work 
absorbed during the action of a piece of machinery, and 
to find out beforehand the loss traceable to friction. A 
machine generally works uniformly, and when once started 
into full operation, the only loss is that due to friction. 
Mr. Moseley has proposed to express the result of the 
working of any machine by a formula, termed its modulus. 
This is a part of the analytical treatment of mechanics which 
is sometimes insisted upon as of the highest importance. 

The object of finding the modulus is to obtain a com- 
parison between the expenditures of moving power necessary 
for the production of the same effects by different machines, 
and the method adopted is to record the space s passed over 
by the pomt of application of the moving power in doing any 
work, and to obtain a relation between the work done 
upon the machine and the work yielded up by it. 

Let Ux be the work done by the po^^x m\£LW\s^^'^sss52kNis^ 
the space s, u^ the work yielded up m ^^ ^-ascaa ^oxs^fc* 
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Then we can always obtain a relation between Ui and u^ 
in the form 

«i = A « 2 + B s, 

where a and b are constants dependent on the construc- 
tion of the machine. This relation is called its modulus. 

In the wheel and axle, let p be the moving force, w the 
weight raised, q the weight of the wheel, axle, and append- 
ages. Suppose that p is on the point of preponderating 
over w, and let a, b, r, be the radii of the wheel, axle, and 
pivot respectively, a being the angle of repose. 

Then va = w^ + (w + Q — p) ^ sin a, 
,\ p (<z + r sin a) = w (^ + ^ sin a) + Q ^ sin a, 

.\ p X 2ira fi + - sin a J = w X 2 TT ^ /^i + ^sin a\ 

orsino 
a 

But «, = p X 2 TT df, 2^2 = w X 2 TT ^, s = 2 IT flj, by 
estimating the work done in one revolution of the wheel. 

/ . r - \ f , r ' N.^orsina 

/. «i r I + - sm aj = 2^2 f I + ^sm oj + s ^^—^ — 



or 2^1 = 2^2 




that is, 2^1 = A « 2 + B s. 

Ex, I. A single fixed pulley 2 feet in diameter turns upon an axle i inch 
in diameter, the weight of the pulley being 8o lbs. A weight of 
5CX) lbs. is lifted by means of this pulley ; what force is required when 
the coefficient of friction between the axle and its bearing is •! ? 

(Science Exam. 1872.) 
We will solve this question generally, and the student can substitute 
numbers in the place of symbols. 
Let w -B weight raised, Q = weight of pulley, 

p « tension of the string, which is grealei VJaanVf. 
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Also let a « radius of pulley, a =■ angle of repose, 

r B radius of pin on which it rotates, here called an axle. 
Then pa«wa + (w + P + Q)rsino. 

Now when p moves through the space a, it is dear that w moves 
through the same space, for they hang on opposite sides of a fixed disc. 

''a — rsma a — rsma 
which gives the modulus of ^e fixed pulley. 

Ex, 2. Other things being the same as before, find P when the diameter 
of the pulley is reduced to 6 inches, and the coefficient of friction in- 
creased to -2. (Science Exam. 1872.) 

Ex. 3. Find the modulus in the case of the single moveable pulley, 
the disc of the pulley having a pivot on which the fiiction acts. 
Let a = radius of pulley, r « radius of pivot. Fig. 93. 

w the weight supported, Q the weight of the pulley, 

T and P the tensions of the string. 
Then t + p-w + Q, |>^P 

Also P a = T a + (w + Q) r sin a, 

/. Pa « (w + Q — P) a + (w + Q) r sin a, 
or 2 pa = (w + Q) (a + r sin o). 
When P moves through 2 a, w will move through a, 
therefore 



«j ss «3 1 1 + - sin o J + 2 A + !1 sin « j s. 




65. When a cylinder rolls on a horizontal • plane, it ex- 
periences a resistance which soon brings it to rest, and which 
may be called rolling resistance. The simplest way of 
measuring this friction is to conceive that it opposes a couple, 
acting against the rotation of the body, and whose moment \s 
the product of a very small arm, dependent on the nature of 
the surfaces, into the force pressing the roller against the 
plane. The length of this arm is given for cast iron on cast 
iron as '002 of a foot (Tredgold). The amount of resistance 
from rolling friction is much less than that due to the sliding 
of two surfaces. Hence the value of friction rollers. 

THE USE OF FRICTION WHEELS. 

66. Friction wheels consist of two pak^ Cii ^\nr.€^ ^«> 
arranged as to form a bearing fox an acx^e, O^ifc ^^M^^'^JsaL >s. 
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indicated by the circles centred at b and c, and the axle a rests 
in the wedge-like cavity formed by. the two circumferences. 
Since each end of the axle is supported on a pair of wheels, 
a large portion of the sliding friction is eliminated, and 
rolling friction is substituted in its place. In light philoso- 
phical apparatus the contrivance has been very popular, and 
it is interesting to note the length of time during which a 
disc whose axle rests on friction wheels may go on ro- 
tating. But the combination is not sufficiently simple to 
come into general use. 

Prop. To find the amount of work saved by the use 
of friction wheels. 

Let the radii of the axles a, b, c, be r, c, c, respectively, 
and let a be the radius of each friction wheel Also let 
CAB =s 26, and let s be the resultant of all the forces 
which press the axle a on its bearing ; the direction of s 
being suppoised to be vertical. 

During one revolution 
of the axle a each friction 
wheel revolves through 
an angle 0, such that 
<p a = 2 IT r. Also the 
force s produces a pres- 
sure p on the respective 
pivots at c and b, such 
that 2 p cos = 8, and 
therefore the work ab- 
sorbed during one revo- 
lution of the axle a is 2 p^^ sin a, where a is the ang/e of 
repose for the surfaces in contact Substituting for p, we 

have, work absorbed = 2 tt rs sin a x — — 

<zcos 6^' 

If there were no friction wheels, the work absorbed 
during one revolution of a would be 2 Trr s sin a, and we 
conclude that the loss by friction is less than it would other- 
wise have been in the proportion oicXo a cos 6. 
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ON COIL FRICTION. 

67. The absorption of power when a cord is wound round 
a cylinder is an example of the height to which a number 
of extremely minute foices may rise by accumulation. The 
experiment is easily tried by hanging weights on a piece of 
cord wound round a cylindrical wooden bar, and every one 
must have observed the use made of it by sailors when a 
steamboat is being moored to a pier. The friction exerted 
by each portion of the rope is accumulated so as to produce 
the final result ; and thus, with one coil round a cylinder, 
the weights which balance when hung on the two ends of 
the rope will be in the proportion of about i to 9, with two 
coils the ratio will be about i to 81, and so on. 

Prop, A rough cord passes over a rough cylinder and- is 
stretched by forces at its two ends. Find the ratio between 
he forces when there is equilibrium* 

Let p B c Q be a rough cord Fia 9*. 

stretched over the surface of 
a rough circular cylinder whose 
centre is o, and leaving it at 
the points b and c, p and q 
the forces acting on the cord, 
whereof q is on the point of 
preponderating. 

The action is this : each 
element of the cord adheres to the cylinder, and assists P 
in resisting the action of q. It follows that the tension of 
the rope will vary at each point, and we shall assume it to 
be/,/', at the ends of a small arc dc. 

Let BO^ = 0, BO^ = 0', Bo c = 0, /* the coefficient of 
friction. It will easily be seen that the pressure on ^ ^ 

= 2 / cos ^ 90 - ^-=-? ^ = 2/sin £11?=/ (0' - dX 
Therefore the condition of equilibrium fot the element ^ ^ is 

/ ^/ =r M/ (6' - 6), oT^LrJ, = /I (o' - ev 
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Hence, by a well-known theorem in Algebra,* 

log;y-log/ = /x(e' - 0)). 

That IS, the increment or increase of log / is equal to fi 
times the increase of 0, and this being true always is true as 
we pass from b to c, 

/. log Q — log P = fc 0, 

p 
where e is the base of the Napierian system of logarithms, 
and is represented by the number 271828. This expression 
shows that the difference between p and Q increases with 
the angle, and is independent of the radius of the cylinder. 

♦ The theorem is the following : 

log L±l - log f, + £)- A - JL + 4, - &c. 

h k 

= —approximately, when —is a fraction so small that its square may 

z z 

be neglected. Here ^ " ^ is a similar small fi:action. 

P 

THE DIAGRAM OF WORK. 

68. The work done by a force can be represented to the 
eye by a diagram, and engineers habitually refer to such 
outline figures, in order to estimate at a glance the quantity 
of work expended in any mechanical operation. 

It has been stated that the work done by a constant force 
is the product of the force into the space moved through by 
its point of application in the direction of the force. But 
force and space are both represented by straight lines ; 
hence the work done is represented by an area. 

Let A X, A Y, be two lines at right angles to each other ; 
call A X the line of spaces and a y the line of resistances. 
Conceive that a point in a body is moved through a space 
M N against a constant resistance r. 

Let M p = R» and complete the rectangle p n. Then the 
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woric done through the space unisrx hn, otmf) 
and is therefore represented by the rectangle p k. 

If the resistance varies from ^"^ » 

N to S, according to a law in- 
dicated by the curve Q R, the 
work done will be represented 
by the area q r s n. 

This may be proved by pre- 
cisely the same reasoning as 
that employed in p. 30. Con- 
ceive that the space is divided 
into an indefinite number of equal small intervals, such 03 
ns, and let q n, rs represent the resistances at n, s, respectively. 
If the resistance be considered constant through each small 
interval, the work done will be represented by the sum of a 
number of rectangles such as ^ j, which ultimately make up 
the whole area Q n s B. Hence the proposition is true. 

69. Prop. To estimate by a diagram the work done in 
one revolution of the crank in a direct-acting steam- 
engine. 

Referring to fig. 73, p. 107, let P be the thrust in d a, 
and let B c A = 9, b d a = ^ 

Then p cos ^ is the resolved part of P in direction D B, 
and B D makes an angle h- f with c b produced ; therefore 
the components of p cos ^ in directions coinciding with and 
perpendicular to c b are 

pcosf cos (8 -h ^) and Pcos^ sin(ft -h <f) respectively. 

In an engine, p changes at every point of the stroke, and 
^ also varies ; but it will be usefiil, nevertheless, to obtain a 
normal diagram on the supposition that p is constant and 
always parallel to D a c The components of p in and per- 
pendicular to the crank in any position may be mapped 
down, and the diagram of work constructed in the manner 
following : — 

Let A B represent an arc of the circle traced out by the 
crank-pin, p b the constant force P, acting on the crank c« 
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in a direction always parallel to a c, 9 the angle at which 
p B is inclined to the crank when in the position C b. 

■gvi. 96. Draw p N perpendicular to c B pro- 

duced ; then f b may be resolved into 
p N and N G, that is, p sin and p cos 6 
respectively. Of these, P sin 9 is the 
component doing work, and p cos d 
produces a direct pressure on the bear- 
ings of the crank-shaft 
Next divide the circumference into a number of equal parts, 
and resolve the force P into its two components at each 
point of division; we shajl then obtain a series offerees 
represented by the dark lines in Figs. 97 and 98. 




In order to construct the diagram of work draw afe, a 
line of spaces, equal in length to the semicircular arc A r e, 
divide it into ten equal parts, erect 
perpendiculars such as B r equal to 
each correspondmg component P sin 6, 
and complete the curve are. It is 
clear that the area are represents the 
work done on the crank in one half 
revolution. Let P be represented 
by 100, then sin 18° = "3090, and 
p sin 18=30-90. That is, the values of 
p sin e for intervals of 18° will be given 
by the numbers in Fig. 99. . 
70. From what ^as 'beca sU«A 'm 
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follows that the diagrams on pp. 92, 94, are really diagrams 
of work done. 

In Fig. 53, HM IS the line of spaces, whereas the perpen- 
diculars i.Uy I My k hy K H, are proportional to the pressures 
employed in overcoming the resistance of the load. The 
area l m h k with the sloping rectilinear side k l is an area 
representing the amount of work done in lifting the weight 
through the space h m. Since l k is a straight line, we infer 
that the resistance diminishes uniformly while the work is 
being accomplished. 

In the same way the outline and shaded areas in Fig. 57 
present to the eye an exact picture (i) of the work done by 
the steam, (2) of the work done directly on the load. Since 
the line of pressures e b d crosses to the other side of the 
line of spaces m c h at the point c, we infer that the area 
c D H represents negative work^ or work done in opposition 
to that represented by the area m e b c. 

Here is an example of the conversion of work into 
kinetic energy. The work done by the steam during about 
f of the motion is greatly in excess of the work done upon 
the load raised. Hence the steam-power is imparting a 
rapidly increasing velocity to the moving mass. In the 
closing J of the motion the steam-power is destroying the 
velocity already created. 

If the whole of the shaded area m l k h were subtracted 
from the outline area m e b c, and the difference then left 
were compared with the outline area cdh, we should find that 
one is rather less than the other, and should refer the dis- 
crepancy to the fact that a certain amount of steam-power 
is uselessly absorbed by the friction of the moving parts. 
It is certain that no work can be put out of existence, and 
we conclude that the work done by the steam from m to c 
— the work done by the steam from c to h = the work 
done in raising the load -h the work absorbed by friction. 
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CHAPTER III 

ON THE CENTRE OF GRAVITY. 

71. It may be assumed that the student is perfectly aware 
of the form and dimensions of the earth, and knows that the 
force of gravity acts in lines which may be regarded as 
parallel at the same place on the earth's surface. Since a 
body is made up of molecules or parts, and since the at- 
traction of the earth on any one part is parallel to that on 
any other part, it is clear that the reasoning which led us to 
find the position of the centre of any nmnber of parallel 
forces will apply here, and that there must exist a centre 
of weight which is also a centre of parallel forces. 

Def 77ie centre of gravity of a body is that point in 
which the whole weight may be supposed to acty or is the centre 
of parallel forces due to the weights of the respective parts of the 
body, ' 

The position of the centre may be found by experiment 
It has been stated that the weight of a body is not a single 
force, but is, in truth, the aggregate or resultant of a series 
of parallel forces, and it is further clear that when a body is 
suspended by a string, the tension of the string must be 
equal and opposite to the resultant of the vertical forces 
due to the weights of the several parts. The string will 
therefore assume a vertical direction, and the centre of 
gravity will be found in the line of the string. Conceive 
that this direction is mapped down in the body itself, we 
shall then have a definite line passing through its centre of 
gravity. The point of suspension may now be changed, 
and a second line may be recorded, which also passes 
through the centre of gravity of the body. It follows that 
these lines will intersect, and that their point of intersection 
can be no other than the centre in question. 

By experimenting on figures or bodies of a s)mametrical 
form, such as a circle, a sphere, a square, or a cube, and the 
like, it will be found that the centre of gravity is always 
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the centre of figure. So also the centre of gravity of a 
straight line is in its centre, and that of a cylindrical rod, 
whose ends are parallel planes, is in the centre of its axis. 

The centre of gravity of many curves, areas, and solid 
bodies may often be determined most conveniently by 
analysis ; but the calculations demand an advanced know- 
ledge of mathematics, and we must therefore confine our 
attention to a few simple propositions. 

Ex, Mention an experimental way of showing that the centre of 
gravity of a circular board is at its centre. (Science Exam. 1872.) 

THE CENTRE OF GRAVITY OF A TRIANGLE. 

72. Prop. To find the centre of gravity of a plane triangle. 
Let ABC be a plane triangular lamina of some material, 
bisect A B in e, and join c e ; 
we shall first prove that the ^'°* '*^ 

centre of gravity of the figure 
lies in c E. 

Draw any line p r q pa- 
rallel to AB and cutting ce 
in r. Then, by similar triangles 
/ r c, A E c, we have 

pr \ KiE, = cr Ice. 

In like manner qr I EB = cr : ce. 

.\pr : A'E,=zqr : eb. 

But A E = E B .'.pr^iqr. 

or prq is bisected by c e in the point r, which is therefore 
its centre of gravity. The same is true of every other line 
drawn parallel to A b, and since the triangle is made up of 
an assemblage of such parallel lines or strips, each of which 
has its centre in c e, it follows that the centre of gravity 
of the triangle A b c lies in c e. 

Again, bisect a c in f, and join b f, then the centre of 
gravity of the triangle lies in b f. But it also lies in c e, 
therefore it lies at their point of intersection, viz. a 
Join £ F. Then by similar triangles, f £ 6, c G b, we have 
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cg:ge = cb:fe = ab:ae= 2:1. 

/. c G = 2 G E, and c E = 3 G E, 

whence g e = - c e, and c g = — c e. 

3 3 

That is, if a straight line be drawn from the angular point 

of a triangle to the middle of the opposite side, the centre 

of gravity of the triangle lies on this line at a distance from 

the angular point equal to f of the length of the line. 

Cor. I. The centre of gravity of three bodies of equal 
weight placed at a, b, c, is the same as the centre of gravity 
of the triangle a b a 

Let w be the weight of each of the bodies. Then the 
bodies w, w at a, b are equivalent to 2 w placed at e. Let g 
be the centre of gravity of 2 w at e, and w at c ; then 

2W X EG = W X CG, .*.CG= 2EG, and C E = 3 E G, 

the same result as before. This establishes the corollary. 
Cor. 2. If G be the centre of gravity of a triangle a b c, 

the forces represented in magnitude and direction by g a^ 

G B, G c will be in equi- 
librium. 

For G A is equivalent to 
G E, E A ; and g b is equi- 
valent to G E, E b. 
.". GA, GB- are equivalent 
to 2 G E, E A, and E b. But 

E A = E B, /. E A and E B 

balance each other ; /. g a, g b ai-e equivalent to 2 g e. 

But G c = 2 G e. ."• G A, G B, G c are in equilibrium when 
acting at the point G. 

Ex, I. A B c D is a quadrilateral figure such that the sides A 6, AD, 
and the diagonal A c are equal, and also the sides c B and c D are equal : 
find its centre of gravity. (Science Exam. 1872.) 

Ex, 2. A square is divided into four equal triangles by drawing its 

diagonals which intersect in o ; if one triangle be removed, find the 

centre of gravity G of the figure formed by the three remaining triangles. 

' Problems of this kind are frequently met with, and the method of 

solution is always the same. 




\ 
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Let o be the centre of gravity of the whole area, g that of the part 
cut out, G that of the part left. Then, by Art. 14 we are justified in con- 
cluding that (area left) x OG =s (area cut out) x o^. In this equa- 
tion everything is given except o g, which can therefore be determined. 

Answer; OG » L x side of the square* 

9 

Ex, 3. A B c represents a triangular board weighing lolbs. Suppose 
Weights of 5lbs., 5lbs., and lolbs. are placed at A, B, and c respectively. 
Where is the centre of gravity of the whole ? (Science Exam. 1869. > 

Ex, 4. A square board weighs 4lbs., and a weight of 2lbs. is placed 
U one of its comers. Show by a figure the position of the centre oC 
gravity of the board and weight. (Science Exam. 1 87 1.) 

Ex, 5. Find the centre of gravity of the four-sided portion of a 
triangle cut ofif by a line parallel to the base, (Science Exam. 1868.) 

THE USE OP THREE LEVELLING SCREWS. 

73. Since the centre of gravity of three equal weights 
placed in the angular points of a triangle is the same as that 
of the triangle, it follows that if a heavy triangular slab be 
supported at its angles the pressure on each prop will be 
\ the weight of the slab. 

A triangular table, standing on three legs at its angular 
points, is die simplest form of any, and the pressure on each 
leg is the same. This fact has not been without its influ- 
ence in appHed mechanics. 

Pieces of philosophical apparatus, such as galvanometers, 
plates for theodolites, portable transit telescopes, and such- 
like instruments, which require to be carefully levelled in a 
horizontal plane, are made to stand on three levelling screws. 
These screws lie in the points of a triangle a b c, whereby, if 
c be raised or lowered, the table turns about a b as an axis ; 
the same is true for the other points, and the levelling 
becomes quite easy. In some instances it is still the practice 
to use four leveUing screws instead of three, but the manipu- 
lation is not so easy. 

In the surface plate, or true plane, by Sir J. Whitworth, 
the same thing holds good. It is most necessary to support 
this plane firmly on its bearings without any strain, and 
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therefore it stands on three angular points. The drawing. 
Fiazoa. shows such a plate in- 

verted ; the back is ribbed, 
two supports lie near one 
handle, and one at the op- 
posite side. 

When a table rests on 
three legs and is loaded anywhere on its surface, it is easy 
to calculate the exact pressure on each support When 
there are four legs, the problem is indeterminate. ' 

Ex. A weight w is placed at any point o upon a triangular table 
ABC (supposed without weight). Show that the pressures on the three ^ 
props, viz. A, B, c, are proportional to the areas of the triangles B o c, 
ADC, A o B respectively. 

Draw the straight lines AOF, BOH, COE through the point o, and 
let P, Q, R be the pressures at A, B, c, respectively. 

Let the area AOE»tf, ACE^^, BOEe=f, bceb</. 

Then rxce = wxoe. 

, n __ OE a c 

W CE ^ </ 
, R a + C AOB 



" w d + d 


ABC 


Similarly ^ « ?^ 

'^ W ABC 


Q _ AOC 
W ABC' 


.'. p : Q : w — c B 


: AOC : AOB, 




which proves the proposition, and gives a rule 

fox ascertaining the pressure due to any given load placed on a table. 

74. Another illustration is afforded by some hydraulic 
lifts at the Victoria Docks. Here a vessel intended to be 
docked is floated over a rectangular pontoon, and then 
lifted out of the water by a group of hydraulic presses 
worked by a steam-engine. There are sixteen presses on 
each side of the pontoon, and a ship drawing 18 feet of 
water can be completely raised above the surface in half an 
hour. The point to which we now revert is the method of 
supporting the great weight of the ship on a rectangular 
pontoon, which is, in fact, a table. The object is to avoid 
any unequal strain on the presses, and it is clear that if every 
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press-were worked independently, precisely the same quan- 
tity of water must be forced into each, in order to keep up a 
uniform lift. If all the presses were in communication, any 
excess of pressure on one side of the pontoon wouid lower 
that portion, and the level would not be preserved. What 
is wanted is a table with three supports, and that is obtained 
by grouping the presses into three sets. The first group is 
made by eight presses at the end of one side, the second 
group by eight presses at the corresponding end of the oppo- 
site side, and the third group by the remaining sixteen 
presses. Thus the three groups form a tripod stand on 
which the ship and pontoon rest, and the levelling is pre- 
served throughout the operation. 

THE CENTRE OF GRAVITY OF A PYRAMID. 

75. I^ep. To find the centre of gravity of a triangular 

pyramid- 
Let A B c D represent the pyramid ; bisect b c in £, and 

join A E, D E, Take h the centre of gravity of the triangle 



Bc, and join dh : we 

shall proceed to show that 
the centre of gravity of the 
whole pyramid lies in d h. 
Let a&c represent a sec- 
tion of the pyramid by a 
plane parallel to a b c, and 
let D H intersect o f ^ in the 
pointy. Draw ag e meet- 
ing D E in A 






Thet 



= D^ 



>.?: DHs 



HE. 




= 2 . I •.ag= 2ge. 
Similarly, ^«:/c = be ; EC = i ; i ,\ be = ec. 
Hence g is the centre of gravity of the triangle t. 
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in like manner every section of the pyramid made by a 
plane parallel to a b c has its centre in d h ; therefore the 
centre of gravity of the pyramid lies in d h. For a like 
reason the centre of gravity of the pyramid lies in a f, f being 
the centre of gravity of the triangle b d c. Let G be the 
point of intersection of d h and a f, and join h f. 

Then gh ; gd = hf : ad=he : ae= i : 3. 

.% G H = i G D, .-. G H = 3 D H. 

3 4 

That is, if the vertex be joined with the centre of gravity 
of the base, the centre of gravity of the pyramid is in this 
line at J the distance from the vertex. 

Cor, I, The centre of gravity of four equal bodies in the 
angular points of a pyramid is also that of the pyramid 

Cor, 2. Four forces acting on g, and represented in mag- 
nitude and direction by g a, g b, go, g d, will keep the 
point G at rest 

Cor, 3. The centre of gravity of any pyramid, whose base 
is a polygon, is found by joining its vertex with the centre 
of gravity of the base, and taking \ of this distance. 

Cor, 4. The centre of gravity of a cone is a point in its 
axis at a distance from the vertex equal to | its length. 

PRINCIPLE OF THE DESCENDING TENDENCY OF THE CENTRE 

OF GRAVITY, 

76. We have seen that the weight of a body is a definite 
force acting on the centre of gravity and always tending to 
pull it downwards. So long as this centre can move by 
descending it will not come to rest, and since it can never 
ascend under the action of gravity, the position of equilibrium 
will be found when the centre has come to its lowest position. 

The equilibrium, thus arrived at, is distinguished as being 
stdbky unstable^ or neutral, 

I. When a body at rest is slightly disturbed, and its centre 
of gravity is thereby raised, we infer that the tendency 
of gravity will cause that centre to descend and return to its 
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former position. In such a case the equilibrium is stable. 
A hemisphere resting on a horizontal plane is an example. 

Also, a body always rests in stable equilibrium when its 
centre of gravity lies beneath the point on which it is sup- 
ported, for in that case any disturbance must raise the 
centre. A compass-needle is suspended on this principle. 

2. When a like disturbance depresses the centre of 
gravity, the contrary takes place. That centre has been 
lowered, and gravity will prevent it from rising to its former 
position. The equilibrium is therefore unstable. The diffi- 
culty of balancing a long rod on the finger is an instance of 
unstable equilibriiun. The centre of gravity is above the 
point of support, and although the rod would rest when 
truly vertical, it will always be liable to fall away from that 
position, unless, by a quick motion of the finger, the point 
of support is brought exactly beneath the centre of gravity. 

3. When any slight disturbance moves the centre of gravity 
along a horizontal line, the equilibrium is indiflferent A 
cylinder rolling on a horizontal plane is an example, every 
position being one of equilibrium. 

If the centre of gravity ascends when you deflect it from 
the position of rest, it is evident that the height of the centre 
is less than in any of the positions into which you deflect it. 
Hence the centre of gravity is in the lowest position possible 
when the equilibrium is stable. Whereas, if the . centre of 
gravity descends when you deflect it from the position of 
rest, the height of the centre is greater than in any of the 
positions into which you deflect it. Hence the centre of 
gravity is in the highest position possible what the equilibrium 
is unstable. 

77, Prop. A body placed on a horizontal plane will stand 
or fall according as the vertical through its centre of gravity 
falls within or without the base. 

Let G be the centre of gravity of a body having a flat base 
and resting on a horizontal plane. The weight of the body 
is a vertical force w acting through g. If the body were to 



ISO 



Principles of Mechanics. 




fall over, it must do so by rotating about one end of a base 
line A B. In (i) this rotation will raise G, and therefore can- 
not be produced by gravity alone; whereas in (2) this 
rotation will cause G to descend, and the tendency of gravity 
is to bring G lower if possible, or to induce the motion of 
falling. Hence in the first case the body will stand, and in 
the second case it will fall over. If g be vertically above a 

or B, the body will stand, 
but the slightest disturb- 
ance will upset it 

If the plane be inclined, 
the vertical through g must 
still fall within the base, or 
equilibrium will be impos- 
sible. 
A man must stand in a 
vertical position in order that the centre of gravity may fall 
within the limits of his feet, which form the base on which 
he stands. In carrying a load on his back he stoops for- 
ward. A circus rider or a skater leans in towards the centre 
of the curved path in which he moves, but here another 
force comes into play. In every case of motion in a curve 
the tendency to go forward in a straight line has to be over- 
come by a force directed towards the centre of the curve 
described. The reaction of the support acts in the line 
of the man's body, which is inclined inwards, and the hori- 
zontal component of this reaction supplies the force which 
enables him to preserve a curvilinear path. For the same 
reason, the outer rail, or rail farthest from the centre of 
curvature, is higher than the inner one upon the curve of a 
railway. 

We shall proceed to determine the nature of the equili- 
brium when a body whose base is spherical rests on the 
convex surface of a sphere. Since the curvature of any 
normal plane section of a surface at a given point is that 
ef its circle of curvature, the result holds for all surfaces. 
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78. Prop. A body having a spherical base is placed on 
the top of a sphere, to determine whether the equilibrium is 
stable or unstable. 

The surfaces must be rough, so that 
one body can rock on the other, also 
A and B are the points originally in 
contact Conceive that the body 
whose centre is o has rocked through 
a small arc bp on the sphere whose 
centre is c. Draw pe vertical, and 
let G be the centre of gravity of the 
upper body. 

Since G always tends to get lower if 
possible, it is clear that the equilibrium 
will be stable when g falls below e. 

Let OB = r, AC = R, BOP = 0, ACP»0; 
then, by the condition of rolling, a p = b p, or r = r 0. 




sin Q 



e 



. 1 o E sm E P o 

Also — = -. = -. , . — 

r sm o E p sm (f^ + 0) 0+0 

since the angles and *p are very small. 



approximately, 



But ^ = - , and .% 



+ R + r 

-0 —T^ 



OE 



• • 



R + r 



> or o E = 



R + r 



That is, B E 



r — OE 



r — 



Rr 



R + r R + r 
Let B E 5= ^ ; then the equilibrium is stable so long as h 

is less than or - greater than -, + _• 

R + r -^ ° R r 

Cor, I. If the lower surface be concave, r is negative, 

and the equilibrium is stable when \ is greater than — — 5- 

h r R 

Cor. 2. If B p be a plane, — = o, and h is less than r. 



Cor, 3. If A p be a plane, - = o, and h is less than r. 
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The equilibrium is indifferent when b e == 



Rr 



; other- 



R 4- r 

wise it is imstable, and the student can repeat the corollaries 
for the case of unstable equilibrium. 

GENERAL METHOD OF FINDING THE CENTRE OF GRAVIIT. 

79. Prop. To find the centre of gravity of a system of 
particles arranged in any manner in space. 

Let the system of particles a, b, c. . ., whose weights are 

Fig. X07. 




p, Q, R . . ., be referred to three lines o x, o v, o z, mutually 
at right angles. 

Let ^1 be the centre of gravity of a and b, ^2 that of a, b, 
and c, and so on. The figure is constructed by drawing 
ANi parallel to oz (meeting the plane vox in Ni), and 
Ni Ml parallel to oy, and by repeating this operation for 
every point g\j ^2 • • •> and for b, c, . . . Join a b, Nj N2, 
^1 c, hi N3, . . . 

Let OMi = Xi, Ml Ni = j^i, N, A = J&1, and similar quan- 
tities for B, c, . ... 

Let G be the centre of gravity of the whole system, and 
let x,y^ z be its co-ordinates. 

Since ^i is the centre of gravity of a and B, we have 

p X A^i = Q X B^i. 

ButA^i : B^, = N,>^i : //1N2 

= 0^1 — OMi : OM2 — Ok^ 
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... O >&! ^ l^i-+^^ . 

P + Q 

Similarly, h,K - ^^^^S -<* ^..J. = ^^^«. 

Again, the centre of gravity of p, q, r will be a point ^j, 
such that (p + Q + r) o>&2 = (p + q) o >&i + R x O M3 

= P^l + Q^2 + R^8> 

and so on, till we arrive at the result 

(P + Q + R + . . . )^ =P^i+ Q:V2-f R;r3 + .. . (l) 
Similarly, 

(P + Q + R + .. .)i =P^i +Qy2+R^3 + «- -(2) 
(P + Q + R4-...)^=P^i+Q^2 + R^3 + • • • (3) 

The product pari is often called /^ moment ofv with re- 
gard to the plane x o y. This shows an extended use of the 
word moment. The product p z^ expresses the importance 
of the weight of p, considered as one of a system of bodies, 
in affecting the position of the common centre of gravity, 
and the proposition proved above is equivalent to a state- 
ment that the sum of the moments of a system of bodies with 
respect to any plane is equal to the moment of the whole of them 
(supposed to be collected at their centre of gravity) with respect 
to the same plane. 

Note, — The formulse in Art. 79 are perfectly genend. If y and 2 are 
each equal to zero, then (i) gives us the centre of gravity of any number 
of bodies arranged in a straight line. If f « o, then formulse (i) and 
(2) give us the centre of gravity of any number of bodies arranged at 
different points in the same plane. 

Ex, I. Bodies weighing i, 3» 5, 7 lbs. are placed at equal distances 
along a straight line ; find their centre of gravity. 

Ex, 2. Find the centre of gravity of five equal bodies placed in the 
angular points of a regular hexagon. 

Ex, 3. Bodies weighing 3, 8, 7, 6 lbs. are placed in this order in the 
angular points of a square, and a body weighing 10 lbs. is placed at the 
centre ; find the common centre of gravity. 
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THE PROPERTIES OF GULDINUS. 

80, There are two remarkable properties of the centre of 
gravity with which we shall conclude the chapter. 

I. If A B be a straight line, a p b any curve, and g the 
centre of gravity of this curve, regarded as a fine material line, 
then the area of the surface generated by the revolution of 
A p B about A B as an axis is found by multiplying the length 
of A p B into the length of the path described by g. 

Let p be any point of the curve, draw p m and G h per- 
pendicular to A B, and let p/ be a 
small arc of the curve whose length 
is J. Also let G H = ^, p M =3 \y, 
c = length of path of G. Then arc 
described by p : r = j' : ^, 

/. arc described by p = -^ • 

Now the quantity of surface m the narrow strip described 
by p/ will be found by multiplying s into the arc described 

by p, whence area of surface generated by j = ?^.* 

Conceive that the curve is divided into an indefinite 
number of minute portions, which call j, /, /', . . ., at dis- 
tances y.y^y" . . . respectively fi-om a b; then the area of 
the surface generated will be 

cys cy's' cfj^ 

or I {ys + y / + yv' + . . . ). 
But ;;j +y J' +yv + . . . = (j + / + /' + ...)k. 
Hence the area of the surface generated is 

I (x + y + /' + ...) >^, or ^ (^ + -^ + -f" + ... )» 
or r X length of the curve a p b. 

* We consider P / to be so small that every point of it may be re- 
garded as being at tlie same distance from a b. 
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2. Kg be the centre of gravity of the plane area enclosed 
by the curved line a p b and the straight line a b, then the 
volume of the solid generated by the revolution of a p b 
round a b is found by multipl)dng the area a p b into the 
length of the path described by g during the revolution. 

The construction and notation are Fig. 109. 

the same as before, except that q ^- 

represents an indefinitely small 
rectangle, whose distance from a b 
is 2:, and whose area is a,- ^ 

Now the whole area a p b is made up of an assemblage 
of very minute portions whereof the rectangle at q is one. 

Also the arc described by q = i^, and the volume of the 
solid generated by q = ^^« Hence the whole volume of 
the solid is represented hy j{z a -^ 2! c^ -{- z!' a!' + . . . ) 
ox-{a-\- a! •\' a" + . . ,)k or c X area of the figure a p b. 

Th6se properties are useful in two ways. If the volume or surfece of 
a solid be given, we can find the centre of gravity of the curve or area 
which generates it. Or we can apply the theorems directly to find a 
volume or surface when the position of the centre of gravity is known. 

Ex. I. To find the centre of gravity of the area of a semicircle. 
Since the semicircle generates a volume ^ ir a* by revolving about 

adiameter, wehave ^^ x 2 ir g H = U^ .'. G H = 1^. 

2 3 3» 

Ex, 2, To find the centre of gravity of the arc of a semicircle. 
Hereira x 2irGH = 4rfl« /. GH = £i^. 

IT 

Ex. 3. To find the solid content of the ring of an anchor. 
Let a « distance from the central point of the ring to the centre of 
any circular section, b = radius of that section 

Then volume of solid -^ 2ira x ir^«« 2 7t^ai^. 
Ex. 4. To find the sur&ce of the solid generated. 

Here surface required = 2va x 2v6 = /^ir^ad. 
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CHAPTER IV. 

OH SOME OF THE MECHANICAL POWERS. 

fll. Toothed wheels are circular discs provided with pro- 
jections or teeth, which interlock as shown in the diagram, 
^"^ ""■ and which are therefore 

capable of transmitting force. 
When the teeth are shaped 
correctly, the wheels will roll 
upon one another, justas two 
ideal circles, indicated by the 
curved hnes, and called pitch 
cirtles, will roll together. The 
pitch circle of a toothed wheel 
is an important element, and determines its value in trans- 
mitting motion. Suppose that two axes at a distance of 10 
inches are to be connected by wheel-work and are required 
to revolve with velocities in the proportion of 3 to 2. Two 
circles, centred upon the respective axes, and having radii 
4 and 6 inches, would, by rolling contact, move with the 
desired relative velocity, and would be the pitch circles of 
the wheels when made. So that whatever may be the forms 
of the teeth upon the wheels to be constructed, the pitch 
drcles are determined beforehand. 

The curves to be given to the teeth in order that the 
wheels when made shall run truly upon one another are de- 
scribed in the text book on Mechanism. We shall only 
fiirther remark that the direction of the transmission offeree 
between the wheels depends on the forms of the teeth, and 
acts in a hne perpendicular to the surfaces in contact at 
every instant This line is not absolutely fixed in direction, 
but it is immaterial for our purpose to regard its shifting 
character, for the teeth commonly used are so shafted that 
the main part of the action takes place in a line touching 
the two pitch circles at their point of contact 
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LEVERS UNDER THE FORM OF TOOTHED WHEELS. 

82. The general identity of a toothed wheel with a lever 
may be made clear by the annexed diagram. Here a ver- 
tical bar, furnished with teeth. fic. xxi, 
supports a weight w by means of 
the upward pressure caused by 
the teeth of a wheel c, attached 
immoveably to a lever c m, and 
acted on by the power p. 

The centre of the wheel is the 
fdlcrum, one arm is c d, and the 
other arm is the radius of the 
pitch circle of the wheel. Thus 
the power and weight both act 
vertically on the lever mcn, ^^ c 

whose fulcrum is c, and the con- I 

dition of equilibrium is w 

PXCM=WXCN. 

83. The same thing is true in wheelwork generally ; each 
wheel of a train is merely a mechanical equivalefit for the 
arm of a lever continuously in action. 

Take the common case of two unequal wheels centred 
on the same axis, which gives the element of power in 
wheel-work. 

Let c be the centre of 
motion of each of two wheels 
A and c in gear with other 
wheels d and e as shown in the j, 
diagram. The wheel d pro- 
duces a pressure p actin 
tangentially on the circumfer- 
ence at A, and a pressure q is 

transmitted on to e. Hence the wheels form a lever a c b 
with arms a c, c b, and the condition of equilibrium is 

PXCAssQXCB, OrP:Q=:CB:CA. 
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Fig. ZI3. 
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That is, p : Q = drcumf. of c : circumf. of a 
= number of teeth in wheel c : number of teeth in wheel A. 
It follows that when c = a no power is gained by the 
combination. In order to obtain any advantage there must 
be two imequal wheels on every axis. 

The wheelwork of an ordinary crane furnishes an illus- 
tration, and is fairly represented in the diagram, with the 
exception that the wheels would be broader and more mas- 
sive as we approach the 
drum on which the weight 
hangs. 

Conceive that four men, 
each exerting a force of, 
15 pounds, act upon the 
winch handles. 

On the second axis we 
have the wheels 100 and 
40, whereas on the third 
axis there are wheels 120 
and 20. Each pair of 
wheels forms a lever, the 
respective arms being in 
the proportion of 5 ; 2 and 
6:1. Hence the force 
which passes through these 
wheels is multiplied by 

2. X -or by 15. 



The winch handle and 
the wheel 20 form another lever, as do also the wheel 120 
and the drum on which the weight hangs. Let the radius 
of the winch handle be 2a and that of the drum a^ also let 
the radii of the wheels be 20^ and loojit: respectively. 
Then the force passing through this pair of levers is mul- 

tiplied by . — x or by la 

20^ a 
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Hence the weight raised = 15 x 10 x power exerted, 

= 9000 lbs. 

Or four men could raise somewhat more than four tons. In 

practice some additional force would be required in order 

to overcome the friction, the amount of which is disregarded. 

THE PRINCIPLE OF REDUPtlCATIOK. 

84. This principle is applied in combinations of pulleys, 
where the pull of a stretched string comes into action 
several times instead of only once. 

A pulley-block in a simple form consists of two metal 
plates carrying a grooved cylindrical disc or sheave. The 
number of sheaves may be increased, y,^ ^^ 

and the pulley is then described as 
a double, treble, &c block. The 
drawing shows a treble Hock in side 
view and front elevation. 

The principle of reduplication 
will be made clear by the statement I 
that a force equal to the pull (f the ^ 
string may be supplied at every point 
of departure of the string from 
pulley. 

85. Take the case of the single moveable pulley, where p 
supports w, as in the diagram, by means of a string a b d p 
fastened at a. 

Conceive that there is no friction, and that 
the string is a fine inextensible line destitute 
of weight and rigidity ; the tension of the 
string will then be the same throughout, and 
equal to p. Since every part is at rest, we may 
further conceive that the string is deprived of 
the power of slipping, and is nailed to the 
pulley at the points b and d, The strings b a, 
dp, will now exert forces, each equal Vq ■?, 
which will be felt at the poinls b an&D. "&<». 
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the^ must ha%'e exerted the same forces before the power of 
motion was taken away, and we conclude that the effect of 
coiling the string round the surface of the sheave has been 
simply to double the action of p in supporting w. 

We have assumed that the two portions of the string are 
parallel and vertical, in which case w = 2 p. If they are 

inoUned at aJigle a, we have w = a p cos -. 

The sin^e moveable pulley is merely a simple lever with 
equal arms. The fulcrum is the centre of the pulley, and 
since die forces, acting on equal arms, are necessarily equal, 
the pressure on the fulcrum is 2 p. But w causes this pres- 
sure, therefore w = a p. 

86, In order to understand the action of pulleys in com- 
bination, taJte the forms given in the diagram. In the first 
Fic. itG. case, where there are 

two pulleys, the pres- 
sure on A is 2F, and 
that on w is ap + p, 
or 3 p. The strii^ at- 
tached to w are not 
strictly vertical, but the 
deviation is so small 
that it is not worth con- 
sideration. In the se- 
cond case the tension of 
the string to which p is 
attached produces a pull 
on w which is manifestly p+P-hap orw = 4P. 

Note. The weights of the pulleys are neglected, but they 
can be regarded as independent weights, and it is further 
obvious that a comparison of the spaces through which p and 
w move would at once enable us to ascertain the relation 
between these forces. 

87, As there are three kinds of levers in the books on 
mechanics, so there aie three sjatema of 'guU.eYs, 
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1. In the first drawii^, where each pulley hangs by a 
separate string, the pull on a is 2 p, the puU on b is 2 p + 2 p 
or 4P, thepuUon cis4P + 4Por8p, that on d is 16 p, and 
that on E is 3a p ; 

therefore w = 32 p = 2"p, 
where n is the number of moveable pulleys. 

2. In the next drawing there are six strings on the lower 
block, that is, six points of departure for the string whose 
tension is p ; therefore w = 6p = » p, where « is the number 
of sheaves in the lower block. The student wiU observe a 
slight deviation fi'om the vertical in one of the strings, which 
is of no importance, and may be avoided by making the 
radii of the pulleys in the lower block proportional to i, 3, 
5, and those in the upper block proportional tu 3, 4, 6. 




3. In the third drawing, the tension of p a is p, the tension 
of A B is ap, the tension of b c is 4P, and that of c D is Sp. 
.". w = p + 2P + 4P + 8p = TSP = (a'— i) p, 
where n is the number of pulleys. 
The second system is extremely valasAAt m -^tMAKja,*^^ 
only alteration being to thread liie s\ifca.\ts svie \ii "»&«■ ^^^ 



1 62 Principles of Mechanics. 

one axis, as shown in Fig. 114. The other systems are useful 
as exercises for the student 

Note, The pulleys are so many additional weights, assist- 
ing p in system (3), but opposing it in systems (i) and (2). 

In (3), let WiW^w^ . . , be the weights of the pulleys 
A, B, c, beginning from the lowest pulley, and let there be 
n pulleys. Then 

w = p(2»— i)+a/i(2*-* — i)-fa/2(2"~^— 1)+ . •• +®'ii-i- 

In (2), the weight of the pulleys is simply added to and 
makes part of the load w. 

In (i), let a/j a/2 Ws • • • be the weights of the pulleys 
£, D, c, . . . beginning from the lowest pulley, and let 
there be n moveable pulleys. 

Then 2"p = w + a/j + 2W2 + 2^0/, + . . , + 2 *-^a/». 
These statements form an exercise for the student 

THE PRINCIPLE OF THE STEELYARD. 

88. The steelyard is a simple lever having its fulcrum 
near one end. A weight fastened to a ring slides upon the 
longer arm, and its position indicates the weight of the sub- 
stance suspended from the shorter arm. In order to exa- 

FiG. 118. mine the principle in its 

A. -m: ?CQ^ simplest form, take a 

$ \ ^ rigid straight Une AC N 

yrf\ to represent the steel- 
yard, and let the move- 
able weight p, hung at M, balance w at n. 

The first difficulty arises from the weight of the lever. 
The short arm cd is usually enlarged and weighted with a 
hook or a scale-pan, whereby c n preponderates over the 
arm c a, and it is necessary to hang the weight p at a point 
D, very near to c, in order to keep the lever horizontal 
Let Q be the weight of the whole lever, together with the 
hook or scale-pan, g tlieir common centre of gravity, then 
Qai cbalances p at d, ihereioie q x cQi^^ k cd. 
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Now let p at M balance w at n. 
Then p x cm = w x cn + q x cg =wxcn + p x cd. 

W X CN 



.', p (c M — cd) = WXCNjOrP = 



D M 



Let w weigh i pound, then d m = — . 

^ f 

Let w weigh 2 pounds, then d m = ? — , and so on. 

Hence the length of a division upon d a corresponding to 
an increase of i pound in the weight of w is ascertained. 

In an ordinary steelyard about 20 inches long, the gradu- 
ations would begin at \ and go up to 14 pounds. The 
steelyard is then turned over, and hangs from a new fulcrum 
much nearer to n, whereby the graduation is extended from 
14 to 57 pounds. The intervals corresponding to a differ- 
ence of weight equal to i pound are now very much smaller, 
c N being diminished. 

89. The principle of the steelyard receives one most 
useful application in machmery for weighing heavy loads. 
The method of arrangement will be apparent from the de- 
scription of the testing machine in Mr. Anderson^s treatise. 
A drawing of the apparatus is given in page 16 of that work, 
and the annexed sketch shows the levers concerned in pro- 
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ducing the pull w. It will be seen tivalc^ Ss»n^^ ^^x5^s^s|^ 
and massive, while M b is l\g\\lei 2C£i^ \a.^^^^ Xa^-ax^ss* "«^. 
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The first thing to be done is to eliminate the weights of the 
levers, which is effected by a moveable weight p, and a 
smaller we^t r, both of which aie so adjusted as to cause 
the levers to balance perfectly in a horizontal position when 
both p and w are removed. We may now consider the 
amis as rigid lines without weight. 

Let CN= I, CF=io, then w at n is balanced by a pull 
s at F, such that s x c f = w x c n, or 10 s = w. 

Let B H = I, B M = 30, then sxbh =pxbm, ors = aop. 



Whereby a pull of i cwt. at M would produce a strain of 
10 tons at w, and so on. 

This combination is applied for estimating the elasticity 
or ductihty of metals. It foUows that when the spedmen 
under trial at w yields and becomes longer, the weight P 
will descend considerably. To get rid of this inconvenience 
and source of error, the fulcnmi b is moveable and may be 
carried bodily upwards by means of a screw. This move- 
ment suffices to keep the lever h b m in a perfectly hori- 
zontal position during the operation. 

THE PRINCIPLE OF THE WEDGE. 

90. The wedge is a triangular prism, employed for a great 
variety of purposes in overcoming the force which holds the 
tn>o parts of a body together. It is a 
y double inclined plane, and is usually 

" driven forward by a blow. The theory 

of its action is extremely simple, but is of 
^ no practical value, for the wedge is essen- 
""y dynamical in its action, 
.et A B C be a smooth isosceles wedge, 
at rest under the action of three forces, 
,, the pressure p and the reactions on 
the two surfaces. Since the forces 
balance they must meet in one point d j 
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and since the wedge is isosceles, the reactions on the sides 
must be equal. 
Let A c B = 2a, and let r be the reaction at either side. 

T'T,«« P sinRDR sin (180— 2a) sin 2a ^ •„ 
Inen — = . = — ; — i- '- := = 2 sm a. 

R sinRDC sm (90— a) cos a 

91. The application of the wedge to cutting tools is a 
matter of considerable interest in mechanics. 

Let the student examine a tool for shaping iron ; he will 
at once see that it is not a scraping instrument like (a), but 
a wedge (b), whereby each atom along the whole line of 
section is torn from the opposite one to which it was at- 
tached. When the shaving has been formed it runs up the 
slope of the wedge and is curved, bent, or broken out of 
the way. Further, the cutter requires to.be ground as it 
becomes blunt, and in order to provide for this loss of 
material a common type of cutting tool is that shown at (c). 

Fig. X2I. 




The angle d e f, between the lower edge of the material 
and the cutter is called the angle of reliefs while the angle 
F E H is the angle of the tool. 

It is evident that in cutting metals the angle of relief 
should be as small as possible, since the wedge then acts 
more directly. In cutting wood the angle of relief may be 
very much greater. 

The angle f e h is ascertained by experience and is usu- 
ally taken to be 60° for wrought iron, 70° for cast iron^ &q? 
for brass ; whereas for wood, a y\e\^\Tv%Tcv^XfcT«i^^J^.^^ ^s^^^ics. 
less, and ranges between 30"* and ^o^'^Xi^vcv^ ^^^\.«t tot -^^ 
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harder woods. The rate at which the wedge advances is 
about lo to 15 feet per minute for cast iron, and 15 to 20 
feet for wrought iron. If this speed be exceeded the cutter 
becomes unduly heated and the steel is injured. By a 
better system of lubrication the speed may be greatly in- 
creased, but it would scarcely rise under any circumstances 
above 100 feet per minute. Wood presents a remarkable 
contrast to iron in this respect, as the cutting edges used for 
shaping wood may travel at speeds increasing up to 7,000 
or 8,000 feet per minute, and in exceptional cases, a velocity 
of 12,000 feet may become practicable. 

But, whatever be the material under operation, or what- 
ever may be the speed, the action of the wedge is that relied 
upon, and the student will be interested in observing its 
various modifications. Indeed, a simple cutting tool, such 
as a carpenter's plane, is an instrument worthy of careful 
examination. There are four distinct things to be done : 

1. The tool removes the shaving by a wedging action. 

2. The edge of the mouth holds down, and lessens the 
liability tq splitting. 

3. The shaving runs up the iron and is bent out of the 
way. When a second or breaker iron overlies the cutting iron, 
this bending up of the shaving is effected more perfectly and 
the cut is cleaner. 

4. The sole, or wooden base, prevents the tool firom cut- 
ting too deeply, atting on the copying principle^ taking off 
the inequalities and giving the general average of the sur- 
face on which the sole rests. 

THE PRINCIPLE OF THE SCREW. 

92. The screw is a combination of the lever with the in- 
clined plane, and the power gained depends both on the 
length of the arm of the working lever, and on the inclination 
of the thread or inclined plane which supports the weight to 
he raised. We must premise the following definitions : — 
-^^ J. If a horizontal \me x y ^\\\0e\ ^^^^^ -^^.^ses 
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through a fixed vertical line a b, be made to revolve uni- 
formly in one direction, and at the same time to ascend oii 
descend with a uniform 
velocity, it will trace out 
a screw surface. This 
may be readily under- 
stood by threading a 
number of strips of wood 
on a vertical axis and 
giving them the succes- 
sive positions of the 
lines from b r to a p. 

Def, 2. The points of intersection of this generating line) 
with any circular cylinder whose axis is ab, will form a 
screw-thready p r, upon the surface of the cylinder. 

Def, 3. The//Ar^ of a screw is the space along a b through 
which the generating line moves during one revolution. 

Def 4. The line a b is the length of the surface a b p R. 

Def 5. The angle p r q is the angle of the screw-thread. 

In the diagram, a p is shown as describing a right-handed 
screw ; if it revolved in the opposite direction during it^ 
descent, it would describe a left-handed screw. 

The screw-thread used in machinery is a projecting rim 
of a certain definite form, running round the cylinder and 
obeying the same geometrical law as the ideal thread ^^ 
have just described. 

The screw-thread commonly works either in a nut or 
against the teeth of a wheel. A nut is an exact copy of the 
screw, having a recessed part into which the projecting rim 
accurately fits. The pressure exerted by the screw is felt as 
a reaction between the surfaces which are in contact; It is 
at each point perpendicular to those surfaces when friction 
is neglected, and we shall therefore examine the principle of 
the screw by conceiving the case of an ideal spiral thread 
running round the surface of a vertical c^VvcAst "asi.^ 's^s^ 
porting a weiglit distributed along a. d^iim\fc^QtCLQ^<^^^>2^ 
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The lever handle which works the screw will be an arm 
or line standing at right angles to the axis, it will produce a 
horizontal pressure wherever the weight acts, and the case 
will be that of an inclined plane where the power acts in a 
line parallel to the base of the plane. 

93. Prop, To find the relation between p and w in tne 
screw. 

Let a power p, acting on arm c a, support a weight w by 
means of a screw thread working in a nut. Conceive that 
the thread is a geometrical spiral line running round the 
cylinder and that friction does not act. 

Let w^ be that portion of w which is supported by a 
portion of the power p, viz./i. Then, by Art. 33, Cor. i, 
we have p^ = w^ tan a, where a = angle of the thread. 

Similarly, if a/g, w^y ... be the portions of w supported by 
the forces /2 /s • • • we have in each case p^ = w^ tan a, 
/, = a/3 tan a, and so on. Whence, by addition, 
/i + ^2 + A + • • • = (^'i + ^2 + ^'s + • • • ) tan a. 

Let r be the radius of the cylinder on which the thread 
is traced, then, by takmg moments, we obtain 



Fig. 123. 




P X CA = (/i +>2 +/3 + ••• )^- 

Also w = a/i + a/2 + ^3 + • • • 
/. the condition of equilibrium becomes 



P X CA 



= w tan a, 



or p X CA = wr tan a. 

If we multiply both sides of this equality 
by 2 IT, we shall have 

PX27rCA = wx2irrxtana. 

Now 2 IT c A is the circumference of the 
circle described by the point of applica- 
tion of p, and 2 IT r tan a is the pitch of 
the 5crew-thread. This latter point will be understood on 
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referring to fig. 122, where p q = r q tan p r q = r q tan a \ 
it being evident that when r q is made equal to 2 ir r, or 
to the circumference of the cylinder on which the thread is 
traced, pq becomes the pitch of the screw. Hence the 
condition of equiHbrium takes the following form, 
p (circumf. of circle described by p) = w (pitch of screw). 

This result might also have been obtained at once from the 
principle of work. 

The work done by p in one revolution of the screw is 
p X 2 IT c A, and the work done on w in the same time is 
w X pitch of screw-thread. But these are equal, 

/. PX2irCA = wx pitch of screw-thread. 

Ex, Take the case of a screw actuating the break of a railway car- 
riage. Let the radius of the hand lever wheel which turns the screw 
be 7 inches, and the pitch of the screw be ^ an inch. Find the ad- 
vantage gained by the combination. 

Here the circumference of the circle described by p 

22 
= 2«'x7>b2x — x7c-44 inches nearly. 

Also the pitch of the screw is j^ an inch, therefore the resistance 
moves through \ an inch while the power moves through 44 inches. 

Hence P x 44 » w x j^, or w s 88 p, and the advantage gained 
is 88 to I. 

94. To find p to w when the screw is rough, let c a = a, 
/LI = tan 6 = the coefficient of fiiction. Then 

/i cos a — a/j sin a — /x Ri = o, 
/i sin o 4- «/i cos a — Rj = o, 

whence we deduce px = Wa — ° ^ . ^ = «/i tan (a + 0). 

cos a — /i sm a ' 

By adding together /1/2 ... we obtain finally 

p = ^.tan(a-i-0). 

THE SCREW-THREAD. 

95. The screw-thread used in machinery is a ^w^^^^qsj!^ 
rim of a certain definite fona, ivMOxivci^ \qv«A ^ ^?J^sssSiS2t^ 
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and following the same geometrical law as that referred to 

in the definition. The two principal forms used by engineers 

pj^ ^ are the square and the v thread, 

y shown in the sketch. In speaking 

of the pitches of such screws, it is 
the practice to count the number 
of ridges which occur in an inch of 
length of the screw bolt, and to esti- 
mate the pitch by the number of such 
ridges. Thus a screw of J-inch pitch is called a screw with 
eight threads to the incL 

To Sir Joseph Whitworth we owe the introduction of an 
uniform system of angular screw-threads. The Whitworth 
thread was selected after a careful comparison of the 
threads in use by engineers, and is everywhere adopted. 
The angle of the v thread is 55°, but the top and bottom of 
the edges are rounded oflf one-sixth part (^See ' Workshop 
Appliances,' p. 103.) 

There are three essential characters belonging to a screw- 
thread, viz., its pitchy depth, and form; and three principal 
conditions required in a screw when completed, viz., power, 
strength, and durability. In considering how these several 
qualities are related, we observe that 

I. the power of a screwed bolt depends on ^t pitch and 
form of the thread. 

If the screw-thread were an ideal line running round a 
cylinder, the power would depend solely on the pitch, accor- 
ding to the relation in Art, 93. 

w X pitch = p X 27r X (arm of lever). 

If the thread were square, we should substitute for the 
ideal line a small strip of surface, being a portion of the 
surface shown in Fig. 122, which would present a reaction 
p to the weight or pressure, everywhere identical in direc- 
tion with that which occurs in the case of the ideal thread. 
Hence, if there were no friction, we should lose nothing by 
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the use of a square thread in the place of a line. A square- 
threaded screw is therefore the most powerful of all, and is 
employed commonly in screw presses. If the thread were 
angular^ the reaction Q which supports the weight or pres- 
sure would suffer a second deflection from the direction of 
the axis of the cylinder, over and above that due to the 
pitch, by reason of the dipping of the surface of the angular 
thread, and we should be throwing away part of the force 
at our disposal in a useless tendency to burst the nut in 
which the screw works. In this sense, the angular thread 
is less powerful than the square thread. 

2. The strength depends on Xhtform and depth. 

This statement is obvious. In a square thread half the 
material has been cut away, and the resistance to any strip- 
ping of the thread must be less than in the case of angular 
ridges. Again, if we deepen the thread we lessen the 
cylinder, from which the ridges would be stripped if the 
screw gave way ; and thus a deep thread weakens a bolt 

3. Finally, the durability of a screw-thread depends 
chiefly on its depths that is, on the amount of bearing sur- 
face exposed to wear, and resisting the pressure. 



CHAPTER V. 

ON THE EQUILIBRIUM AND PRESSURE OF FLUIDS. 

96. When the molecules of a substance can be separated 
and moved among each other by the smallest conceivable 
effort, the substance is called a fluid. There is no very 
perfect agreement as to the definition of a fluid ; that given 
by Professor W. H. Miller of Cambridge is the following: 

A fluid is a body which can be divided in any direction^ and 
the parts of which can be moved among one another by any 
assignable force. 

There are two classes of ftviiAs, n\2i., liquids ^as^^ ^a&es. 
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The conception which everyone forms for himself of the 
distinction between liquids and gases will hardly be assisted 
by any remarks, but as a matter of fact, if we pour any liquid 
such as water into a tumbler, it will lie at the bottom and 
will be separated by a distinct surface from the air above it 
The same thing is not true of a gas, for a gas is a substance 
which however small a quantity we introduce into an empty 
and closed vessel, it will immediately expand so as to fill 
the whole vessel, and will exert some amount of pressure 
upon the interior surface. 

It is the power of indefinite expansion which distinguishes 
a gas. 

Gases are fiuther subdivided into permanent gases and 
vapours. There are some gases which, by the action of ex- 
ternal pressure or of cold, or by both actions combined, 
may be converted into liquids. Of these steam, or the vapour 
of water, is an example familiar to everyone. The invisible 
or true gas constituting the vapour of water is always present 
in the air, and is readily deposited as dew on any chilled 
body. Again, carbonic acid is a substance never absent 
from the air we breathe, and is called a gas, though it is also 
recognised as a vapour. The liquefaction of carbonic acid 
gas has been a favourite experiment with philosophers. At 
a pressure which may be roughly estimated at between 40 
and 50 times greater than that of the air around us, carbonic 
acid becomes liquid. The liquid state is not permanent 
however, for if we tap the vessel containing the substance 
and let out a little of the liquid, a jet of spray flies out which 
changes into gas in an instant. By an artifice the issuing 
liquid may be frozen into a solid, and then we can experi- 
ment with the intensely cold frozen spray which is the solid 
form of carbonic acid. 

Some gases have never been liquefied ; of these oxygen, 
hydrogen, and nitrogen are examples, and are called perfect 
gases. 

It will be readily understood tlaat if we look merely to 
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that mobility of the particles which is deemed the charac- . 
teristic of a fluid there is a wide difference of behaviour in 
different substances. The particles of aU gases are wonder- 
fully mobile, whereas liquids exhibit great differences in 
mobility. Thus, new honey or tar are imperfect liquids as 
compared with water, though enormously superior in liquidity- 
to ice. Yet a river of ice will flow slowly down a gorge in 
the Alps, and its centre will move more rapidly than the 
edges just as if it were a river of liquid water pouring along 
a nearly level bed. When subjected to enormous pressures 
certain solids behave like liquids, and the flow of solids under 
pressure has recently formed an interesting subject for dis- 
cussion and enquiry. 

Anyone may satisfy himself that ice will flow round an 
obstacle by the following experiment. Take a block of ice 
a few inches square, and suspend two weights, say of 5 lbs. 
each, at the ends of a piece of copper wire about the thick- 
ness of pianoforte wire. Place the wire thus loaded over the 
block so that the ends hang down, and it will begin slowly 
to enter the ice, which will close up as it passes so that after 
half an hour the wire will be embedded at some depth in a 
solid uncut mass of ice. The particles of ice have passed 
roimd the wire just as the particles of water would pass 
round a boat which was being towed along a canaL 

A FLUID CANNOT RESIST A CHANGE OF SHAPE. 

97. Our next observation is that a liquid differs essentially 
from a solid in being destitute of the power of sustaining 
pressure unless it is supported laterally in every direction. 

A small cylinder of steel, say \ an inch in diameter^ will 
support an enormous pressure in the direction of its axis, 
before it becomes compressed into a flat button, but a small 
quantity of water could not even take the form of a cylinder, 
for it would not even sustain its own weight unless aided by 
external support laterally. 

Mr. Maxwell distinguishes soYiAs Itoxa. \\q^^^ '"^ks. "^bs. 
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manner pointed out Bodies which can sustain a longitudi- 
nal pressure, however small that pressure may be, without being 
supported by lateral pressure, are called solid bodies. Those 
which cannot do so are called fluids. 

In other words, a fluid is a body incapable of resisting a 
change of shape. 

98. This fact enables us to comprehend the principle of 
the well-known hydraulic cranes. A quantity of water is 
pumped into a strong iron cylinder, and is compressed by a 
plunger loaded with, perhaps. 70 tons. A pipe passes from 
the cylinder to a distant crane, the water is pressed down 
by the weight of 70 tons, and cannot sustain the great 
vertical pressure imless it be supported by a corresponding 
force in every other direction. 

Wherever the water is conveyed this will be true, and 
wherever an opening is made the water must be supported. 
Thus the pressure may be transmitted unimpaired to the 
piston of a crane at a distance of some hundred yards, and 
by virtue of this property of a liquid it becomes possible to 
convey to a distant point the potential energy of the raised 
weight of 70 tons. Every inch that this weight descends 
measures an amount of work which may be usefully em- 
ployed in the crane, and energy is carried to a distance just 
as if it were a material substance. There are 4 miles of 
pipe laid down in the Victoria docks for the use of the cranes 
on the different jetties, and the power travels through the 
entire length of these pipes. 

RELATION BETWEEN THE DIRECTION OF THE SURFACE OF 
A FLUID AND THE FORCES WHICH ACT ON IT. 

99. A direct consequence of this mobility of the particles 
is that th£ surfcLce of a fluid cU rest must always be perpendicular 
to the force which cuts upon it at every point. 

Let A B represent the surface of a fluid at rest, p a force 
acting on a molecule d in the direction d p. 
Then p may be resolved aloii'^ \hft ^vofejc^ ^sA perpen- 
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dicular to it Since the molecules of the fluid are perfectly 
mobile there is nothing to prevent the resolved part of p in 
direction d a from moving d. 

_, , , , , ° ,, Fig. 125. 

The molecule d would assuredly a. u b 

glide over its neighbours unless p 

acted perpendicularly to a b. It 

receives no support except from 

the reaction of the surrounding 

molecules, and can only remain at rest in virtue of the 

impossibility of penetrating the crowd of particles which are 

opposed to it. 

THE SURFACE OF MERCURV OR WATER AT REST IS A 

HORIZONTAL PLANE. 

100. If it be true that the surface of a liquid is perpendi- 
cular to the force which acts upon it at every point, viz., 
the force of gravity, it must follow that the surface of a small 
quantity of liquid such as mercury will be a horizontal plane. 
Strictly speaking the surface is curved, but the curvature 
cannot be detected because the deviation is infinitesimal for 
small areas of surface. In selecting a liquid for experiment 
it is evident that the brilliant reflective power of clean mer- 
cury eminently fits it for our purpose, when we require a 
perfectly smooth and perfectly horizontal mirror. In the 
Greenwich Observatory a tray of mercury is placed below 
the transit circle telescope in such a position that a star 
which has been viewed directly may also be seen by reflection 
in the surface of the mercury. It is certain that this surface 
is a true horizontal plane, wherefore the angle between the 
two directions of the optical axis of the telescope will be 
twice the angle enclosed between a line pointing firom the 
eye of the observer to the star, and a second line drawn 
through the same point in a true horizontal direction, and 
coinciding "with the plane swept out by the axis of the 
telescope. 

In virtue of the same property XJaa ^&VxQW3a>kK; ^& "^s^^*^^ 
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fix the direction of a trae vertical line in his telescope with 
an accuracy which far surpasses the common observation 
with a plumb line. 

A bowl of mercury is placed directly under the telescope, 
the cross wires are illuminated, and are observed when the 
telescope is pointed vertically downwards upon the smrfece 
of the mercury. A reflected ray of light coincides with the 
incident ray only when it is truly perpendicular to the re- 
flecting surface ; and thus a double image of the wires will 
usually be seen, one by light passing directly from the wires 
to the eye, the other by light which has been reflected firom 
the mercury ; but if we adjust the telescope so that the two 
images coincide, we are assm-ed that we have determined a 
line perpendicular to a horizontal plane, and which is there- 
fore a true vertical line. 

THE DIRECTION OF THE PRESSURE OF A FLUID ON A 

SURFACE. 

101. In all cases where we are concerned with forces, the 
principle that action and reaction are equal and opposite 
will apply. 

Since a fluid acted on by force presents a surface which is 
everywhere perpendicular to the direction of the force, con- 
versely a surface supporting a fluid which presses upon it 
will supply a reaction or force everywhere perpendicular to 
the surface. Whether the pressure produces the surface, or 
the surface gives rise to the pressure, is immaterial. 

Hence it is an established principle, that the pressure of a 
fluid upon any surface with which it is in contact must be 
perpendicular to the surface at every point 

This conclusion is exemplified in every possible manner. 
The pressm-e of water against the plane surface of a valve 
is perpendicular to that surface, whatever be the direction of 
the pipe leading to the valve. We estimate the strain on a 
cylincbical boiler by supposing that the force of the steam 
acts on each element of its aiea. m a. line perpendicular to 
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that portion, and if the force of the water tends to tear a 
lock gate off its hinges, it does so by pressing at each point 
in a line perpendicular to the surface of the gate. 

The conception of perfect mobility involves the assump- 
tion that there is no friction and no power of cohesion 
among the particles of a fluid. Granting the possibility of 
this ideal conception we obtain another definition of a fluid. 

Def. A fluid is a body^ the contiguous parts of which ctct on 
one another with a pressure which is everywhere perpendicular 
to the surface which separates those parts. 

EQUAL TRANSMISSION OF FLUID PRESSURE. 

102. If the pressure of a fluid on a finite surface in contact 
with it be perpendicular to that surface, so also the pressure 
on the surface separating any two sides of a liquid particle 
within its mass must be perpendicular to that surface. We 
reason here from the finite to the infinitely minute, because 
we believe the law to be perfectly general. 

Nothing is known about the surfaces which bound a liquid 
particle, but we assume that the durections in which these 
surfaces can lie are infinite in number, and that any one of 
them may determine the durection in which force is being 
transmitted. Hence a fluid is capable of transmitting force 
equally in all directions, and fiirther, there is no loss of force 
in the transmission. Unlike a solid where pressure is only 
transmitted in the line of its action, the pressure which can 
be felt at any point in the interior of a mass of fluid is 
exerted not merely in the line of its original action, but in 
every other conceivable direction at the same time. The 
molecules of a liquid can only support each other by direct 
pressure, they do not cohere, they are destitute of the resist- 
ing power due to friction, and they are therefore ready to 
pass off" in a moment in every direction where a path is 
opened for them, or in which motion is possible. 

103. We may here remark that iz//y?«edfs arc imJcrfect^^5xA 
that whereas a great variety oi ftvxLds \xasiscK^X ^-^^^s^^o:^^ 

K 
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equally in every direction when at rest, yet they fail to do 
so when in motion. The truth is, that fluids exhibit an 
amount of internal friction which is inconsistent with our 
theoretical conception, and thus the experiments of Mr. 
Joule, by which the mechanical equivalent of heat was ascer- 
tained, were founded on the possibility of increasing the 
temperature of water or mercury by the heat due to the 
friction of the molecules. Mr. Joule set a system of paddles 
in motion within a vessel of water, and rotated the paddles 
by a descending weight The water rose in temperature as 
the weight descended. The heat given to the water found its 
equivalent in the work done by tiie descending weight, and 
the conclusion was that the work required to raise one pound 
of water from 39° f to 40° f. was equivalent to that done in 
raising 772 lbs. through one foot 

THE MEASUREMENT OF FLUID PRESSURE. 

104. Hitherto we have used the term pressure in its ordi- 
nary sense, but it is necessary to point out that the word has 
a technical meaning, and is used to denote \ht pressure in 
pounds on a square inch of surface. When we say that the 
pressure of steam in a boiler is thirty pounds, we mean 
that the pressm-e of the confined gas on each square inch 
of surface of the shell is thirty pounds. 

Def. The pressure of a liquid at a given point is the ratio of 
the whole pressure on a very small surfa^e^ having the point in 
its centre of gravity^ to the area of that surfcLce, 

In other words, U pahe the whole pressure on the small 
surface whose area is (a), the pressure of the fluid at the. 
given point is/. 

When the pressure is the same at every point, the pres- 
sure on a imit of area isp x i or /. That is, the pressure 
at every point is the whole pressure on a unit of area. 
Hence the common method of estimating pressures by 
poimds on the square inch is perfectly correct for uniform 
pressures. 
When the pressure vanes, as Vs VJcift cas^ ^V^\^ ^^rasyeix 
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presses against the gate of a lock, we should estimate the 
pressure at any point by the force which would be exerted 
on a square inch of surface having the point in its centre, 
if the intensity of the pressure were uniform throughout the 
area and equal to that at the point considered. 

THE IMAGINARY SOLIDIFYING OF A PORTION OF A FLUID. 

105. When a liquid changes into a solid, as when water 
changes into ice, or when molten wax solidifies,, some change 
of volume is observed. Thus water expands in the act of 
freezing, while almost every other liquid substance contracts, 
and in every case the act of solidifying is attended with an 
alteration of volume. Nevertheless, it is an extremely con- 
venient hypothesis, when reasoning upon fluid equihbrium, 
to suppose that a portion of the fluid solidifies without any 
change in bulk. We argue as follows : the fluid is at rest, 
its particles have no motion, and it is evident that we shall 
neither alter the pressure nor disturb the equilibrium of the 
surrounding fluid if we imagine that the power of motion is 
taken away from a group of particles, or that they are trans- 
formed into a solid mass. We shall soon comprehend the 
value of this hypothesis by which it becomes possible to 
apply, in the case of fluids, those laws of equilibrium which 
are known to be applicable to solid bodies. 

106. This principle may be applied with advantage m 
proving that fluids press equally in all directions. 

Let the fluid contained within the prism 
Kbc,m the interior of a fluid at rest, become 
solid. If the sides of this prism be inde- 
finitely diminished, we may disregard any 
external forces acting upon it, such as its 
weight, and suppose it to be kept at rest by 
the pressures on its ends and sides.* 

* The weight is proportional to Aa*, and the pressures are propor- 
tional to Aa*, hence the former may be disregard^ m coos^'ax^^'CL -sfo&si. 
the latter when ka is indefinitely diimiusYied. 

N 2 
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Conceive further that the plane ends of the prism are per- 
pendicular to its sides, these pressures will be separately in 
equilibrium. Since the pressures on a ^, a r, c b^ are in equi- 
librium and perpendicular to the sides a b, a c, c b, of the 
triangle a b c, they are proportional to those sides. 

Let p,K by q.A c, be the pressures on the sides a^, ac 
respectively. 

Then < = — . But — = — , .% / = ^, 

^.A C AC AC AC 

But/, ^, measure the pressures of the fluid at a in direc- 
tions perpendicular to Ab, ac respectively, which are chosen 
at pleasure; hence fluids press equally in all directions. 

DEFINITIONS RELATING TO FLUIDS. 

107. We pass on to some definitions relating to fluids. 

Def, The mctss of a fluid is estimated exactly as in the 
case of a solid body. 

Def, The density of a fluid is the number of units of mass 
contained in a unit of volume. 

A cubic foot is commonly chosen as the unit of volume 
and a pound may be taken as the imit of mass. One cubic 
foot of water weighs 62*5 pounds, hence the density of 
water is 62 J pounds to the cubic foot. This value is ap- 
proximate, the more accurate statement being that a cubic 
foot of water at 39°-4F. weighs 62 '42 5 lbs. 

This definition applies to uniform fluids. It may be well 
to point out that problems are often set in mathematical 
treatises where the density is assumed to vary according to 
some definite law. It is scarcely possible to deal with cases 
of this kind, or with any others involving variable magni- 
tudes, in an elementary treatise. 

Practically the fluids with which we are concerned may 

be regarded as imiform in density ; thus water is so little 

aifected by external pressure that it was long believed to be 

absolutely incompressible •, aa4 m \iv3XV^ l\ve ai^i^lication of a 
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pressure of one atmosphere, or about 15 pounds on the square 
inch, would compress a mass of water somewhat less than 
7Tr»TyW^ of its volume. In the hydrostatic press we might 
get as far as 500 atmospheres, and the compression of the 
water would then be less than ^^^th part of its bulk. 

The density of air changes with every fluctuation in pres- 
sure or temperature. Accordingly the pressure of the atmo- 
sphere alters sensibly as we ascend a mountain, and the 
reading of a portable aneroid barometer enables us to form 
a fair estimate of the height of the ascent The fluctuations 
in density which occur in any separated mass of air are 
commonly so minute that they may be disregarded, and for 
most purposes the problems which relate to the equilibrium 
of gases are treated as simply as those relating to the equi- 
librium of a mass of water. 

It is useful to form some idea of the weight of air. One 
hundred cubic inches of dry air at 60° R, and 30 inches pres- 
sure, weighs 3 1 '01 17 grs., whence i cubic foot of air weighs 
•07638 lbs., and 13 cubic feet of air weigh i lb. 

The term specific gravity is used in a technical sense, which 
should now be understood. The word gravity signifies 
weight, and specific means peculiar to the substance. Thus 
a cubic inch of platinum has a specific weight depending on 
its being platinum, and different from that of a cubic inch 
of tin, which can also be specified. In like manner we 
speak of specific heat, or specific inductive capacity for electricity, 

JDef, The specific gravity of a solid or liquid substance is 
the ratio of its density to that of water, or, in other words, 
it is the ratio of the weight of a given volume of the sub- 
stance to that of an equal volume of water. 

The water is distilled, and the temperature is 60° F. 

Def. The specific gravity of a gas is the ratio of the weight 
of a given volume of the gas to that of an equal volume of 
air at the same temperature and pressure. 

The standard temperature is 60° F., aod ^i^'t T^x^'sjscctft.Na. 
that capable of sustaining 30 mcYies olxxisxcya^j. 
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108. In analysis we represent the density of a substance 
by the Greek letter p, which stands for the mass of a unit of 
volume. For example, if the substance were platinum, p 
would represent the number by which the mass of a cubic 
inch of distilled water at 60° F. should be multiplied in 
order to obtain the mass of a cubic inch of platinum. 

The specific gravity of the substance is the weight of the 
matter contained in a imit of volume, and is represented 
hygpy in gravitation measure. Thus we have the relations : 

Specific gravity =^ gp> 
Mass of v units = p v. 
Weight of v units = ^p v = v (specific gravity). 

£x. I. Given that a pint of water weighs 20 oz., and that the specific 
gravity of proof spirit is 0*916 : what fraction of a quart of proof spirit 
win weigh 30 oz ? Ans, g|. (Science Exam. 1872.) 

£x, 2. A cup when empty weighs 6 oz. ; when fiill of water it 
weighs 16 oz. ; when full of petroleum it weighs 14J. What is the 
specificgravity of petroleum? ^«j. 0.875. (Science Exam. 187 1.) 

LAW OF INCREASE OF PRESSURE BELOW THE SURFACE OF 

WATER. 

109. /y^. To find the law of the increase of pressure at 
increasing depths below the surface of a liquid when at rest 
and acted on by gravity. 

Let c A D be the surface of the liquid at rest, and conceive 

that the portion contained within a slender prism ab, 

Fig. 127. having vertical sides and a horizontal base, 

is converted into a solid. This will neither 

^ » alter the pressure, nor disturb the equilibrium 

of the surrounding fluid. 

The prism a b is now a solid at rest imder 
certain forces, viz., its own weight, and the 
pressures on its ends and sides. 
LDb But the surface at a is horizontal because 

gravity is the only force acting; also the 
l^uz^ce at B is horizontal, by hypothesis, and the sides of 
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the prism are vertical. Wherefore the pressures on the ends 
and the weight of the prism are vertical forces, while the fluid 
presssures on the sides are horizontal forces, and each group 
is separately in equilibrium. 
.•. pressure on end b = weight of prism 4- pressure on end a. 

Let p be the pressure at b, a the area of a horizontal 
section of the prism, a b = 5, and w the weight of a cubic 
inch of the liquid. Then 

pa •=• weight of the prism a b + pressure on end a, 
= dj 5 a/ + pressure on end a. 

For small depths, we may take inches as units; for greater 
depths, we may measure in feet or fathoms, also it is usual 
to disregard the pressure at a, as we are not sensible of the 
pressure of the atmosphere under ordinary circumstances. 
Hence/ = 5 ze/ , where z is the depth in inches. 

The law of pressiu:e therefore is, that the pressure varies 
/as the depth, when the surface pressiu:e is neglected, and 
that its increase is in exact proportion to the increase of 
vertical depth. 

Note, — ^This theorem is true for liquids but not for gases. 
It proceeds on the hypothesis that the prism a b is of uni- 
form density throughout, which would be untrue if the fluid 
were compressible, and becanie more dense at increasing 
depths. 

Ex, I. At what depth in water does/ become 15 lbs. ? 

Here 144/ = 2' x 62*5 ; /. / = '^/.'^ «= 34'S6 feet. 

02*5 

Ex. 2. At what depth in mercury does/ become 15 lbs. ? 

Here/ = 2 x weight of a cubic inch of mercury, /^., ^^^ ^ lbs., 

7000 

therefore z = ^5 ^ 7ooo ^ ^^.g jn^j^g, 

3429-5 
Ex. 3. The pressure of water used for working hydraulic cranes is 

700 lbs. on the square inch. To what head or vertical depth does 
this correspond ? 

V 700 = IS X H?, the * ^J^* is ii^ x •v\'«v<bQt\^\a-%^RR^- 

3 ^ 
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The law of the increase of liquid pressure may be ex- 
pressed analytically, for let p be the density of the fluid, and 
m the pressure at a, then 

pa^=^gpaz + ma, or / = ^p« + /«. 

110. Since the pressiu-es are equal when the depths are 
equal, it follows that surfaces of equal pressiu-e are also sur- 
faces of equal depth. But the surface of the liquid has been 
shown to be a horizontal plane (See Art, 100), wherefore a 
surface of equal pressure is everywhere at the same depth 
below a horizontal plane, and is itself a horizontal plane. 

For a like reason, when any number of vessels containing 
the same liquid are in communication, the liquid stands at 
the same height in each vessel. 

Again, the common surface of two fluids that do not mix 
must be a surface of equal pressure, and the upper surface 
of the lighter fluid is a horizontal plane, therefore the 
common surface of two fluids that do not mix is a horizontal 
plane. 

Prop. When tivo liquids thai do not mix rest against one 
another in a bent tube, the altitudes of their surfaces above the 
Jiorizontal plane in which they meet are inversely as their 
densities. 

Let X, y, represent the altitudes above the common sur- 
face of the liquids whose densities are p, a respectively. 

Since the common surface is one of equal pressure, 

we have gpx=sg ay, 

.\ x:y=nT : p. 

111. Prep, To find the pressure of a liquid on any surface. 
Conceive that the surface is divided into an indefinite 

number of minute portions s, s', /',... at the respective 
depths z, 21,2!', . . . below the level of the liquid. 

Let G be' the centre of gravity of the surface, jg its depth 
below the level of the liquid,/,/',/" • . . the pressures 
on s,s',s" , . . respectively, and w the weight of a cubic 
o/tbe liquid. 
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Then/ = szw,p' rs^s! 2! w^ and so on. 

.'. / +/ +/' + . . . = 0/(^5 + J'^' + J"^' + . . .) 

=:w z X (area of surface). 
.', Whole pressure on the surface = a/ f (area of surface). 
That is, the pressure on the surface is the weight of a column of 
liquid whose bcLSt is the area pressed^ and altitude the depth of 
the centre of gravity of the surface below the level of the liquid. 

This proposition is general and applies indifferently to 
curved or plane surfaces. 

Ex. I. Find the pressure on the internal surface of a sphere when 
filled with water. 

Let a = radius of sphere, w -« weight of a cubic inch of watet, i,e. 
2527 grains, then pressure on surface » 4* a* x aw ^ ^va* x w 

aa 3 X weight of the water. 

Ex 2. A hemispherical cup is filled with water and placed with its 
base vertical ; compare the pressures on the curved and plane surfaces. 
Here pressure on curved surface ■■2irtf* x aw ^2iea*w. 
Pressure on plane surface =« ira* x aw ^ tcc^w. 
Hence the pressures are as I : 2. 

112. The last example leads us to distinguish between the 
total pressure of a fluid on a curved surface, and that portion 
of it which is perpendicular to any given plane. The pres- 
sure on the vertical plane side of the hemispherical cup 
might be obtained by adding up the horizontal components 
of the actual pressures on each small element of the sur- 
face. The pressure so obtained is called the resultant hon- 
zontal pressure of the liquid on the surface, and is equal to 
the liquid pressure on the base, for otherwise the cup would 
have a tendency to move in a horizontal direction, which is 
contrary to experience. 

113. Prop. The pressure on the base of a vessel containing 
any liquid is independent of the form of the vessel 

This appears from Art, no, and is also a direct conse- 
quence of the fact that the pressure on the base of a vessel 
depends simply on the area of the base aad \ivfc ^^^"^ <:iV>sak 
centre of gravity below the surface oiVSafcXvQ^^^^ 
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Ex. I. Suppose a right cone to be filled with water and placed on a 
horizontal plane. 

Let b =■ altitude of cone, a « radius of base, then pressure on base 
^ xa^bw — '^ times the weight of the enclosed water. 

£x. 2. Let a cuxular right cylinder be filled with water and placed 
on a horizontal plane. Find the pressure on its base. 

Let b — altitude of cylinder, a = radius of base, then pressure on 
base ^Tc^bw^ weight of the enclosed water. 

We account for the results in these two cases by attributing 
the increased relative pressure as compared with the weight, 
in tiie former of these two instances, to the reaction of the 
oblique surfaces which form the sides of the vessel 

The pressure on the curved surface of the cylinder is en- 
tirely horizontal, and does not react upon the base in any 
way; whereas, the pressure on the curved surface of the 
cone consists of an assemblage of forces whose vertical com- 
ponents all point downwards and react upon the base. 

The fact can be verified by experimenting with vessels of 
water, of various forms, the base of the vessel being the 
surface of mercury in a siphon tube, and the pressure being 
noted by observing the elevation of the column of mercury 
in one leg of the siphon. 

In the following examples, the pressure of the atmosphere 
is disregarded. 

Ex. I. A closed cylindrical vessel, the radius of whose base is 8 in. 
is filled with water, and placed with its axis horizontal; find the 
pressure of the water against one end. (A cubic inch of water weighs 
252*5 grains.) (Science Exam. 1873.) 

Ex. 2. The depth of water in a vessel is 10 feet, the base of the 
vessel is a square with a side i \ feet long ; what is the pressure on it ? 

Ex. 5. A square A B c D is immersed in a liquid at some depth, and 
turns about the horizontal side A B as an axis. When the square is in 
the lowest position, hanging vertically, the pressure on its face is twice 
what it would be if the square were rotated about A B so as to take its 
highest position. Find the depth of ab. (Science Exam. 1872.) 

Ex. 4. The pressure of a liquid on a square is \ the weight of a 
cube of the liquid, whose edge is equal to a side of the square. If one 
edge of the square be in the surface of the fluid, what is the inclination 
of the square to the horizon? ^c^jacfc^'sasfiL. \%'\\.\ 
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Ex, 5. Find the pressure on a circle 6 inches in diameter when im- 
mersed at a depth of one mile below the surface of the sea. (A cubic 
foot of sea- water weighs 64 lbs.) 

Ex, 6. The depth of a dock gate is 32 feet, and its breadth is 
35 feet ; find the pressure on it when the water rises to a height of 
20 feet on the outside. 

THE CORNISH DOUBLE-BEAT CROWN VALVE. 

114. In order to make the meaning of resultant fluid 
pressure more clear, we refer to the Cortiish crown valve^ a 
valuable form of valve adopted originally in the Cornish 
pumping-engines, and now commonly used both as a steam 
and hydraulic valve. 

The principle being the same in either case, it may be 
convenient to illustrate our proposition by means of an 
hydraulic valve. 

Fig. zaS. 




Here a crown-shaped cover, shown in section in the dia- 
gram, rests upon two fixed concentric circular seats at c, d, a, b. 
When the cover rests on its seat, the water cannot pass from 
below upwards, but as soon as it is raised the water escapes 
at the two annular openings formed at c, d and a, b. 

The only moveable thing being the crown, we will exa- 
mine its behaviour under the pressure of the water. 

Now the fluid pressure acts perpendicularly at every 
point of the curved surface, and its action on each element 
of the valve may be resolved in a vetticai «xi'^ Vwxo^^^^^^ 
direction. The sum of all the \ei\\caX coxdl^otl^xsX^^ or \>vfc 
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resultant vertical pressure^ is equal to the pressure on the 
annulus formed by subtracting the circle of radius e c from 
that of radius ea^ the lines ec^ea being the respective radii 
of the outer edge of the upper valve seat and the inner 
edge of the lower one. The resultant of all the horizontal 
components is zero, 

1. Let ec •==- ea^ the vertical pressure upwards is zero, 
and the valve is a perfectly balanced or equilibrium vcUve, 
In other words, the water pressure has no tendency either 
to open or close the valve. It may be opened or closed by 
any force which suffices to overcome its weight and the 
friction of the working parts. 

2. Let ^r be less than ca^ the resultant vertical pressure 
will be that on the annulus/^ The direction of this pres- 
sure acts upwards, and the valve will open as soon as the 
pressure on the annulus exceeds its effective weight. 

3. Let ^^ be greater than ca^ the valve will be held down 
on its seat by the pressure on the annulus. 

Ex, Let ec ^ 2ik inches, rtf = 5 inches, and let the weight of the 
valve be 68 lbs. What head of water could be held back by such a 
valve before the pressure could cause it to lift ? (Science Exam. 1870.) 

THE CENTRE OF PRESSURE OF A PLANE AREA. 

11 . The centre of pressure of a plane area immersed in a 
liquid is that point in which the resultant pressure of the 
liquid acts. It is lower than the centre of gravity, because 
it is the centre of a system of parallel forces which increase 
as the depth increases. 

This being an example of the action of variable forces, we 
do not attempt a general solution, but merely show how to 
find the centre of pressure when the area immersed is a 
plane rectangle, having one side in the surface of the 
liquid. We disregard the pressure of the atmosphere because 
the effects produced by it are commonly balanced. 

Let F E be such a rectangle, c q the edge of a narrow 
strip of the surface, made by two Nwti.c^ ^\ax«.^ Draw 
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Q R horizontal and equal to c Q, join c r ; also from any point 
p in c R, draw n p parallel to q R, and complete the rectangle 
p //, whose vertical depth is very small. Since the pressure 



Fig. 129. 
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varies as the depth, the pressure at q is proportional to c Q, 
and therefore to q r ; so likewise the pressure at n is propor- 
tional to N p. 

By reasoning exactly similar to that employed in page 30, 
we can show that the area of the triangle c q r represents the 
whole amount of fluid pressure on the rectangular strip whose 
edge is c Q. In other words, if c q were a horizontal line, 
and the triangle c Q r were made up of a series of heavy wires 
hanging upon c Q, we should create a mechanical equivalent 
for the actual fluid pressure on the strip. Let G be the centre 
of gravity of the triangle c Q R, G h a vertical line through g, 
then c H = I c Q. Now the weight of c Q r acts through h, 
therefore also the resultant of the fluid pressure on the strip 
acts through h, and the depth of the centre of pressure is f 
the depth of the immersed edge d f. It is also evident that 
the centre of pressure lies in a vertical line bisecting d e. 

Ex, I. Find the centre of pressure of a triangle whose base is hori- 
zontal and vertex in the surface of the fluid. (Science Exam. 1870.) 

Ex, 2. Find the centre of pressure of a right-angled triangle A c B, 
having the side c B in the surface. 

Bisect c B in £, also divide A c in the point F such that c F » 2 A F ; 
join c E and F B intersecting in Q, which will be the centre of pressure 
of the triangle, and it is easy to show that the depth of Q is J A c. 

Ex, 3. The breadth of a water passage closed by a paic oC ^is& Sa» 
10 feet, and its depth is 6 feet The hingi^ «iie -^^-e^ ^ csca Vaciv.^^'cv 
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the top and bottom ; find the strain on the lower hinge when the water 
rises to the top of the gates on one side. Am, 4,2i8| lbs. 

In the last example the atmospheric pressure could not 
enter, for its direct pressure on one side of the area balances 
the transmitted action on the other side. 

THE CONDITIONS OF EQUILIBRIUM OF A FLOATING BODY. 

116. The power of floating in liquids, oreven in gases, which 
many substances possess is full of interest, because we recog- 
nise in it the evidence of a natural law. The discovery of 
the law is due to Archimedes, and the statement of it is the 
following : — 

1. When a solid floats in a fluid the weight of the solid is 
equal to the weight of the fluid displaced. 

2. The straight line which joins the centres of gravity of the 
solid and fluid displaced is vertical. 

There are some truths in mechanics which we perceive by 
intuition, and this is one of them. When a ship floats ou 
the sea we know that every portion of water is pulled down- 
wards by gravity, and that the ship itself is pulled down in 
like manner. We know also that the surface of water at rest 
is a level plane. The ship must therefore sink till it has 
reached such a position that the level of the sea is again 
made perfect, not by a mass of water, but a vessel equal to it 
in weight 

In order to establish the law let us suppose that a por- 
tion of water, as d e f, contained within a mass of water at 
rest, becomes solidified. {See Art 105.) Thus, d e f is a 

solid at rest under 

1. Its own weight acting 
downwards through the centre 
of gravity. 

2. The pressure of the sur- 
roimding liquid. 

These are the only forces 
acting, and the body is at rest ; 
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therefore the resultant pressure of the fluid must be a force 
equal to the weight of d e f and acting upwards in a vertical 
line through the centre of gravity of d e f. 

Conceive now that a ship h f, floating in the water, dis- 
places the same vqlume d e f. The weight of the ship will 
act downwards in a vertical through its centre of gravity ; 
the pressure of the water will be the same as before ; also 
the forces in action must be equal and opposite, and there- 
fore the weight of the ship must be equal to the weight of 
the water displaced, and the line joining the centres of 
gravity of the solid and water displaced must be vertical. 

This law holds good in the case of any solid, whether 
wholly or partly immersed in a liquid or gas ; tJie weight lost 
is always equal to the weight of the fluid displaced. 

117. Prop, To determine whether the equilibrium of the 
floating body is stable or unstable. 

The general condition will be understood without any 
difficulty. The drawing shows a section of the vessel h f 
when heeling over. Let G be the centre of gravity of the 
vessel, and Q that of the water displaced in the new position, 
then the weight of the ship is a vertical force w acting 
downwards through g, while the pressure of the displaced 
water is a vertical force p acting upwards through q ; these 
forces balance, for otherwise the vessel would rise or sink, 
and they produce a couple whose arm is the perpendicular 
distance between the lines g w and Q p. Let q p meet f g h 
in M, then it is clear that so 
long as M lies above g the 
tendency of the water pressure 
will be to restore fh to the 
vertical direction, whereas if m 
lies below g, the couple will 
tend to deflect f h still further, 
and the vessel will fall over. 
Hence the danger of taking 
the whole cargo out of a vessel 
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without putting in ballast at the same time, or the risk of 
upsetting when five or six people stand up at once in a 
small boat The equilibrium is stable or imstable accord- 
ing as M lies above or below g. 

Note, If the vessel were inclined through a very small 
angle the vertical q m would meet f g h in a definite point, 
known as the metacentre. The position of this point is 
ascertained by the aid of the calculus. 

118. We have not space to follow this law through its 
varied applications, and shall merely examine the principle 
of the methods adopted for finding specific gravities. The 
student will find a description of the apparatus used for this 
purpose in many books on chemistry. 

THE METHOD OF FINDING SPECIFIC GRAVITIES. 

In determining the specific gravity of a solid, the object is 
to compare its weight with that of the water it displaces. The 
question may be very approximately solved by neglecting 
the weight of the air displaced, and the apparatus is a 
balance of precision, the solid being attached to the bottom 
of one scale-pan by a fine hair when its apparent weight in 
water is taken. 

Let w be the weight of the solid in air, x its apparent 
weight in water. Then 
weight of solid — weight of water displaced by it = x, 

/. weight of water displaced by solid == w — x. 

Therefore specific gravity of solid = . 

w — X 

We have here supposed that the solid is heavier than 
water, and will sink in it. If it be lighter, we must attach 
a sinker, so as to make the compound body heavier than 
water, and proceed as follows. 

Let w be the weight of the solid in air, x the weight of 
the sinker in water, y the apparent weight of the body and 
sinker in water. Then 
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weight of solid + weight of sinker — weight of water dis- 
placed by sinker — weight of water displaced by soKd = y. 
or w + X — weight of water displaced by solid = y. 

.•. weight of water displaced by solid « w + x — y. 

/. specific gravity of solid « 

w + x— Y 

If the solid be soluble in water, it may nevertheless be 
insoluble in some other liquid of known specific gravity, 
such as alcohol, or oil of turpentine, &c., and its weight can 
be compared with that of the liquid displaced, and therefore 
with the weight of an equal bulk of water. 

If regard be had to the weight of the air displaced by the 
solid, let u represent it ; then the weight of the solid 
is w + u, which must be written for w in the preceding 
formulae. 

The specific gravities of two liquids may be compared by 
weighing equal volumes of each, the specific gravities being 
in direct proportion to the weights so ascertained. Or they 
may be compared by means of an hydrometer which, in 
some form or other, is a hollow vessel, weighted so that it 
will float upright, and having a graduated stem which indi- 
cates the depth to which it sinks and therefore the volume 
of the liquid displaced by it The specific gravities of the 
liquids are directly as these volumes. 

Ex. I. A body weighs 2,300 grs. in air, 1,100 grs. in water, and 
1*300 grs. in spirit ; what is the specific gravity of the spirit ? 

(Science Exam. 1873.) 

Ex, 2. A vessel contains mercury (sp. gr. 1 3 '6) in which floats a 
cube of iron (sp. gr. 7*2) ; water is poured into the vessel until the cube 
is completely covered ; find what portion of the cube is below the surface 
of the mercury. (Science Exam. 1873.) 

Ex. 3. The area of the section of a ship made by the plane of the 
water is 1,000 square feet. What weight will make her sink 4 inches 
lower? (sp. gr. of salt water is 1*026.) (Science Exam. 1872.) 

Ex. 4. A pint of water weighs 20 oz., and the sp. gr. of proof spirit 
is '916 ; what fraction of a quart of proof spirit will weigh 30 oz. ? 

(Science Exam. 1872.) 
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Ex, 5. A piece of cork weighing i oz. is fiaistened to a sinker weigh- 
ing 3*5 oz. It is found that they will just sink when placed in water. 
The sp. gr. of cork being 0*25, what is the specific gravity of th^ 
sinker? (Science Exam/ 1S71.) 

Ex, 6. A piece of wood weighs 4 lbs. in air, and a piece of lead 
weighs 4 lbs. in water. The lead and wood together weigh 3 lbs. in 
water. Find the sp. gr. of the wood. Ans. o*8. 

Ex, 7. A body immersed in water is balanced by a weight P, to 
which it is attached by a string passing oi^er a fixed pulley. When 
half immersed it is balanced in the same way by a weight 2 P. Find 

the sp. gr. of the body, Ans, ^ 

z 

Ex, 8. A numerous class of questions set in examination papers 
refer to the discovery of the weight of gold in a mass of gold and quartz. 
The original problem of finding out the quantity of silver with which 
the crown of Hiero, king of Syracuse, was adulterated, is stated to 
have been solved by Archimedes. Let the question be to find the 
weight of gold in a compound mass of gold and quartz. 

Let Xf yhe the weights of gold and quartz in the mass ; m, n, r the 
specific gravities of gold, quartz, and of the compound mass, w the weight 
of the specimen. 

Then w » * + ^ . . . (i). 

Also volume of specimen = volume of gold + volume of quartz. 

...Y:-* +^... (2). 
r m n 

From which two equations x andy can be found. 
Ex, 9. A diamond ring weighs 65 grs. in air, and 60 in water ; find 
the weight of the diamond, the sp. gr. of gold being 1%^, and that of 

the diamond 3^. Ans,^ grs. 

o 

Ex, 10. The crown of Hiero, with equal weights of gold and silver, 
were all weighed in water. The crown lost ^ of its weight, the gold 
lost 1^ of its weight, and the silver lost ^ of its weight. Prove that 
the gold and silver were mixed in the proportion of 1 1 19. 
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CHAPTER VI. 

ON THE EQUILIBRIUM AND PRESSURE OF GASES. 

119. We have now to treat more particularly of those 
fluids called gases which differ from liquids in being capable 
of indefinite expansion. The theory which accounts for this 
expansion has been developed by Clausius and Maxwell, 
and is stated in the treatise on heat It is only possible to 
allude to it here, but the student is asked to consider the 
following points of distinction between solids, liquids, and 
gases, as preparatory to an observation on the so-called 
kinetic theory oi g?L^ts, 

1. The molecules of a solid can be moved through very 
minute spaces, but do not pass to a sensible distance from 
their original position. Such a movement only takes place 
under the action of force, it consumes work, and the return 
or rebound of the particles to their normal positions, after 
displacement, indicates a property termed elctsticity. 

2. The molecules of a liquid are mobile, and it is proved 
by experiments on diffusion that the molecules of a liquid 
can move to sensible distances from their normal positions 
without any apparent cause. In this respect liquids present 
a striking contrast to solids. 

Experiment. A tall glass jar is filled for about f rds of 
its length with a blue infusion of litmus in water, and 
some oil of vitriol is cautiously poured in by a long funnel, 
so as to lie below the water. After two or three days the 
heavier acid will rise through the water, and its diffusion 
will be rendered visible by the red colour imparted to the 
solution. Here the two liquids intermix throughout the jar, 
the heavier particles moving upwards, and there is no appa- 
rent cause for the motion. 

3. The molecules of a gas are mobile, and if a quantity 
of gas, however small, be introduced into a closed vessel, it 
will iAstantly fill the whole and will exert some pressure on 

02 
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the sides of the vessel Also it is found that all gases diffuse 
into each other. 

Experiment Chlorine gas is thirty-six times as heavy as 
hydrogen gas, yet if we fill two glass vessels, one with 
chlorine, and the other with hydrogen, and connect them by 
a glass tube so that the hydrogen is uppermost, the gases 
will diffuse, and after a few hours both vessels will be filled 
with equal parts of chlorine and hydrogen. 

According to the kinetic theory ^ a gas consists of a great 
number of molecules, flying in straight lines, and impinging 
like little projectiles, not only on one another, but also on 
the sides of the vessel holding the gas. It has been stated 
that a quantity of gas, however small, will expand and fill 
the whole of a vessel, however large ; and fiirther that it will 
exert some pressure on its sides ; also, gases of every kind 
will diffuse into each other. The expansion and diffusion 
of gases are accounted for at once by the theory of molecular 
motion ; and so are the laws of Boyle and Charles, presently 
to be examined. The molecules should be pictured to the 
mind as endued with velocities somewhat greater than that 
of a rifle bullet, and thereby competent to rush into and fill 
an empty space with great rapidity. Also, by continually re- 
bounding firom the sides of the vessel and from each other they 
keep up an incessant cannonade, and the aggregate of these 
muiute blows is felt as a sensible pressure on the surface 
subjected to them. A bladder partly filled with air looks 
shrivelled, but when held before a fire it will become hard and 
tense. The heat of the fire has given increased velocity 
to the molecules, and has enabled them to do more work. 
They discharge themselves with greater impetus against the 
inner surface of the bladder and overpower the bombard- 
ment firom without. Presently their power becomes 
weakened by the increase of the area to be supported, and 
the bladder ceases to enlarge. As the air cools down the 
reverse happens, and the bladder soon shrinks back to its 
original dimensions. If it be objected that we ought to 
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have the power of discerning in some way this motion, we 
answer that the molecules are so minute that their movement 
is as invisible as the vibratory motion set up in a solid body 
by heat The question for the student is not whether he 
can render an effect of this kind visible, but whether he can 
satisfy himself by reasoning and experiment that it really must 
and does exist As he advances in research he will perhaps 
find that the arguments in support of it become more impres- 
sive, while the power of resistance is enfeebled. 
We pass on to the measurement of gaseous pressure. 

THE MEASUREMENT OF ATMOSPHERIC PRESSURE. 

120. Prop. To measure the pressure of the atmosphere. 

The experiment now to be described, was first made by 
Torricelli in the year 1643. A tube ab, closed at one end, 
about ^ of an inch in diameter, and more fig. 132. 
than 31 inches long, is filled completely with 
clean mercury and inverted in a small vessel 
of the same liquid. The mercury will sink 
in the tube and rise in the cup, but will 
speedily come to rest, when a column 
about thirty inches in length will remain sup- 
ported above the horizontal plane touching 
the surface of the mercury in the basin. 
Since the pressure is the same at all points in 
this horizontal plane a by the weight of the 
column of mercury resting on the area b c 
must be equal to the pressure of the atmo- 
sphere on the same area. 

Let p be the pressure of the atmosphere 
on an area of one square inch, a (the Greek 
letter s) the density of mercury, h the alti- 
tude BC, measured in inches^ then p is the 
weight of a column of mercury, of altitude h, 
and section one square inchj therefore 

p=^ff^r=^x weight of a cubic inch of mercury. 
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121. A barometer is an instrument constructed on the prin- 
ciple described, and is merely a glass tube filled with clean 
mercury by the process of boiling, the open end being im- 
mersed in a basin of the same liquid ; the object of boiling 
is to exclude all traces of air and moisture from the empty 
space at the top of the tube. A full account of l3ie baxometer 
will be found in many treatises on Physics. 

Hote^ I. The standard height is sometimes taken as 29*922 
inches of mercury, in which case the pressure of the atmo^ 
sphere is 147 lbs. on the square inch, or 2116-4 lbs. on the 
square foot. 

Note 2. It is well known that air becomes less dense as 
we ascend a mountain, but we can conceive that it remains 
incompressible, or homogeneotis^ as it is termed. In that case 
the height of the homogeneous atmosphere yfo\A6. be the height 
of an incompressible mass of air which pressed with a force 
of 2ii6*4 lbs. on the square foot This may be taken to be 
26,214 ^eet. Mr. Glaisher has ascended in a balloon to a 
greater height than that of the homogeneous atmosphere, 
viz. to an altitude of about 7 miles. 

Ex, I. A cubic inch of mercury at 16° weighs 3,429^ grs. nearly, 
and the barometer stands at 30 inches. Find the atmospheric pressure 
on the square inch of surface. 

Here P - 3>429i x 30 i^s. - 14-698 lbs. 
7,000 

With the same data, find the height of a barometer filled with water 
instead of mercury, (sp. gr. of mercury 13*6). Here height required = 
13*6 X 30 inches = 34 feet. In practice the height is often taken as 
32 feet. 

122. The barometer tube supplies a gauge for measuring 
the pressure of air or vapour in a partially exhausted vessel, 
such as the receiver of an air-pump, or the condenser 
of a steam-engine. 

If the tube b a were connected at a with a vessel partially 
filled with air, we should find that the mercury would still 
rise to some height c in the tube, and since the pressure 
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at B r is always that of the atmosphere, the following equality 
would maintain, the pressures being taken on the area of an 
internal section of the tube, which call k, 

(Press, ofair in ac)k+ weight of BC=(Press. ofatraosphere)K 

If the pressure of the air in a c increases, b c must 
diminish, but this equality can never be departed from, and 
the barometer tube* furnishes therefore an excellent gauge 
for measuring pressures below that of the external air. For 
great accuracy a gauge tube and a barometer should be 
placed side by side, and should dip into the same basin of 
mercury. Since 30 inches of mercury produces a pressure 
of i5lbs. on the inch in round numbers, we infer that a de^ 
pression of 2 inches of mercury corresponds to ilb. of 
pressure in a c, whereby a scale of inches enables us to read 
pounds of pressure of the enclosed gas^. with sufficient 
accuracy for many purposes. 

THE PRINCIPLE OF THE SIPHON. 

123. The siphon is a bent tube a b c, open at both ends,- 
and used for drawing off liquids from vessels without any^ 
agitation. In order to set it in pis. X33. 

action the tube is filled with the c 

same liquid as that in the vessel, 
one end is dipped therein, and 

the other is held below the plane d^ 

of surface of the fluid. As regards 
the column b c, we observe (i), 
that the pressure within the tube 
at a point d in the plane of the 
surface of the liquid is the same as at a, and is equal to the 
pressure of the atmosphere ; (2), that the pressure within the 
tube at Bis greater than it is at d, or greater than the atmo- . 
spheric pressure. Hence the liquid pressure at b over- 
comes that of the air from without, whereby the column b 
c tends to separate at c, and to run out at b. If the altitude 
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of c above a d be less than the height of the liquid in a 
barometer tube, the pressure of the air will prevent any sepa- 
ration at c, and will keep up a continuous stream, by forcing 
the liquid to ascend a c. This will continue so long as b 
is below the level of the plane a d. 

THE SIPHON gauge. 

124. A siphon gauge is useful for measuring small pressures, 
such as the pressure of gas supplied to houses, the pressure 
of the blast of air in a smelting furnace, the pressure of the 
wind, &c. The liquid used is commonly water. "SAliere 
the pressures are extreme it may be necessary to employ 
mercury, which is less sensitive than water in the ratio of 
I to 13*6. 

The gauge is a bent tube a c b with parallel legs, partly 
filled with water. The end a is open, and the end b is in 

communication with the gas whose pressure 
is to be ascertained. If the pressure of the 
gas be greater than that of the atmosphere 
the water will rise in c a and sink in c b, if it 
be less the reverse will happen. Let d e be 
a horizontal plane touching the smface in b c, 
and PD the diflference of level in the two 
legs. Suppose, for simplicity, that the in- 
ternal section of the tube is i square inch, 
then pressure of the gas in b e « weight of 
PD + pressure of the atmosphere. Hence the excess of 
pressure of the gas above that of the atmosphere is equal to 
weight of the liquid column p d. 

Ex, I. The pressure of the air supplied by a fan is 6 oz. on the 
square inch. What column of water will it support in a siphon 
gauge? -<4«j. 10 '39 inches. 

125. The siphon gauge may be made more sensitive by 
an arrangement due to Dr. WooUaston. 

Here the ends a and b are two vessels whose sectional 
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area is considerable as compared with that of the tube. The 
vessel A is open to the air, while b commu- _ 

• 1 1 1 ■■-» slQ* X3S' 

nicates with the gas under pressure. Pour 
water into the siphon tube until it is half 
full, and then fill the tube and both vessels 
up to a moderate height with oil whose 
specific gravity is 0*9. If b be opened to the "" 
gas under pressure, the water will sink in b e 
and rise in a d imtil e d becomes the level of 
the water in e b, and p q the level of that 
in D A. Let k be the area of an internal seo- 
tion of the tube, then 

(press, in b — press, in a)k = weight of p d— weight of Q e 

= -nr weight of p d. 

Hence pd must be 10 inches in length in order to indicate 
a difference of pressure in b and a which is really equiva- 
lent to I inch of water* 

The principle of the gauge is now evident: the artifice 
consists in opposing to p d the weight of an equal column 
of oil, whereby an apparent inch of water is only an effective 
1% of an inch. The difference of levels of the oil in a and 
b has been neglected, but a correction may be introduced 
for it 



GAS pressure gauge. 

126. A sensitive pressure gauge may be obtained on a dif- 
ferent principle. Let a hollow air-tight cylinder g h be 
attached to the inside of a cylindrical gasholder d a b c, as 
shown, and make the volunje of g h to that of a c as i : « 
or as I : 3 in our example. Conceive that the vessel floats as 
in the right-hand diagram, the level of the water being e r, 
then the lifting force on the apparatus will be the weight of 
the water displaced by e h. 

Now increase the pressure of the gas in a r till the differ- 
ence of level of the water within and without the gasholder 
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ia p Q or I inch. The gas will be under a pressure of i inch, 
and the reading of a siphon gauge would be one inch, but 




the holder will rise 3 inches, whereby the apparatus is 
more sensitive than we might have anticipated in the pro- 
portion of 3 to I. In order to explain this peculiarity, let 
a and 30 be the effective areas of G H and a c respectively, 
•w the weight of a cubic inch of water. Then 

volume PS=3aXPQ, 
or the lifting force on the apparatus is increased by 

3 B X P Q X zc, 
in virtue of the displacement caused by the gas. 

Now the work of supporting the apparatus reqmred from 
G H is lessened by the amount done otherwise, hence G h 
will rise out of the water to a height e e, such that 
Erfxoxa' = 3<*XPQ y. w, 
.: E f = 3 p Q. 
Or the pointer rises 3 inches for a pressure of i inch. In 
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using this apparatus, the main is connected with the interior 
of A R, and the fluctuations of pressure can be magnified to 
any extent required, by simply enlarging the air-tight cylinder 

bourdon's pressure oatjge. 

127. This instrument has beenin usefor more than twenty 
yicaxs, and has proved of great value. The circimistahces 
attending its invention show the advantage of reasoning 
upon observed facts. The worm-pipe of a still had been 
accidentally flattened, and M. Bourdon endeavoured to 
restore its circular form by forcing water into it As the 
flattened tube became more round it uncoiled itself to a 
certain extent It soon became apparent that the action 
here observed might be applied in the construction of a 
pressure gauge. 

There is a theorem in geometry that if / be a point in a 
surface, and ap by cp d be two sections of the surface made 
by planes at right angles to each other,, and passing through 
the normal to the surface at the point/, the sum of the cur- 
vatures of the two sections ab, cd will be a constant 
quantity. That is to say, if you turn the whole system 

Fig. X37. 






abcdxoxmd, the point /, and find that ab becomes more 
curved, c d will become less curved, and the sum of the two 
curvatures will remain constant Take bow a flattened cir- 
cular tube whose cross section is shown sXcp dy and let 0/ b 
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represent the curvature of the tube, while cp b represents the 
curvature of the section at right angles to ap b. It is evident 
that when a fluid under pressure is admitted into the flat- 
tened tube ABED, shown in the drawing, it tends to become 
more circular in the direction cp d, and we infer therefore 
that it must become less curved in the direction ap by or that 
it will straighten a little. The drawing shows the complete 
gauge, with the connection of one end of the tube to an 
index finger p. The principle relied on is, that the end d 
will move outward as the pressure within the tube increases. 
It is easy to show that such an action will certainly occur, 
for if we bend a vulcanized indiarubber tube, we shall find 
that it gets more and more flat, and finally straightens, in 
the direction across that in which we are bending it In the 
gauge, the motion of the end is communicated to the pointer 
p, and the reading on the scale indicates the pressiure of 
any gas or liquid enclosed within the tube. This form of 
gauge will measiu-e pressures below that of the atmosphere 
just as well as those in excess of it. When used as a 
vacuum gauge for the condenser of a steam-engine, the 
tube becomes more flattened and curves inwards when the 
interior is exhausted. The action is the converse of that 
described, but the principle is just the same. 

THE LAW OF BOYLE. 

128. We pass on to examine the two fundamental laws 
which govern the pressure of gases : the first is that of 
Boyle, or Mariotte ; the second is that of Charles, or Gay- 
Lussac. 

I. Boyle's Law. The pressure of a portion of gas at a 
given temperaiure varies inversely as the space it occupies. 

Take a long glass siphon tube a c b, with parallel legs, 
open at b, and either sealed or fitted with a stopcock at a. 
Having placed it with the axis of either tube vertical, pour 
a small quantity of mercury into b c, and by opening the 
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Fig. X38. 
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Stopcock or withdrawing some air from AC, make the mercury 
stand at the same level e d in both branches. 

The air in A D being now completely separated from that 
in B c, pour in more mercury s/owfy, and the 
level in the two legs will take the positions Q, 
and p R, where p r is a horizontal plane touching 
the surface in a c Let k be the arfea of an internal 
section of the tube, then 

(press, at p) K = (press, at r) k 
= weight of r Q + (press, of atmospL) k 

Let h be the altitude of the merciuy in a 
barometer at the time of making the experiment, 
, pressure at p __ ^ + R Q 

pressure of atmosphere A 

Now the air in A D has been compressed into 
the space a p by the additional Weight of q r, 
and it is found, by carefully weighing the quan- 
tities of mercury which the portions a d and a p 
would contain, that 

volume A D _ ^ + R Q 



Hence 



volume A p A 

volume A D _ pressure of air in a p 




volume A p pressure of atmosphere* 

In like manner, if the tube c a were made equal to c b 
and we began by filling both portions with mercury nearly 
up to the level of b, we should commence, as before, with 
air under atmospheric pressure ; some mercury might then 
be withdrawn from c b, the air in a P would become rare- 
fied, and the law could be verified for pressures less than 
that of the atmosphere, just as in the first case. 

JVote. Since XhQ pressure of a portion of gas varies inversely 
as its volume, and since the density of the same portion also 
varies inversely as its volume, it follows XhdX the pressure of a 
portion of gas varies directly as its density. 



^ 
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Hence the law of Boyle is expressed by the formula 

P = W 
where p is the pressure of the gas, p its density, and /i a 
constant to be determined by experiment 

It is stated by Mr. Maxwell that the law imder discussion 
* is not perfectly fulfilled by any actual gas. It is very nearly 
fulfilled by those gases which we are not able to condense 
into liquids/ and fiuther, that when a gas is about to pass by 
condensation into a liquid form ' the density increases more 
rapidly than the pressure.' For all practical purposes, 
where an engineer has to employ compressed air, the law 
may be taken to apply strictly. 

Ex, I. A vessel contains a quantity of air which weighs 8 grains, 
and exerts a pressure of J 6^ lbs. per square inch. If 3 grains more of 
air at the same temperature and pressure are introduced into the vessel, 
what pressure will now be exerted on its sides ? (Science Exam. 1873. ) 

Ex, 2. The area of the cistern of a barometer is 4 times that of the 
tube, the mercury stands at 30 inches, and the whole length of the tube 
above the mercury in the cistern is 32 inches. A mass of tor is now 
introduced, which would fill one inch of the tube at atmospheric pres- 
sure. Find the air space at the top of the tube. 

This question takes in the correction for the alteration of level of the 
mercury in the cistern, which has to be made for an ordinary barometer 
as well as for the barometer gauge. 

Referring to Fig. 132, we have A B = 32, AC s 2. 

After the air is introduced, let c'd' be the length of column sup- 
ported, also let A c' B a; ; 

^^ pressureofairinAc',! (by Boyle's kw). 

atmosphenc pressure x 

Therefore the pressure of the air in A c' supports ?- inches of mercury. 
Also the mercury sinks x •>- 2 inches in the tube, and therefore it 

rises ^^ inches in the basiiu /, 5^ + 32 — a: — f-Z-? ss ^o. 
4 a: 4 -^ 

A quadratic equation, one root of which is x » 6, and the mercury 
&lls through 4 inches. 

Ex, 3. A cylinder, 20 feet long, is half filled with water, and 
inverted with the open end just dipping into a vessel of water. Find 
tiie altitude of the water in the cylinder {h « 33). Am, 7*25 feet 
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THE PRINCIPLE OF THE DIVING BELL. 

129. The diving bell is a loaded chest, the weight of which 
is greater than that of the water it would contain, suspended 
by a chain with the open mouth downwards. When the 
bell is lowered into the water, the air within it becomes 
somewhat compressed, (a fact which is easily verified by 
dipping an inverted empty glass tumbler into water,) and an 
air space is preserved which enables workmen to carry on 
their operations. The bell is supplied with fresh air by a 
pipe connected with an air pump, and may be entirely 
emptied of water by the air forced in by the pump. 

The force tending to lift the bell is the weight of the 
water which the enclosed air displaces. Hence the tension 
on the suspending chain would increase as the bell descended 
in virtue of the diminution of air space due to the increased 
pressure. In estimating the buoyancy of the apparatus it is 
quite unnecessary to regard the pressure of the air within 
the bell, except so far as that pressure reveals the volume 
by the enclosed air. 

The connection between the lifting force on the bell and 
the volume of the water displaced by the enclosed air may be 
rendered very apparent by an experiment A small glass globe 
is partly filled with water and immersed with yig. 139. 
its neck downwards in a tall jar filled nearly 
to the brim. The globe just floats at the 
surface of the water. A sheet of india- 
rubber is tied over the mouth of the jar 
and pressed down by the hand. The globe 
immediately sinks, and may be held in any 
position near the top or bottom by regulat- 
ing the pressure on the air at the top of 
the jar. The increase of air pressure is felt 
throughout the whole mass of water within 
the jar, the result being that the bubble of 
air enclosed in the globe diminishes and that 
the buoyancy also becomes less. The globe 
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sinks, because less water is displaced, and it will rise again 
the moment the pressure is relieved. 

130. Prop, To find the space occupied by the air in the 
bell at any depth below the siuiace. 

Let A B c D be the bell, and draw e q vertical, meeting the 

Fig. X4a surfece of the water outside the bell 

^ at E, and the surface inside the bell 

^^^^ at Q. Let h be the altitude of the 

i^Ei^^ column of water in a barometer. 

^g!iEr~ Then, according to Boyle's law, 

'= ^— - ■■ ■ the pressure of the air within the 

^^rr^^^^^=^ bell is greater than that of the 

'z—T • V^ atmosphere in the proportion of 

5§3 j ^EE volume a b c d : volume a q b. But 

"—( I hzEE press, at q I press, of atmosphere 

^^^^^^^^^= = ^ + E Q : h, 

^^ ^-^""""•^O^— . volume AQB ^ + EQ 

volume A B c D h ' 

whence the volume a q b is determined. 

131. If more air be pumped into the bell, the pressure of 
the enclosed portion will be increased, and the water may be 
entirely forced out of the bell. Conceive now that a hollow 
cylinder is constructed of such a length as to reach to the 
foundations for the pier of a bridge, while its upper end 
remains above the surface of the water. If the cylinder be 
closed in at the top it will form an elongated diving bell, 
into which workmen can enter from above ; and it is clear 
that the principle under discussion may often be applied in 
this modified form with great advantage. 

The use of a cylinder filled with compressed air was 
suggested by Lord Cochrane for working in wet ground and 
was first applied successfully in laying the foimdations of the 
bridge at Rochester by Mr. Hughes. Mr. Brunei also em- 
ployed cylinders from which the water was excluded by 
compressed air in forming the piers for the Saltash Bridge. 
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Here the operation was performed on a very large scale. 
A cylinder 37 ft in diameter, and 90 ft. in length, was con-* 
structed of wrought iron plates, and lowered through 13 feet 
of mud till it rested with its base on the solid rock. Two 
engines of 10 horse-power were employed to work the air- 
compressing pumps. The cylinder, with the machinery 
inside, weighed 290 tons, but an additional load of 750 tons 
was required in order to keep it from rising. This shows 
the buoyancy due to displaced water. From 30 to 40 men 
could work inside the cylinder, and the pressure of the air 
to which they were subjected was equivalent to about 86 
feet of water when the tide was at the highest 

The principle of the diving bell is also applied in diving 
dresses. The diver is clothed in a watertight dress fitted 
with a helmet and is supplied with air by means of a pump. 
There is an escape valve also, whereby the circulation of 
fresh air is maintained. The diver may be weighted up to 
2oolbs., but on closing the escape valve, he can rise at once 
to the surface in virtue of the buoyancy due to the increased 
displacement of water by the enclosed air. 

Ex, I. The weight of a divmg-bell is lo cwt., and the weight of the 
water it would contain is 6 cwt. Find the tensipn of the rope when 
the level of the water inside the bell is 17 feet below the surface, 

^h « 33 ft). 

Here the air in the bell supports 33 + 17 feet of water. 
/. weight of water displaced by the air in the bell I 6 = 33 : 33 + 17, 

whence tension of rope = 6*04 cwt. 

Ex, 2. A cylindrical diving-bell of height (a) is sunk in water till it 
becomes half full. Show that the depth from the surface of the water 

to the top of the bell \&h — -, 

2 

Ex. 3. A cylindrical diving-bell, of which the height inside is 8 ft., 

is sunk till its top is 70 feet below the surface of the water. Find the 

depth of the air space inside the bell [h = 33 feet). 

Let X be this depth, then 7o + 33 + -^ ^ 8 .^ ^ ^ 5^ 
^ 33 X 2 

182. Boyle's law has been applied in the construction of 

p 
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an apparatus for ascertaining the depth of soundings at sea, 
without having any regard to the length of line paid out. 
The sinker is a hollow vessel with a strong glass window, 
and a small air pipe leads from the bottom to very nearly 
the top of the inner chamber. Since the compression 
below the surface of the sea increases with the depth, it 
is clear that the amount of compression of the air within 
the vessel will indicate the exact depth to which it has been 
sunk. The liquid pressure begins to act on the air in the 
tube, and soon compresses it sufficiently to allow some water 
to enter the chamber. The amount which enters will indi- 
cate the diminution of volume of the enclosed air, due to 
pressure, from which the depth can be as ertained. Since the 
air tube reaches to the top of the chamber, no water can 
escape while the instrument is being drawn up, and the 
reading of a scale seen through the glass window shows the 
depth of the sounding in fathoms. 



\ 



THE MANOMETER. 

133. This air-vessel, which registers the depth by applying 
Boyle's law, is merely one form of a manometer or apparatus 
for registering pressures of gases or liquids by observing the 
Fig. 141. amount of compression of a mass of air enclosed in 
a tube. The instrument shown in the sketch may 
be taken as an example. It consists of a baro- 
meter tube dipping into some mercury con- 
tained in a covered vessel communicating at d 
with fluid under pressure. When the pressure 
inside the closed vessel is equal to that of the 
atmosphere, the mercury in the tube drops to the 
level of that in the basin ; whereas the column of 
mercury rises as the pressure at b rises, and the 
air in the tube becomes denser according to 
Boyle's law. The exact pressure of the fluid 
^D can be determined by remembering that the 
pressure of the air on a section of the tube 
A c + the weight of the sustained column of 
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mercury is equal to the fluid pressure on the same section 
of the tube. 

Ex. Let a be the length of the column of air in the tube at the 
atmospheric pressure, and let A c become x when the air is compressed 
by a pressure /. Again let K, k be the effective areas of the basin and 
tube. « 

When the mercury rises througR a — xKw. the tube, it falls through a 
depth y in the basin, such that >& (« — j;) = Yiy. 

Let h be the altitude of the mercury in a barometer, then 

/ ^ a a — X ■*■ y 



press, of atmosphere x 



h 



a a — X 
X h 



(■ '!> 



Fic X42. 



If the ratio of p to the atmospheric pressure be assigned beforehand, 
we can solve this quadratic equation and ascertain x^ and thus the tube 
may be graduated. 

THE LAW OF BOYLE EXHIBITED BY A CURVE. 

184. Take o x, o y rectangular axes, call o x the line of 
volumes, o y the line of pressures, and conceive that a mass 
of air occupying a volume z/ in a 
cylindrical vessel, fitted with a 
piston, exerts a pressure/ on the 
sides of the vessel. 

Let the piston move so as to 
expand the air to a volume v' 
under a pressure/'. It is evident 
that V and 7/ are proportional to 
two lines, viz., the distances from 
the base of the cylinder to the 
piston in the two positions, and 
that/ and /' are also represented 

by straight lines. Hence we may take o n = z', p n = /, 
and assume that z/, / are the rectangular co-ordinates of a 
point p referred to axes o x, o y. 

Similarly, z/,/' are the co-ordinates of a point p', and the 
curve p p' represents the relative changes of volume and 

P3 
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pressure. By Boyle's law we have / z/ = a constant quan- 
tity, and the curve possessing the property that o n x n p 
is constant at every point if it is known to be an hyperbola, 
or the section of a right cone, of proper shape to have the 
asymptotes at right angles, made by a plane parallel to its 
axis. Hence the curve representing Boylis law is an hyper- 
bola. 

DIAGRAM OF WORK DONE IN COMPRESSING A GAS. 

185. Conceive that the gas is compressed from a volume 
if and pressure /', to another volume v and pressure /, and 
that it is required to represent the work done during this 
compression by a diagram.* Take r, s^ two points in the 
curve p p' very close together, draw rm^ sn perpendicular 
to o X, and suppose that the pressure of the gas does not 
sensibly vary during its compression from a volume onto z. 
volume o m. 

Since the space through which the piston moves is pro- 
portional to the difference of volume, it appears that the 
rectangle s m represents the product of the pressure on the 
piston into the space through which it is moved during the 
compression from a volume o « to a volume o m^ that is, 
the rectangle s m represents the work done ; and the same is 
true at every other point; hence the area p n n' p' represents 
the work done in compressing the gas from a volume 7/ and 
pwessuxe/' to another volume v and pressure/. 

ON THE MEANING OF THE TERM ELASTICITY. 

136. Gases have often been distinguished from liquids by 
their behaviour under compression, and Professor W. H. 
Miller defines elastic fluids as those the dimensions of 
which are increased or diminished when the pressure upon 
them is diminished or increased. 

We may now endeavour to obtain a definite conception of 

The temperature of the gas is supposed not to change during the com- 
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elasticity as a property of matter, whether in a solid, liquid, or 
gaseous state. It may be shown by experiment that all sub- 
stances are compressible to some extent, and we conclude 
that the minute molecules which form any substance, such as 
a ball of glass, are not in absolute contact, but are separated 
by certain intervals or intermolecular distances, which increase 
or diminish under the action of external force. It is further 
evident that the particles of the glass resist in a very high 
degree the action of any forces which tend either to separate 
them or to bring them closer together. They yield, no 
doubt, to every pressure, but the movement is extremely 
minute. When relieved they return at once to their normal 
positions, and they exert a strong effort of restitution, in 
virtue of a property which is termed elasticity. 

We are now dealing with gases, and may define their 
elasticity as follows : — 

Def. The elasticity of a gas under any givefi conditions is 
the ratio of any small increase of pressure to the cubical com- 
pression thereby produced. 

The term cubical compression denotes the ratio of the 
diminution of volume to the original volume, and Mr. Max- 
well shows that the elasticity of a perfect gas is numerically 
equal to the pressure when the temperature remains con- 
stant. It is the practice, therefore, to use the term elastic 
force, meaning thtroby pressure, as identical with the elas- 
ticity of a gas. We shall presently show that every gas has 
two elasticities, one real^ the other apparent, 

THE LAW OF CHARLES, OR GAY-LUSSAC. 

137. We have next to examine the action of heat upon 
gases, and to point out that, whatever theory may be 
adopted to account for gaseous pressure, the fact of its de- 
pendence on temperature is thoroughly established. 

Let the student hold a shrivelled bladder containing air 
before the fire ; the bladder will swell and become tense. 
Here the enclosed air expands under a constant pressure, 
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viz., that of the atmosphere. If more heat be applied, the 
bladder may burst, the pressure still rising, although the 
volume of the enclosed air gets no larger. There are fun- 
damental facts, which are now to be connected with the 
second law of gases. 

2. The Law of Charles. — When a portion of gas under a 
constant pressure is raised from the freezing to the boiling tern- 
perature, its volume will increase^ by equal fractions of itself 
for ecLch degree of temperature; and this law holds, whatever 
be the nature of the gas. 

Conceive that a mass of air at the atmospheric pressure 
is enclosed in a tube of uniform bore by means of a drop of 
mercury, and that it occupies a length of thuty inches from 
the sealed end when cooled down to o® C. , Heat the tube 
to ICO® C, and the air-space will elongate from 30 inches to 
41 inches. The expansion is a little more than ^ of the 
volume. The exact fraction was assigned by Gay-Lussac 
^s '375, but was corrected by Regnault, and is now taken 
to be '3665. 

Let v^, v„ be the volumes of a portion of a gas at tem- 
peratures Oj /, respectively, and let a = '003665, then the 
increase of volume from 0° to t^ under a comtant pressure is 
Vq a /, therefore 

v< = Vo(i -fa/). 

If the graduations of the Fahrenheit thermometer are 
adopted, we note that 180® F. corresponds to 100° C, and 

therefore that the expansion for 1° F. is -5^ ^ or — ^ of the 

180 492 

volume at 32° F. The more accurate value of the deno* 

minator is 491*13. 

He.c=v, = v„(.+'^3=)=v..(4j2J_'), 

where / is the temperature on Fahrenheit's thermometer. 

Ex. I. A mass of air at 50° F. is raised to 51° F., what is the increase 

of its volume under a constant pressure ? 
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Here v, « v^ (46o^50\ ^ , SL^. 

V 492 / 492 



2^50 _ 2'82 
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or the gas expands s^oth of its volume at 50"^ for a rise of 1° F. 

Ex. 2. In the Haswell colliery, near Newcastle, the depth of the 
upcast shaft is 936 feet, and its mean temperature is maintained at 
163° F. by means of a ventilating furnace, while the mean temperature 
of the downcast shaft is 50° F. What work is done by the furnace, 
which sends 94960 cubic feet of air per minute through the mine at a 
temperature of 50° ? 

By the last example, a column of air 936 feet high and at a tempera- 
ture of 163 F., in the upcast shaft would occupy a height x when cooled 

down to 50° such that x (1 + !i^) « 936. Whence x = 766 feet 

nearly, and the furnace does the work of lifting the air which traverses 
the mine through the height of (936 — 766), or 170 feet. 

The quantity of air passing up the shaft in one minute is 94960 cubic 
feet at 50°, which weighs about 7407 lbs., the weight of I cubic foot of 
air at 50° being taken as '078 lbs. Therefore 

the work done « 7407 x 170 ft. lbs., 
= 1259190 ft. lbs., 
= 38 X 33000 ft. lbs. nearly. 

The amount of coal consumed per minute is 8 lbs., which gives a 
duty of 17,628,660 ft. lbs. per 112 lbs. of coal. 

138. Prop. To find the general relation between the pres- 
sure, temperature, and density of a portion of gas. 

Let pty ty pt be the pressure, temperature, and density of 
a portion of gas. 
Then p< varies as /< when / remains constant (Boyle's law). 

Also when /< remains constant, we have, by Charles' law, 

volume of gas at Z*' = (i + « ^) x volume of gas at 0°, 
or density at 0° = (i + at) x density at /° = p, (i + « ^). 

/. Pt varies as — - — when the pressure is constant 

But it is a principle in algebra that if x varies as y when z is 
constant, and x varies as z when^ is constant, then x varies 
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as y Zy when both y and z vary. Therefore, when both the 
pressure and temperature vary, 

pt varies as /< x > 

I + a / 

or/< varies as p< (i + a/), 
or/^ ace /i p< (i + a /), where /i is a constant. . . . (i). 

Cor. I. If the volume, and therefore the density, remains 
constant, while the temperature rises, the pressure will also 
rise; thus/^ = /ip< (i + a/), 

zndpo =^ f^Pty when f = o, since pt does not change. 

•'•A=A(i + a/) ... (2) 

It should be carefully noted that when a mass of air 
whose temperature is 0° c is heated to 100° c, its pressure 
is raised from i to 1*3665, being a rise of "003665 for each 
degree of temperature. 

Cor, 2. If Fahrenheit's scale be adopted, formulae (i) and 
(2) become respectively, 

460 + / ^ _ ^ /460 + A 
492 V 492 / 

Ex. I. A certain volume of diy air weighs 50 grs. when the tempera- 
ture is 0° C, and the pressure 30 inches of mercury. What would be 
the weight of an equal volume of air at 25° C under a pressure of 40 
inches of mercury ? (Science Exam., 1 871,) 

Ex. 2. A cubic foot of air at a temperature of icxd° F., and under a 
pressure of 29J inches of mercury, is cooled down to 40° F. and com- 
pressed by an additional lo} inches of mercury : find the volume. 

Ans. 1 137 '86 cubic inches. 

Ex. 3. If 200 cubic inches of air at 60° F. under a pressure of 30 
inches of mercury be heated to 280*^ F. while the pressure is reduced to 
20 inches, find the volume, v, under the altered conditions. Taking 

the formula A = /*P« (- j and remembering that the volume of 

\ 492 / 

a portion of air varies inversely as its density, we have 

30 _ v ^ ^460 + 60 
20 200 



/460 + 60 \ 
V460 + 280/ 



3 740 X 200 1 1 100 ,«/-'« V • t. 

V = ^ X i-i = — - — = 426 'Q cubic inches. 

2 520 26 
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There is one remaiining subject of much practical import- 
ance, which we can only touch upon slightly, and that is the 
behaviour of a gas when compressed suddenly instead of 
slowly. We say ^ suddenly^ because, by a quick action, 
a result may be produced which would otherwise escape 
notice, and the temperature will no longer remain constant. 
The reason for the precaution mentioned in -4r/. 127, where 
the mercury was poured in slowly ^ will now be made ap- 
parent. 

ON THE HEAT DEVELOPED BY THE SUDDEN 
COMPRESSION OF AIR. 

139. It is an experimental fact that heat is developed by 
the sudden compression of air, and that a stream of com- 
pressed air when issuing from a closed vessel is sensibly 
chilled. 

Expt 1. Take a tube 6 inches long, closed at one end, 
and having a piston attached to a rod somewhat longer than 
the tube. 

If a small piece of German tinder be attached to the 
piston, and the air in the tube be suddenly compressed by 
driving the piston forcibly down, the tinder will probably be 
ignited. In the same way the vapour of bisulphide of carbon 
may be set on fire by compression in a glass tube, and 
a flash of light will be seen when the piston reaches the 
bottom of the cylinder. 

Expt 2. If air be pumped into a closed vessel the vessel 
itself will become heated. This is very apparent in an air- 
gun, where the compression is carried to a considerable ex- 
tent. After the vessel of compressed air has cooled down 
to the normal temperature, open a stop-cock fitted to it, 
and allow the air to escape against the face of a thermo- 
electric pile connected with a galvanometer. The needle 
will swing violently round in the direction indicating that 
the face of the pile has been chilled. 

These are lecture-table experiments, but the same facts 
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are observed when compressed air is employed to drive an 
engine. 

The earliest application of the use of compressed air for 
driving machinery in mines was made at the Govan colliery, 
near Glasgow, in 1849. A steam-engine was employed to 
compress air to a pressure of 30 lbs., and the air was then 
conveyed down the shaft to a winding engine at a distance 
of about 700 yards. The first difficulty met with arose firom 
the heating of the compressed air in the cylinders of the 
compressing pumps, whereby it became necessary to keep 
the exit-valves flooded with water. There was a second 
difficulty imderground, as the chilling produced by tlie 
sudden expansion of the air sometimes caused so great a 
degree of cold that the engine was stopped by the formation 
of ice in the cylinder and exhaust- pipe. As regards the loss 
of work by a waste of heat, it is clear that all cooling of the 
compressed air is a direct loss of power. This is one of 
the inconveniences attending the conveyance of motive- 
power by means of air under pressure. Furthermore, the 
chilling which is observed in the underground engine is a 
direct consequence of the work done by expansion behind 
a working piston. 

This subject may be further illustrated by means of a 
diagram. Let ax be the line of volumes, ay the line of 

pressures, and take the case of a 
portion of gas whose volume and 
pressure are represented by the 
co-ordinates of p. Let p r repre- 
sent the curve of pressures ac- 
cording to Boyle's law, then p q 
will represent the same curve 
when no heat is allowed to es- 
cape. The gas is really more 
elastic than we should have supposed it to be. It has, in 
truth two elasticities^ represented to the eye by the curves p r, 
d p Q. and we lose sight of the true elasticity, viz., that in- 
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dicated by p q, because it so rarely influences any observed 
result. This fact is illustrated in the propagation of sound, 
and a remarkable error was made by Newton in calculating 
the velocity of sound. The sound-waves compress and 
rarefy the air suddenly, and its elasticity has therefore the 
second, or true value. If this increased elasticity be disre- 
garded, the velocity of sound in air, calculated in accord- 
ance with Boyle's law, will be less than the observed 
velocity by about one-sixth part 

THE ABSOLUTE ZERO OF TEMPERATURE. 

140. Finally, we have to remark that in the applications of 
the modem theory of heat, the zero of temperature is taken 
to be the real zeroy or that indication which an air-thermo- 
meter would give if the air were deprived of all its heat. 
There is no hope of ever depriving the air of all its elastic 
force, which would be the result of abstracting all its heat, 
but we nevertheless measure temperatures from their so-called 
absolute zero. In Mr. Maxwell's book the zero-point is 
shown to be —273*^0, and the lowest observed temperature 
is stated to be — i4o°c. That is as far as anyone has yet 
gone in descending the scale of temperature. The student 
should also study that portion of the text-book on heat 
which explains the manner in which the laws of Boyle and 
Charles may be combined into one simple law, viz., that the 
product of the volume and pressure of any gas is proportional 
to the absolute temperature. As he may feel' an interest in 
knowing exactly how much a gas is heated by compression, 
we give a formula in the first example which can be readily 
applied, and which shows the use that is made of the reading 
of the absolute zero. 

Ex, I. A mass of air at o° C is suddenly compressed till its pressure 
is increased tenfold: find the rise in temperature. 

The formula referred to is — « i-cli , where/, /, are the pressure 

and temperature of the air at first, and /' f the same quantities after the 
compression. Here/' — lop, therefore 

/'= ^(1-953}. 
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Now . represents 0° C, therefore / = 273° reckoning from the true 
zero, and consequently t « (1*953) ^ 273° = 533°. This 533® is 
260° above 0° C, and therefore the temperature of. the air is raised 
260° C or about 468° F. by the compression. 

Ex. 2. The ventilation of the Haswell colliery involves an illustration 
of the use of this absolute zero. [See p. 121.) One part of the solution 
required us to ascertain the extent to which a column of air 936 feet 
high, at a temperature of 163° F., would contract in cooling down 
to 50° F. 

Reckoning from the absolute zero, 163° F. is 460® + 163^ or 623®; 
so also, 50° F. is 460° + 50°, or 510°. Now,^the air contracts in pro- 
portion to the diminution of temperature from the true zero, 

therefore — ^ = .23_ and x = 766, as before. 
510 x' 
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CHAPTER VIL 

ON PUMPS. 

141. It is said that the suction-pump was invented 200 
years before the Christian era, but its action was not understood 
until after the application of the barometer-tube for measur- 
ing atmospheric pressure. If the air be exhausted or 
sucked out in some manner from the top of a pipe dipping 
into water, the pressure of the atmosphere will force the 
water up the pipe, and will sustain a column of about thirty- 
two feet in height. If some of the water so raised be re- 
moved, more will be pressed up to supply its place, and in 
this way the action of a suction-pump is dependent on the 
pressure of the atmosphere. 

Let A B, B c be two hollow cylinders, p a piston fitted with 
a valve opening upwards, and worked by a rod p d ; b a 
valve opening upwards, and let b c be less than the height 
of the column in a water-barometer, otherwise the water 
would never reach the valve b. 

Suppose P to be at b, and the whole pump to be full of 
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Fig. 144. 
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air, the level of the water will be the same within and without 

B c. Let the piston be raised, then the valve p will close, 

and the valve b will open, because the 

pressure of the air in b c is much greater than 

that in p b. Hence the water will rise in b c 

to some level e. On the descent of the 

piston, p opens, b closes, and the air in p b 

escapes through p, the column c ^remaining 

stationary. On the next ascent of the piston 

the action before described is renewed, until 

finally the water rises through b. It is then 

compelled to pass through the valve p, and 

is lifted by the piston till it escapes at the 

spout E. 

Note, — ^The pump-rod does the work of 
lifting a column of water whose altitude is c <f, 
and base the sectional area of the cylinder a b. 
The weight of this column is therefore the r-"r:i:-:-::-:-i" 
tension of the pump-rod. This assertion may be questioned, 
by reason that the weight ot the column actually raised de- 
pends on the area of the tube b c, which is less than 
that of A B. But the truth is that the shape or size of b c 
has nothing to do with the tension of the pump-rod. If b c 
were a cone with a wide mouth at c, the tension would be 
just the same, and the pump-rod is always lifting a column 
of water whose base is the area of the cylinder a b, and 
height the altitude of the water lifted. 

Prop. To find an expression for the tension of the rod in 
a liftifig pump. 

Let c ^ = \2x inches, and let 12^ be the height of the water- 
barometer, A the sectional area of a b in square inches, and 
w the weight of a cubic inch of water in pounds, then 

press: of air on upper surface of p = \2hKw, 
press : of air on lower surface of p = i2h kw — i2x xw. 
/• tension of pump rod = i2x kw. 
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But^ : ^ = 15 lbs. : 12 xw, 

.*, 12 ^ ay = — ^ , and tension of rod = -^ — lbs. 

h h 

This formula holds when the water has risen above p. 

THE PLUNGER PUMP. 

142. The plunger pump is the same apparatus as that 
already described, so far as raising the water into the cylin- 
der is concerned, but it differs in the mode of lifting the 
water afterwards : the bucket is replaced by a solid plunger 
or piston PC, shown in the diagram. There are two valves, 
A and B, each opening upwards, and the water fills the 

Pj^ ^ cylinder as the plunger p c moves 

to the right, the valve b opening 
and A remaining closed. On the 
^ return of the plunger, b closes, a 
opens, and the water in f d is 
forced through the valve a. A 
pump so made will propel the 
water to a considerable height, 
'=^^^~-— and is used in fire-engines, the 

common name for it being a force-pump. Since the water 
is urged forward only at each return stroke of the plunger, 
the action is intermittent, but it may be made continuous 
by the use of an air-vessel, that is, a chamber enclosing 
air, into which the water is pumped. The air becomes 
compressed, and its elastic force drives the water through 
an exit-pipe in a continuous stream. 

THE PLUNGER AND BUCKET PUMP COMBINED. 

143. In order to obtain a continuous flow of water without 
the use of an air-vessel, the plunger and bucket pump may 
be combined in the same cylinder. The drawing shows 
the up stroke, when the bucket p is lifting the water, and 
compelling it to pass through the exit-pipe E. The valve b 
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is opeli, because the water from the cistern is following the 

bucket during its ascent. On the descent of the pump rod 

the plunger q will enter the cylinder d b, 

the valves at p will open, and the plunger 

will be forced down into a cylinder full 

of water, and closed at the bottom by the 

valve B. Hence the plunger will displace 

a quantity of water, which must pass into 

the exit-pipe e. The pumping action is 

therefore continuous. 

144. In pumping water from a mine, it 
is a common practice to combine on 
the same rod a plunger and a bucket 
pump at considerable intervals from each 
other. In the Clay Cross colliery, for 
example, the water is raised from a depth 
of more than 400 feet. The main pump 
rods, or spears^ are made of pitch-pine, in 
lengths of 45 or 50 feet, and are 16 inches 
square. The bucket of the lifting pump 
raises the water into a drift about 150 feet above the bottom 
of the mine. A plunger is attached to the pump rod 
and works in a cylinder on one side of it, thereby forcing 
the water already lifted up the remaining 270 feet. There 
is also a second plunger attached to the pump rods, which 
forces up more water, coming from an independent supply 
at a depth of 217 feet. Each pump delivers somewhat 
more than 100 gallons of water per stroke. The object of 
combining the forcing and lifting pump is to economise work. 
The pump rods, with the iron-work attached, are of great 
weight, and they must be lifted through the stroke of 10 feet 
in order to raise the water at all. 

It would be absurd to sacrifice the work done in lifting 
the weight of the pump rods, and accordingly they are 
armed with plungers, and made to do useful work by forcing 
up water during their descent. 
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PUMP USED IN WELL-BORING. 

145. In boring holes for Artesian wells it often happens 
that after the water-bearing strata have been pierced the level 
of the water in the bore remains at some distance below the 
surface of the ground, and must be brought up by a pump. 
The bore is a few inches in diameter, and the last mentioned 
combination is inadmissible ; nevertheless the discharge may 
be rendered continuous by proceeding on a different principle. 

The pump is a cylinder, say 12 inches in diameter and 12 
feet long. Two lifting buckets, a and b, are fitted in the 
cylinder, and each bucket has a valve opening upwards. 
These buckets are made to come together and separate, 
the upper one being attached to a hollow tube or pipe, 
through which the solid rod attached to the lower bucket can 
move fireely. When the buckets approach the valve a opens, 
and B closes, whereby b acts as a pump lifting the water 
through A. When they separate b opens and a closes, 
whereby the water passes through b and follows a, and thus 
the lower bucket acts as a pump or valve alternately. It 
may be arranged by suitable mechanism that one bucket 
shall stop a little before the other, and the result is that 
the column of water raised is never quite at rest, and that 
the buckets are relieved from the shock due to the inertia 
of a heavy mass of water. 

THE AIR-PUMP. 

146. The exhaustion of air from a closed vessel is the same 
mechanical operation as the pumping of water. The common 
pump does the work of exhausting air from b c until the 
water has risen above b. Hence an ordinary air-pump is 
the same apparapus as a suction-pump, the difference con- 
sisting mainly in the valves, and in the fact that it becomes 
necessary to counterbalance or remove the pressure of the 
air on the upper surface of the piston, otherwise the labour 
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of working an air pump would be insupportable. It is an 
instructive experiment to ascertain by trial the force neces- 
sary to draw up a piston 6 inches in diameter from the bottom 
of an open cylinder into which it actually fits. Since the area 
is 28*27 square inches, the force required would exceed 415 
pounds. In an air-pump the pressure of the air above the 
piston would be 147 lbs. on the inch, and that below the 
piston would soon fall to less than i lb., whereby the atmo- 
sphere would oppose the ascent of the piston with a pressure 
exceeding 14 lbs on the square inch, and would afterwards 
drive it down with the force of a blow. 

It being now made clear that if a piston fitting in a cylinder 
be exposed on one side to the full pressure of the atmosphere 
and on the other side to a diminished air-pressure, it will be 
driven by a pressure which may be regulated by the exhaus- 
tion of the air, we may point out that the coining presses 
at the Mint are worked on this principle. The lever handle 
which rotates the screw of a press, and so impresses a steel 
die upon the blank piece of metal, must be pulled much 
more energetically for the coining of a sovereign than for 
that of a threepenny-piece. It is therefore connected with 
a piston dragged through a cylinder in one direction against 
the full pressure of the atmosphere, and then set firee. The 
retiun of the piston is opposed by the diminished air- 
pressure, due to a partial vacuum kept up by an air-pump, 
and it follows that the force of the rebound will depend on 
the degree of exhaustion of the air, and may be adjusted 
with great nicety to the requirements of the press. 

147. We proceed to examine certain forms of the air pump. 

I. SmeatofCs air-pump. 

Here a hollow cylinder A b communicates with a receiver 
by a pipe c, and there are three valves, one at b, another in 
the piston p, and a third a at Fig. 147. 

the top of the cylinder. When a p b 

the piston moves firom b to a, ' j § 4 ^ 

p closes, but a and b open, and 

Q 
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air from the receiver rushes into P b, while that in p a is ex- 
pelled through A. When tlie piston returns a and b close, 
while p opens, and the air in p b is forced through the valve 
p, ready to be swept out on the next return of the piston. 

Let A be the volume of the receiver, b the volume of the 
cylinder, p,, pjj the densities of the air in the receiver after 
I, 2 strokes respectively, then 

Pi (a 4- b) = p A, 

Pa (a + b) = pi A, and so on. 

.% pi Pa (a + b)« = ppi A^ A Pa (a + b)* = p a». 

If this goes on for n strokes we have p^ (a -f b)* = p a", 
which gives the density or pressure of the air in the receiver 
after n strokes. 

Note I. The piston is relieved from the pressure of the 
atmosphere by the valve a. 

Note 2. An air-pump valve is made of a small piece of 
oiled silk stretched over a hole in a plate and tied with a 
thread. The silk is lifted by the air sufficiently to permit its 
escape. When the silk is pressed on the plate the valve is 
perfectly closed. 

2. Hawksbeis air-pump. 

This is the form in common use; it consists of two 
cylinders, placed side by side, but open at the top to 
the external air. The air-pressure is nearly the same on 
both pistons, which are furnished with valves as in Smeaton*s 
air-pump, and the piston rods are worked by a pinion 
placed between them and gearing with a rack on each piston 
rod. As one piston rises the other descends, the atmo- 
spheric pressure is counterbalanced, and the exhaustion is 
very rapid. But the degree of exhaustion is not great, 
for the valves in the pistons will soon fail to open, on 
account of the pressure of the external air overcoming that 
in the valve passages. 

3. Grovis air-pump. 

Here the valves b and p are abolished, and the valve a 
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only is left ; the construction is more simple and the exhaus- 
tion is more perfect. The pipe fig. 148. 
c is now brought to a point 
intermediate between a and b, , 
whereby a solid piston does the 
work of pumping. This arti- 
fice is to allow the piston to pass beyond c ; the air in the 
receiver expands and fills the space between a and the 
piston j on the return stroke the enclosed portion of 
air in AP is swept, out of the valve a. It is clear that the 
exhaustion will go on until the air copipressed in the 
passage through the plate a becomes unable to lift the valve. 
The principle is an excellent one, and it only remains to 
improve on the valve a. This has been done in 

4. SprengeTs air-pump. 

Here the cylinder a b is replaced by a simple glass tube, 
connected with a funnel a containing clean mercury. A 
piece of vulcanised tubing at. f is 
tightened by a screw clip, so ' that the 
flow of mercury down the tube can be 
regulated. The tube ab dips into a 
vessel of mercury, and is attached to 
the receiver e by a pipe a The mer- 
cury flows down in a series of drops, 
p, Q, separated by intervals, and as soon 
as Q has passed the neck c the air in 
the receiver expands into the portion 
c Q. This small portion of air is im- 
mediately cut off by the next drop p, 
and can never return, and- the receiver 
is exhausted by continually wiping 
out the portions of air which never 
cease to enter the tube through the 
neck c. This is Grove's pump under 
an improved form, and the degree of 
exhaustion which can be effected by it is truly marvellous. 

Q2 
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Note I. In describing the air-pump we have said that the 
a/r rushes from the receiver into the barrel, and follows the 
piston during the stroke. A mass of air cannot move with- 
out the expenditure of heat, and the heat necessary for its 
motion is taken from the air itself. Hence the air in the 
receiver is chilled during the exhaustion, and a cloud of vapour 
is formed inside the receiver during the first few strokes. 
If the air be charged with moisture the effect is very striking. 

Note 2. The pressure of the air in the receiver of an air- 
pump is measured by a gauge, that in common use being 
the barometer-gauge already described. If ^ be the altitude 
of the mercury in a barometer, z its altitude in the tube of 
the gauge, p the density of air, we have 

h ^ z 
density of air in receiver ^ p — 7 — • 

n 

Another gauge is a fine syphon-tube a c b, closed at the 
end B, and connected at a with the receiver. The leg c b is 
about 4 inches long, and is filled up to b with mercury. 
As the exhaustion proceeds the pressure of the air in the 
receiver becomes unable to support the mercury in c b. The 
difference of level then shows the pressure of the air, and 
if the exhaustion were quite perfect the level of the mercury 

would be the same in a c and c b. 

Ex, I. An air-pump is so constructed that ^ of the contents of the 
receiver is removed at each stroke. If the air before the first stroke. is 
under a pressure of 30 inches of mercury, what is its pressure after the 
third stroke? (Science Exam. 1871.) 

Ex, 2. If the volume of the receiver of an air-pump be 10 tunes that 
of the barrel, show that the density of the air in the receiver will be 
reduced one-half before the end of the eighth stroke. 

Ex. 3. The mercury rises in the barometer-gauge of an air-pump 
through 6J inches in 8 strokes : compare the capacities of the receiver 
and barrel, {h = 30 inches.) Ans. B : A « 31 : 1000. 

Ex. 4. A thin bottle filled with air is placed in the receiver of an air- 
pump, and when the gauge stands at 21 inches the bottle bursts, whereby 
the mercury falls to 17 mches. Prove that the content of the receiver 
■s ^^ content of the bottle* 
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THE CONDENSING SYRINGE AND BLOWING ENGINE. 

148. The condensing syringe consists of a cylinder a b, 
open to the air at a, and having two valves, one in the piston 
opening towards b, and another at the bottom of the cylinder. 
As the piston moves from a to b the valve p closes, while b 
opens, and the air in p b is 
forced into a receiver con- 
nected with the pipe c. 
On the return stroke b 
closes, p opens, and the 

space B p again becomes filled with a supply of air, which is 
ready in its turn to be forced into the receiver. 

149. The supply of air to furnaces demands a special 
form of pump which is analogous to the pump for forcing 
water, and is a double-acting condensing syringe on a large 
scale. There are no valves fig. 151. 

in the piston, but there are 
four valves in the cylinder (as 
shown in the drawing), two 
opening inwards for the ad- 
mission of air, and two open- 
ing outwards for its exit. The 
pipe H leads to a receiver in 
which the compressed air is 
stored up, and it is clear that 
when the piston descends the 
valves c and f open, while d 
and E close, whereas on the ascent of the piston the reverse 
takes place. Thus, a cylinder full of air is swept into the 
pipe H at each stroke of the piston. 

Some years ago a large blowing-engine was put up at the 
Dowlais Iron Works, in which the blowing cylinder was 12 
feet in diameter, with a 12 feet stroke, and the piston, attached 
to the beam of an engine, made twenty double strokes per 
minute. The discharge-pipe h was 5 feet in diameter, and 
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the air was compressed to a. pressure of 3^ lbs. on the square 
inch, the quantity discharged at this pressure being 44,000 
cubic feet per minute. There is a model of this machinery 
in the museum of the School of Mines. 

THE FORGE BELLOWS. 

180. While describing these important machines, we must 
not omit a very homely example which illustrates a principle 
of action. The smith's bellows is shown in the sketch, and it 
is really the same apparatus as the accumulator to be de- 
scribed presently, the only essential difference being that it 
works with air instead of water. The ordinaty bellows has 




an intermittent action, and the object now is to mahe the 
blowing continuous. This is effected by a double chamber, 
the lower one coiresponding to an ordinary bellows, and 
having a valve c opening upwards. When ad falls the 
valve c opens, and the chamber bad becomes filled with 
jur. When A D rises the valve c closes, e opens, and the 
air in B A D is forced into the chamber h b d, and escapes In 
a blast through the nozzle f. The weight w keeps the air 
in H B D under a pressure which may be adjusted, and the 
pipe F is contracted, scj that the air escapes less rapidly than 
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it is pumped in. Thus the flow is continuous. This is also 
the construction of an organ-bellows, where a continuous 
flow of air is required for sounding the tubes. The pressure 
of the air accumulated in the upper chamber can be adjusted 
by var3dng the load w. 



CHAPTER VIII. 

ON THE HYDPAULIC PRESS AND HYDRAULIC CRANES. 

151. The hydrostatic press is a machine which, for power 
and simplicity of construction, is unequalled. In studying 
its action the student cannot fail to observe the wide differ- 
ence between the unfruitful knowledge of a principle and 
the successful application of it in practice. 

The principle of the press is obvious to anyone who under- 
stands the equal transmission of fluid pressure. Conceive 
that a closed vessel with its upper surface level is completely 
filled with water, and that two openings are made in it, which 
are replaced by pistons of areas i and 10 square inches. If 
a weight of i lb. be placed on the smaller piston, a pressure 
of I lb. will be felt everywhere in the interior of the fluid, 
and the pressure on the larger piston will be 10 lbs. Thus, 
a force of i lb., acting on the area i square inch, produces 
a pressure of 10 lbs. on the area 10 square inches. 

The same principle is exhibited in the hydrostatic bellows. 
That is the name given to an apparatus consisting of two 
boards connected like a bellows by water-tight flexible sides, 
but capable of being separated in parallel planes to a distance 
of 3 or 4 inches. A long slender tube is fitted on a pipe 
leading to the interior of the bellows. A heavy weight is 
placed on the boards, and water is poured into the tube. 
If the weight is not disproportionate to the size of the ap- 
paratus, it will be found to rise when the column of water 
in the tube gets to a moderate height, and in this way it is 
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easy to arrange that a wine-glass of water shall support the 
weight of a man. This is a lecture-table apparatus. In 
order to obtain a working machine we must construct a 
cylinder of great strength, having a solid plunger, or ram, 
as it is called, passing into it through a water-t^t collar, 
and we should rely upon an ordinary force-pump for put- 
ting a pressure upon the water in the cylinder. 

162. The invention of the water-tight collar, which prevents 

any escape of water from the cylinder, was brought into use 

by Bramah. No other arrangement of packing is worth 

anything under a water pressiu^e, which often exceeds z tons 

on the square inch. Two forms of packing are adopted 

in the press, (i) the ring, (2) the cup-leather. A section of 

the ring is shown as enclosed in the chamber a b c d, D B being 

Fic 153. ^^ ^'*^^ ***" ^^ ''^"^ '^^^ water under pressure 

. leaks into the chamber, and forces the leather 

^— 4i tightly against the sides a c, d b- The greater 

*J-J^ the pressure the more impossible it is for the 

water to pass beyond the ring. The etip-leaiher 

is a simple cup fastened to one end of the piston, which acts 




only when there is water pressure on the inside of the cup. 
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The press itself consists of a strong cast-iron vessel b d, 
with a nearly hemispherical base, into which a cylindrical 
ram r is inserted. The ram is encircled by a water-tight 
collar, and the work of the press is done by the ram. 
The hemispherical base is only important in very large 
presses, and the object is to obtain a sound casting without 
any line of division due to a want of uniformity in the flow 
of heat outwards. The large press for lifting the tube of 
the Menai Bridge bore a load of about 900 tons ; it was cast 
with a rectangular base, and the bottom was forced out It 
is a rule in mechanics that a vessel intended to support 
either internal or external fluid pressure should not be con- 
structed with flat sides. 

The remaining portion of the machine is a simple plunger 
pump p, having two valves, one at q, the other at f, whereby 
tJie water is sucked up into the pump-barrel and then forced 
into the vessel d b. h is an enlarged section of that part of 
the valve Q, below the seat, which acts as a guide. 

Let r = radius of ram, s = radius of plunger, p the pres- 
sure applied to plunger, w the resistance overcome by the 
ram. Then 

P : W = TT J^ : TT r2 = j2 ; ^2 . -yy -- p 

S ^ 

The plunger would in many cases be worked by a lever. 
Suppose that a force q acting at an arm ^ of a lever pro- 
duces a pressure p on the plunger, which is connected with 
the lever at a distance b from the fulcrum, then 

, oa r*^ 

vb=^qay .\ w = ^. -^. 

s^ 

Note I. As might be anticipated, the loss of power by the 
friction of the leather collars is not very serious. Mr. Hick, 
of Bolton, has made some experiments on this subject, and 
states that for rams of 4 inches diameter the friction is 
about i^ per cent, of the total resistance w, and for rams of 
8 inches diameter it is about ^ per cent, the water pressure 
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being from 5000 to 6000 lbs. per square inch. Mr. Rankine, 
on the other hand, estimates the friction at -^th the re- 
sistance. 

Note 2. The principle of work maintains here as in all 
other machines. Let the plunger move through a space x 
while the ram advances through y ; since the volume of the 
Water in the whole apparatus remains constant, we have 

ns^x^irr^y, /. r^ I s^ = X I y, 

.-. wy=:px. 

Ex, I . In a press the plunger is | inch, and the ram 9^ inch in 
diameter. The plunger is worked by a lever ; the distance from the 
pump to the fulcrum is 3J inches, and that from the fulcrum to the 
power p is 78 inches : prove that w = 2682 p. 

Ex. 2. The plimger is | inch, and the ram 10 inches in diameter ; 
the arms of the lever are 6 feet and i foot. A weight of 20 lbs. is hung 
at the end of the lever : find the pressure on the ram. 

Ans, 9 tons, 10 cwt., I qr., 25*3 lbs. 

The hydrostatic press is employed by Sir Joseph Whit- 
worth for compressing ductile steel while in a fluid state, and 
the pressure put on the metal amounts, in some cases, to 20 
tons on the square inch. The principle of the press admits 
of extension as far as the strength of the containing sides of 
the pressing chamber will permit. Conceive that the ram of 
a press is 100 sq. inches in area, and that the pressure of the 
water is 2 tons per sq. inch ; the ram may be prolonged and 
reduced to 10 sq. inches in area, it would then exert a pres- 
sure of 20 tons per inch on the fluid steel contained in a 
compressing chamber. Lead pipes for conveying water, 
and the lead wire used for making rifle bullets, are examples 
of the flow of soft metal under hydrostatic pressure. The 
lead is allowed to solidify partially in a massive cylinder, 
and is forced out by pressure through an opening of the 
required form and made of the hardest steel. This is an 
instance of the flow of solids under pressure, all trace of 
fluidity having disappeared by the time the lead leaves the 
chamber. We pass on to enquire into the extended use 
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which is now made of the press by working it with a dimin- 
ished water pressure. 

THE ACCUMULATOR FOR STORING UP THE PRESSURE OF 

WATER. 

158. Many years ago, Sir W. Armstrong noticed a small 
stream of water which flowed from a great height down a 
steep declivity and turned a single overshot wheel at the 
bottom. Not more. than ^th part of the energy stored up 
in the water was utilised, whereas if the water had been 
enclosed in a pipe, and caused to act upon a suitable water 
engine, a large proportion of its power might have been 
usefully employed. This reflection led to the invention of 
a water-pressure engine, and ultimately to the application of 
water-power for working cranes. 

In 1846 the first hydraulic crane was set up on the quay 
at Newcastle, and the pressure of the water was that due to 
a head of about 200 feet. 

The new system was then tried at Great Grimsby on level 
ground, and, for some unexplained reason, a water-tank was 
placed on the top of a high tower in order to obtain the 
necessary pressure. But it soon became apparent that if 
water be pumped into a vessel fitted with a moveable plunger, 
and if the plunger be loaded with a sufficient weight, the 
enclosed water will be in just the same mechanical condition 
as if it were in communication with a reservoir some hun- 
dreds of feet above it. The water is under pressure in both 
cases, and it makes no manner of difference whether the 
pressure is caused by a load of iron or a load of water. 
With a properly constructed loaded vessel we can readily 
obtain a supply of water under a pressure of 700 lbs. on the 
inch, which corresponds to a natural head of about 1500 
feet. The vessel in which the water is stored and confined 
has been called an cu:cumulator^ because it accumulates the 
power of a steam-engine, and becomes a storehouse of the 
work done by the steam. 
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The accnmulator, nvhich is to he regarded simply at a 
■weighted hydraulic press, is a long iron pipe or cylinder a a, 
fitted with a solid plunger p p. The bottom of the cylinder 
communicates with a pumping engine on the one side, and 
with the cranes on the other side, as indicated by the pipes 
F, E, in the drawing. Water is pumped into the cylinder 
before the cranes are set to work, and is continually entering 
at one side f, and passing out at the other side e. The 




plunger passes through a water tight packing or gland, and 
supports a hollow annular cyhnder, which is loaded with 
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scrap-iron and heavy waste metal. So long as the plunger is 
raised the whole of the water, extending to the most distant 
crane, is under the pressure determined by the area of p p 
and the load upon it. For example, if the diameter of 
the plunger be 17 sq. inches its area will be 226*98, or 227 
sq. inches; and further, if the load be 70 tons, or 156,800 lbs., 
it is clear that the pressure per square inch on the water 
enclosed in the accumulator will be 156,800 -j- 227, or 700 
lbs., nearly. This is equivalent to taking the water from the 
bottom of a reservoir 1600 feet deep. It is usual to preserve 
this working pressure of 700 lbs. on the inch in all applica- 
tions of water-power to cranes or analogous machinery. 

In illustration of the practical value of hydraulic power, 
we refer to the com warehouses at the Birkenhead docks, 
where the water under pressure is conveyed to various points 
through a space of 2300 feet. There are three accumulators, 
worked by an engine of 370 horse-power. The labour per- 
formed is that of hoisting grain out of vessels, and distri- 
buting it through the warehouses, the bulk to be dealt with 
being 250,000 tons per annum. 

We must now endeavour to give some idea of the use of 
the accumulator, and shall describe a crane worked by water 
pressure. Other cranes have three oscillating cylinders, and 
are adapted for lifting weights up to 50 tons. 

THE HYDRAULIC CRANE. 

164. This crane is of the ordinary construction so far as the 
jib B L and tie rod a b are concerned, but there is no train of 
wheels, and the lifting chain passes through the crane post 
to the hydraulic cylinders. In the drawing we have shown 
a chain, fastened at one end to the solid abutment f, pass- 
ing once round each pulley c and m, but running over two 
sheaves in succession at d. The pulleys at d are placed at 
the end of the ram of a press, and it is clear that when d 
moves through i foot the weight suspended at w will rise 
4 feet. In this respect Sir W. Armstrong has inverted 
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the principle of reduplication, and has taken the second 
system of pulleys in a reverse form, the larger power being 
employed to lift the smaller weight The object is to gain in 
speed, and accordingly a heavy mass which six men could 
barely lift in a quarter of an hour may be run up by the 
crane in two minutes. We shall presently show that a 
FiG-ije. 




^single cylinder may put forth two degrees of force, one 
^kfoter than the other, whereby the power is economised 
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when a small load Is being lifted. In a lo-ton crane at 
Woolwich there are three cylinders, l)Tng side by side, and 
capable of exerting three degrees of lifting power. The water 
may be admitted into the middle cylinder, into the two 
extreme cylinders, or into all three at once, and the powers 
are as the numbers i, 3, 3. The lifting chain passes over three 
pulleys attached to a frame canying the plungers, whereby 
the speed of the lift is multiplied 6 times. The diameter of 
each ram is irf inch, the pressure on it being 700 x 105-139 
lbs., or about 33 tons, making 100 tons for the whole power 
which can be exerted. This has to be divided at once by 
6, on account of the loss due to the pulleys. The travel of 
each ram is 9 feet, and the load can therefore be raised 
through more than 50 feet. The crane is worked by one 
man, who lets the water into the cylinders, and allows it to 
escape by merely pulling over a lever. 

The rams carrying the pulleys and framework at d arc 
caused to return by the pressure of the water on a piston 4 
inches in diameter, which is not shown in the drawing. The 
force here exerted is i2's66 x 700 lbs., or nearly 4 tons. 




The whole crane rotates round the post, or is dewed, as it 
is termed, by the action of a separate set of hydraulic rams. 
The chain passes round the shell of the crane at r, and 
over two pulleys at k, h, the ends being attached to the 
framework. When the water is let into n and out of q the 
pulley K will advance, and h will run back, and thus the 
chain will carry the crane round. A reverse action o^J^Hl 
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set up in like manner. The diameter of the rams for 
slewing are considerably less than those used for the hoist, 
and there is a similar sacrifice of power to a gain in speed. 
The slewing is effected by pulling over a hand lever. The 
pillar of wrought iron is some i8 to 20 feet high, and the 
radius of the sweep of the crane is 32 feet There are friction 
rollers, whereof one is shown at s in the first diagram, which 
assist the slewing action. 

Note, The principle of the crane may be applied under 
many forms ; thus a low-pressure hydraulic hoist has been 
put up at the Westminster Palace Hotel, the pressure being 
35 to 40 lbs. on the square inch. The piston of the hoist is 
20 inches in diameter, with 10 feet stroke, the height of the 
lift being 56 feet. The piston drives a rack, and thereby 
rotates a pinion placed upon the shaft of a large pulley 
which multiples the stroke of the piston 5^ times, and causes 
the lift to rise or fall as required. 

THE PRINCIPLE OF COUNTERBALANCING FLUID PRESSURE. 

166. In applying water-power great use is made of the 
opposition of liquid pressure, and it may be an advantage 
to trace this idea in its application to purposes which are 
entirely different. 

I. By opposing fluid pressure we obtain two different 
powers in an hydraulic cylinder. 

Let A B represent an hydraulic cylinder, and conceive that 
the work is done while the piston p is being driven from 

Fi& Z58. 



A to B. If the full pressure of the water be exerted on the 
side A p, while that on the side b p is removed, the engine 
will give out its greatest power. Whereas if the pressure or 
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the side b p be opposed to that on the side a p the power 
exerted will be greatly diminished. 

Let 2d5 be the area of the piston, and a that of the piston 
rod,/ the pressure of the water, c and d two pipes, which 
may lead either to. the accumulator or to the exhaust at 
the control of suitable valves. 

(i) If c be open to the accumulator, and d to the 
exhaust, the pressure on the piston is 2 pa, 

(2) If cand D be both open to the accumulator, the pres- 
sure on the piston is 2pa —pa, or is equal to pa. 

(3) If c be now opened to the exhaust, the water-pressure 
in p B will suffice to cany the piston back from b to a. 

2. J3y opposing Jiuid pressure an ordinary plunger pump 
may be made double instead of single acting. 

We have already seen that a lifting and plunger pump 
combined is double-acting, or forces the water at each stroke, 
but this compound pump does not work well at extreme 
pressures. In forcing water into the accumulator against a 
pressure of 700 lbs. on the inch an air-vessel is inadmissible, 
and in truth every precaution is taken to prevent air from 
entering with the water. It is therefore an advantage to 
convert the common force-pump into an apparatus propel- 
ling the water at each stroke. This may be done by opening 
a passage into the cylinder at the back of the piston, for it 
will be seen, on inspecting the diagram, that the piston p and 
the valves e, f, form an ordinary force-pump, and that the 
peculiarity in the arrangement is the open pipe c leading into 
one end of the cylinder. 

Here a b is the pumping cylinder, p the piston, p q the 
piston rod, whose sectional area is half that of the 
piston ; h a pipe leading to the accumulator, e and f two 
valves outside the pump, k the pipe leading to the reservoir 
from which water is drawn. As the piston moves from b to 
A the valve e opens, f closes, and the water in a b is forced 
into the accumulator ; that is, a quantity of water whose 
volume is half the content of the pump passes through Hr 

R 
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At the same time p b is filled with water at the ordinaiy 
pressure. 




AVhen the piston returns from a to B the valve E closes, the 
watel: in p e is compressed ; and as there is no escape except 
through F, its pressure immediately rises sufficiently to Open 
K, and the water in p B is forced into the accumulator. But 
the space a p fills with water under pressure during this 
movement, and one-half the pressure on the piston P is 
counterbalanced. Hence one-half of the water contained 
in the cylinder is forced through h during the return stroke. 

The doctrine of work is here admirably exemplified. It 
might be imagined that work was lost by the opposition of 
pressures ; but no such loss really occurs, for the measure 
of the work done is the quantity of water which finally 
leaves the pump. If positive work be done on one side 
of the piston, negative work is done on the other side, and 
the effective sum is the difference of the amounts of work 
performed by the opposing forces. 

3. By opposing pressures we obtain a balanced valve tuhkh 
can he opened by a small force. 

The principle under discussion applies in every case of 
fluid pressure, whether the fluid be a gas or a liquid, and we 
may instance a disc valve which opens against the pres- \ 
sure of steam. With a single valve the whole pressure 
on its area must be overcome before the valve can be 
raised, whereas if two equal valves are threaded on the 
same spindle, the pressure on one disc counterbalances that 
on the other. 
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The valve, called a double-beat disc valve, is shown in 
the sketch. The steam passage leads from e to the passage 
beyond f, and two discs a, b, are Fig. rfo. 

fitted on the spindle. The pressure • 
on the under side of b balances that 
on the upper side of a, whereby the 
steam is powerless to resist the raising 
of the compound valve. 

The student should compare this 
valve with the crown valve described 
in Art, 113, and he will see that the 
principle of both valves is the same ; 
the opposition of fluid pressure 
taking place on the curved surface 
of the crown valve, but directly on the discs of the valve 
here described. In organs a double disc valve is used ; but 
the construction is different, for the valves are attached to 
the two ends of a lever, centred midway between the open- 
ings, whereby one moves inwards against the air pressure, 
^d the other moves outwards in the direction of the current 




CHAPTER IX. 

ON MOTION IN ONE PLANE, 

156- In the Introduction we proved four equations which 
apply in the case of a body falling from rest, viz., 

2 2 

and we also ppinted out that these equations, though proved 

only in the case of a body falling under the action of gravity, 

were not so restricted, but were true generally. 

That is, if/ be the velocity generated in one second in a 

R 2 
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body by a constant force acting in the line of its motion, we 
have the equations, 

V ^=ift, S = — fv,S=s —ft ', Z' * = 2fs, 
2 2 

Prop. To find the equations of motion when a body is 
projected in a given direction and acted on by a constant 
force in the line of its motion. 

The velocity of projection would carry the body uniformly 
through space, and if we conceive that a velocity equal to- 
that of projection is impressed both on the body and the 
region in which it is, the relative motion of the body to the 
surrounding objects will be unaltered. But in that case the 
body will be at rest, and the region around it will move. 

Now suppose the force to act on the body at rest, let /be 
the velocity which it generates in one second, / the time 
of motion, then // is the velocity acquired by the body ia 
/ seconds, and \ft'^ is the space described in the same time. 

Let v be the velocity of projection, then the region has 
been moving with a uniform velocity v, and has described a 
space / v in / seconds. Hence if v be the velocity, and s 
the space actually described by the body relatively to fixed, 
objects in the region during the time /, we have 

z; = v+//, orz/ = v— //, . . . . (i) 

j = /v+ -/^S or j= /v- i//2 ... (2) 

2 2 

according as the force acts to increase or destroy the velocity^ 
of projection. 

In like manner, we have z/2 = (v+//)2 

= v2+2v//+/2/^ , 

/. Zf2 =: v2 -f 2/i-, or V2 = V 2 _ 2fs, . . (3) 

taking the signs as in equations (i) and (2). 

Note. In the case of a body projected vertically we have- 
merely to write g in the place of/, taking the negative signs- 
yhen the body is thrown upwards, and the positive signs, 
it is thrown downwards. 
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Ex, I. The velocity of projection of a body is 8^ : find the time in 
which it rises vertically through 14^. 
Here zr' =3 w* — 2^ j « 64/- — 2^ x 14^ = 36^. *,v -^ ±. 6^. 
and 6^ =s 8^ — gt^ /. / = 2 seconds. 

Ex» 2. A body is projected vertically upwards with a velocity of 100 
feet per second : find its height after 3 seconds. Ans, 155*' ^*^t» 

Ex. 3. With the same data, after what interval is it 140 feet above 
the point of projection ? Aiis. After 2*13 or 4-08 seconds, 

Ex. 4. A body is thrown vertically upwards w^ith a velocity of 161 
feet per second from the top of a tower 2142 feet high. In what time 
will it reach the ground, and what velocity will it acquire ? 

Ans. Time = ii*2 seconds, velocity =» 199*4 feet. 

Ex, 5. A body thrown up wdth a velocity of 60 feet reaches the top of 
a tower in 2 seconds. Find the height of the tower. Aiis, 55 '6 feet. 

Ex, 6. Two bodies, A and B are moving towards each other, from 
the two extremities of a vertical line of length a, A having been let fall 
from rest at the top of the line at the same instant that B was projected 

upwards from the bottom with a vertical velocity ^. Determine 
where they will meet. Ans, 7 "155 feet from the top of the tower. 

ON MOTION ON AN INCLINED PLANE. 

157. If a body of weight w be placed on a smooth plane 
inclined at an angle a to the horizon, the component of w 
along the plane is w sin a. Hence the velocity generated 
in one second in the body by this component will be g sin a. 
If, therefore, we write g sin a for g in the previous equations 
we shall obtain formulae applicable to motion on an inclined 
plane, and subject only to the restriction that the body is so 
projected as to move always in the same vertical plane. 

Hence, with the same notation as before, we have 
z;=v4:^^sina, (i) 

j = /v + - r/2 sin a, . . . (2) 
— 2 ^ 

z/2 s=s v^ + 2^j. sin a ... (3) 

Ex, I. A body slides down a smooth incline in 10 seconds, and ac- 
quires a velocity of 5^, show that height : length =1:2. 
Ex, 2. A rough plane rises 4 feet in 3 horizontal, the co-efficient o£ 
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friction is J, and a body is projected up the plane with a velocity 3^. 
Find how far it moves along the plane, and the time before it returns 
to the starting-point. Ans, 4 J g feet, 5*7 seconds nearly. 

Ex, 3, A body is projected down an inclined plane with a velocity 
acquired in falling down its height, and it describes the length of the 
plane in the time of falling down its height. Find the elevation of the 
plane. Ans, The angle whose sine is a/2 — i. 

Ex, 4. A weight P, descending vertically, draws w up an inclined 
plane, whose angle of elevation is 30°. Determine the velocity of p 
after n seconds have elapsed* 

ON MOTION IN A CURVE WHOSE PLANE IS VERTICAL. 

168. The velocity which a body acquires in falling down a 
smooth groove or curve when its weight is the only force 
causing motion, may be found very simply from the doctrine 
of work. The reaction of the curve is everywhere perpen- 
dicular to the direction of motion, and it is clear that this 
reaction does no work in accelerating or retarding the velo- 
city of the body. It is the pull of the earth that does work 
and impresses a velocity equal to that acquired in falling 
down the vertical depth of the curve. Hence if // be the 
vertical depth of the curve, v the velocity of projection, v 
the velocity of the body, we have, as before, 

z;2 = v^ + 2ghy or z;^ = v^ — 2g/u 

THE VELOCITY OF EFFLUX OF WATER UNDER PRESSURE* 

169. Connected with this subject of the motion of a falling 
body is the law which regulates the velocity with which water 
issues from a small orifice in the side of a vessel containing 
it. The fact here presented is one of great interest It is 
a property of fluids under pressure that their particles are 
ready in an instant to start out with a velocity dependent on 
the pressure, and to take up motion at once in any path 
which may be opened for them. In doing so they obey 
definite laws which are only partially understood. The con- 
version of fluid pressure into momentum, and the reconver- 
sion of such momentum into pressure, should be carefully 
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studied wherever the phenomena are observed. We have 
here only space for one simple proposition, restricted in its 
application to j/«tf// jets. 

Prop, To find the velocity with which water issues through 
a very small orifice in a vessel containing it 

For simplicity we will suppose the vessel to be supplied 
with water as it leaks out, whereby the surface remains at 
one height. Let v be the velocity at the orifice, w the 
weight of a small portion of the fluid issuing with that 
velocity, and h the depth of the orifice below tlie surface. 

Then the kinetic energy stored up in w is represented by 



wv 



2 



But the portion w, if it had descended from the 

surface to the orifice, would have had an amount of work 
represented hywh impressed upon it; and if we further 
suppose that there is no loss by friction, we may equate 
these two expressions for the work done, and shall have 

2g 



or v^ =: 2 g //, and v =s ^/2 g A i= S v^//, very nearly* 
It may be objected that the motion begihs long before 
any portion of the fluid at the surface has reached the orifice^ 
which is quite true, and the proof is not a complete 
demonstration. It is, however, certain that the flow goes 
on without change so long as /i remains constant, and that 
after a time some portion of the liquid near the surface will 
have escaped from the orifice, according to our hypothesis. 
The safer course probably is to regard the formula as the 
result of experiment. 

There is an instructive illustration by Mr. Bramwell, who 
caused a jet of water to issue from a cistern and to impinge 
against a horizontal mouth-piece at the bottom of a vertical 
glass tube. The water in the cistern was maintained at a 
constant height of 4 feet, and the water in the glass tube 
rose to a height of 3 feet ii| inches, and there remained. 
Here was an example of the reconversion of the momentura 
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of the liquid impinging at the mouth-piece into the pressure 
of the head supported in the glass tube, the loss being re- 
presented by a head of \ of an inch. 

In the proposition given above ihe pressure on the sur- 
face of the water is equal to that on the issuing jet. It may 
happen that these pressures are very unequal, as is the case 
when water enters the condenser of a steam-engine ; we then 
take their difference and obtain an effective head of water 
by combining the imaginary head due to this difference with 
the actual head in the vessel. 

Ex. I. The head of water is 3 feet, the external barometer stands at 
30 inches, and the barometer gauge of a condenser shows 24 inches r 
find the velocity with which water enters the condenser through a small 
orifice. 

Here the artificial head = 24 x 13*6 inches =* 27*2 feet. 

Therefore z/* *= 2 ^ (3 + 27*2) « 64-4 x 30*2 = 1944-88 feet, 

and z/ = 44*1 feet per second. 

Ex, 2. The reconversion of liquid momentum into pressure is also 
exhibited by the experiments of Mr. Ramsbottom when arranging for 
tlie supply of water to a locomotive while running. 

I-^t h = ^\ feet, then 2/2 = 64-4 x 7-5 = 504 feet, and v = 22*5 feet 
per second nearly, which corresponds to about 15 miles per hour. It 
was found, on trial, that with a velocity of 15 miles per hour, the water 
was raised 7j feet up the delivery pipe, and remained stationary at 
that height. The velocity of the water relatively to the delivery pipe 
was fifteen miles an hour, although in one sense the water was at rest. 

THE VELOCITY OF EFFLUX OF GASES. 

160. In estimating approxifnately the flow of gases through 
a small orifice it is usual to make the same hypothesis as 
that adopted in finding the height of the homogeneous 
atmosphere, viz., that the gas is incompressible and behaves 
as a liquid. 

Let the pressure of air support i inch of water. We know 
that 29-922 X 13*596 inches of water balance 26,214 feet of 
incompressible air, therefore i inch of water will balance 
64*4 feet of air. This fact will be very easily remembered. 
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Or we may say that the density of air at 32° F. is '380728 lbs. 
per cub. foot, and that of water at 39*''4 F. is 62*425 lbs. 
per cub. foot, from which data we deduce the same result. 

We will suppose the air to be contained in a vessel a and 
to flow into a vessel b. Let the difference of pressures in a 
and B as measured by a water gauge be x inches. Then the 
velocity 7f of issue is approxin^ately given by the formula 

V =- y/ 2g X 64*4 X = 64.4 a/ X 

The general formula is z/ = ^ 2gh, where h is the height 
of a coluimi of air or of the gas, supposed incompressible, 
whose weight balances the difference of pressures outside and 
inside the vessel containing it. 

Ex, I. Steam in a boiler is at 60 lbs. actual pressure ; compare the 
velocities with which steam and water will issue from small orifices 
tespectively connected with the steam and water spaces. 

At a pressure of 60 lbs. the volume of steam is 464 times that of the 
water from which it is produced. Both the steam and the water rush 
out under a pressure equivalent to 3 atmospheres, and the head of 
Gteam is 464 times the head oi water, whatever that may be, therefore 

vel. of steam : vcl. of water =* V464 : I = 21*5 : i. 
AN EXPANDING CHIMNEY FOR THE DISCHARGE OF AIR. 

161. In Fig. 19 the air discharged from the fan is not 
poured directly into the external atmosphere, but passes 
through an expanding chimney, which gradually reduces its 
velocity, the object being to prevent a loss of power. It is 
evident that the velocity of a stream of air when passing 
through a pipe will become less as the pipe is enlarged. * 
Of that there can be no doubt. Taking with us the principle 
that action and reaction are equal and opposite, let us con- 
sider the case of a mass of air entering the narrow neck of 
an expanding y7//^ or chimney at a high velocity, and dis- 
charging itself finally at a low velocity. This illustrates 
the reconversion of momentum into pressure. The mole- 
cules of air move more and more slowly and finally encounter 
the inert atmosphere outside. Here they are crowded to- 
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gather, the space becomes more densely packed, and finall)f 
this reduced momentum terminates quietly in an increase of 
air pressure. If the air rushed out, unaided by the expand'* 
ing chimney, it would meet with much greater resistance ; it 
would set up eddies and would be clogged in every direction^ 
whereby the engine would be mere severely taxed, and 
steam-power would be wasted. 

THE PARALLELOGRAM OF VELOCITIES. 

162. It is evident that the velocity of a body at any instant 
may be completely represented by a straight line. 

1. The length of a line represents the number of feet 
travelled over by the body when moving uniformly, or it 
represents the number of feet which would he described in 
one second if the body retained for one second the velocity 
which it has at the instant considered. 

2. The direction of the line represents the direction of 
motion. 

Now the proposition of the parallelogram of forces applies 
to the composition of forces represented by straight 
lines, and it would apply equally to the composition of 
velocities represented by straight lines. Mutatis mutandis 
the proof may be gone over almost word for word and the 
conclusion is the same. Hence we may resolve or com- 
found velocities just as we resolve or compound forces. 
Referring to Fig. 33, we say that a body starting from a 
with a velocity z' in a direction making an angle a with ax 
has a velocity v cos a along a x and v sin a perpendicular 
to it, and tiius we resolve v into its components. 

ON THE MOTION OF PROJECTILES. 

163. We have only space for a few propositions in connec- 
tion with this subject, and we shall suppose the motion to 
occur in a space devoid of air. It is a well-established fact 
that the resistance of the air exerts a most important influ- 
ence in modifying all theoretical conclusions as to the motion 
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Fig. z6i« 



of a projectile, and accordingly the results we are about to 
deduce cannot be applied in practice. Nevertheless, those 
who intend to pursue the science of gunnery must begin 
by studying the path of a projectile in vacuo. 

Prop. A body prDjcctcd in any direction which is not ver- 
tical, and acted on by gravity, will describe a parabola. 

Let A be the point of projection, a t the direction, and 
V the velocity of projection. Conceive that the body moves 
in some unknown curve a p, the nature 
of which we are about to determine, and 
let / be the time of flight fiom a to p. 
Draw p T vertical and meeting a t in t, 
complete the parallelogram tv. It is 
evident that the body has two motions 
always existing, viz., (i) the original a^ 
motion of projection in at, (2) the 
motion which it would acquire in falling -v 
from rest during the time of flight These 
two rectilinear motions combine to give the curved pathAP. 




Therefore 



AT = /Z' TP=:- e 

2^ 



.% TP = -.^. 
2 



AT2 



or p v^ = — X A v. 
g 



This relation between pv and a vindicates that the curve 
is a parabola whose axis is vertical. 

Some miscellaneous questions now present themselves. 

I. To find the time of flight on a horizontal plane ad 
drawn through the point of projection A. 

Let V be the velocity of projection, a the angle of eleva- 
tion. Then v cos a, v sin a, are the resolved velocities in 
and perpendicular to a d. 

During the flight, v sin a is 
destroyed by the pull of the 
earth, and generated again,, 
for the body comes down at d 
with the velocity with which it rose from a. 
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Let / be the time of flight, then in time — the velocity 

V sin a is destroyed by gravity, therefore 

gt . 2Z/sina 

2 g 

2. Tofitid the range a d. 

Since the horizontal velocity, v cos a, is uniform, we have 

. 2V sin a 27^^ • 
A D =3 /t'COS a = z; COS a X = sm a COS a. 

g g 

3. To find the greatest height to which tlie body rises, 

Suice V sin a is generated in falling down a height equal 
to B E, we have 

V^ sm** a = 2^ X B E, /• B E = • 

4. To find tlie time offiight on an inclined plane a d passing 
through the point of projection. 

' Let A be the point of projection, a d the plane inclined at 

an angle a to the vertical, a t the direction of projection 

Fig. 163. making an angle Q with the plane, 

' V the velocity of projection, and let / be 

the time of flight through a d» 

Then v cos 0, v sin ^, are the com- 
ponents of V along A D and perpendicu- 
-A. B lar to it ; also g sin a, g cos a are the 

components of ^ along d a and perpendicular to it. 

Now the velocity *v sin d is destroyed in time — by the 

resolved pull of the earth in a direction perpendicular to a d, 

^T. r ' a ^ ,. 2 7/ sin 6 
therefore z/ sm = — ^ cos a, and / = • 

2 g cos a 

5. To find the range xjy. 

Since the velocity v cos Q is affected only by the resolved 
pull of the earth along d a, we have 
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A D = / z^ cos Q — -^sin a. /^, 

2 

2 z' 2 sin 6 cos 6 I . 4 z' ^ sin 2 ^ 

^ cos a 2 j^ ^ cos ^ tt 

2^/2^ Sj'n ^ 



^cos^ 



— ( cos a cos — sin a sin (^ J, 



2 z' *. sin {). cos (a + 0) 

^ cos ^ a 

AUter, Draw D E perpendicular to a e, then a e would be 
described in time / with a uniform velocity v cos (a + 0), 

. .^ * », ^r.r, I 1 /i\ 2 z' ^ sin cos (a + ft), 
/. A e = / z' cos ( « + 6) = ^ — ! — .'* 

g cos a 

But AD=^ ...AD=ifil^ia«££!Mil). 

COS a ^ cos ^ a 

6. 5^7 ^«// the greatest perpendiadar distance of the body from ' 
the inclined plane. 

The body will be moving parallel to the plane when most 
distant from it, for v sin ft is then destroyed. 

Let s be the required distance, then, as in case 3, we have 

o • o n . v^ sin ^ ft 
z/^sin^ft = 2P-j cos a /. j = . 

2^C0Sa 

7. Tib yf;^^ d5 relation between the horizontal and vertical 
co-ordinates of the projectile at any instant. fig. 164. 

Let A be the point of projection, a t the \l 
direction of projection, a x, a y, horizontal 
and vertical axes, p the position of the 
projectile at the end of / seconds, v the 
velocity of projection. aT n S. 

Then, as before, x=. tv cos a, j = / z^ sin a — i^/^, 

2 

Substituting for t. we have y = ^ tan a ^^ — =-• 

2 z' * cos ^ a 




254 Principles of Mec/ianics, 

EXAMPLES ON THE MOTION OF PROJECTILES. 

164. In Art, 135 we explained the meaning of the term 
elasticity y and we may here point out that when the velocity of 
rebound of a body impinging in a perpendicular direction 
upon a plane, is equal to the velocity with which it strikes, 
the elasticity between the body and plane is said to be per- 
fect ; if the velocity of rebound were J that of before impact, 
the elasticity would be '5, and so on. It is usual to call 
the ratio of these two velocities e^ and many exercises are 
given on this subject. According to the present view of 
the nature of elacticity, the co-efficient e is equal to -{4 ^^r 
hardened steel and ^ for glass. Some of the following 
examples will illustrate these remarks. 

Ex. I. A ball of elasticity ^, is projected with a velocity v, at an eleva-. 
tion o, and at a distance a from a vertical wall. Prove that it will 

iietum to the point of projection when v^ sin 2 a = «CfLAi_lL££, 

c 

Let A B = AT, then the whole time of flight is equal to 
the sum of the times through A Q p and P R A 
P . 2 z/ sin o _ a a * 




:osa \ e / 



g vcosa. evcosa vcoso, 

/.^.2sin2a = ^^:rLlL±r). 

/• B ^ ' 

Ex. 2. A perfectly elastic ball falls from a height h upon a plane 
inclined at 30° to the horizon. If t be the time of falling, show .that 
the time of flight = 2 /, and the range = 4 ^. 

Here the resolyed velocities are - , 5, where v- = 2^/1, 

2 2 

Let /'be the time of flight, then !^5 = ^^. ? or, / = ?^ ^ ^ * 

222 ^ " 

Also range = ^ + i. -^ . f^ = ^"'"'l = ./^ h. 
222 ^ 

If the elasticity were -, the range would be ^- . 

2 2 

Ex, 3. Find the elevation of a projectile which has the greatest range 
on a horizontal plane. 
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Here the range = — sin a cos a = — sin 2 o, 

i S 

and the range is greatest when sin 2 a is greatest, or when a = 45®, 

The greatest range ever obtained by a projectile has been 11*243 
yards. The projectile weighed 250 lbs., and it was fired from a "Whit- 
worth 9-inch gun at an elevation of 33®. The trial took place at Shoe- 
buryness in 1868. 

Ex, 4. The velocity of projection of a projectile is 1,000 feet per 
second, and the range is 500 yards: find the angle of elevation, and the 
^eatest height to which it rises above the horizontal plane. 

Ans, 1° 23', about 9 feet. 
Ex, 5. A body is projected at 45® with a velocity acquired in falling 
down 2§ the height of a tower, viz. h. Within what limits of distance 

from the tower will the projectile pass over it ? Ans, 4 //, or 3_i, 

3 
Ex, 6. Find the two angles of elevation which give the same range 

on a horizontal plane through the point of projection. 

Ans. The angles are a, and 90 — a. 

Ex, 7. If 2/, v\ 2/', be the velocities at three points P, Q, R, in the 

path of a projectile where the inclinations to the horizon are o, a — /3, 

a — 2 )8, respectively, and /, t^ be the times of describing P Q, Q R, 

respectively, show that z/'/ = z//', and i + -L = ^^^ . 

V if V 

Here z^cos a = z/ cos (a — j3) = z/' cos (a — 2)3), 
gt ^ z/ sin a — z/ sin (a — )8), 
g^ ^ z/sin (a »- iS) - z/'sin (a - 2)3). 
The solution is merely an exercise in combining these equations. 



CHAPTER X. 

ON CIRCULAR MOTION. 



165. Prop, A body of weight w, describes a circle of radius 
r, with a uniform velocity v ; to find the direction and magni- 
tude of the force f which produces this motion. 

It is clear that some force must act, otherwise the body 
would describe a straight line and not a circle. Again, the 
force in action neither accelerates nor retards the body, and 
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therefore its direction must so change as to be always per- 
pendicular to the line in which the body is moving, and 
must point to the centre of the circle. 

Let A p be a very small arc of the circle described round 
c in time /, draw cpq meeting the tangent at a in q. 
Fig. 166. If no force acted, the body would 

-^ move from a to q in a small interval of 
time, but the force f pulls it through 
Q p, and retains it in the circle. Let / 
be the velocity generated in i second in 
the body of weight w by the action of 
the force f, then 

f = — ^ . 

Produce qpc to d, then by a property of the circle^ 
QP X QD = QA*. Let Q p = :«:, therefore 

^ (2 r + ^) = Q A 2, or 2 r ^ + ^ 2 = Q A 2. 

Now the arc a p is so small that we may take a p as equal 
to Q A, and may neglect x^^ ,\ 2rx ^ av'^. 

But the motion in q p is quite independent of that in the 

circle, therefore qp = -//*., or ^ = - ft\ Also the 

2 2 

motion in the circle is uniform, therefore a p = / z^. 
/, 2 r X - ft^ ^=it^v^, and fr^^v^^ 




/. F = 






This is the equation which governs the law of circular 
motion ; in applying it we observe 

1. That an inward pull must act on the body, which is 
called the centripetal or centre-seeking force. 

2. That the reaction to this inward pull will be felt on the 
centre when the body is attached thereto by a string or light 
rod. The reaction produces an outward pull on the centre 
itself, which is called the centrifugal or centre-flying force. 
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The result is that the centre continually tends to move in a 
direction pointing to the revolving body. When a wheel is 
loaded on one side, so that its centre of gravity does not 
exactly coincide with the centre of figure, there will be a 
tendency to jump. in the bearings during each revolution. 

Suppose a wheel 3 feet 6 inches diameter to nm at a 
velocity of 50 miles an hour, and to be a little out of truth, 
whereby 9 lbs. in excess is distributed on one part of the rim. 

Here w = 9 lbs, z/ = — , r == ~, 



, wz/2 _ 9 X 220 X 220 

** ^^~ 9 X 32-2 X J. ~ """7 

4 



2^ = 858-8 pounds. 



This is a pull of more than 7^ cwts., and each revolution 
occupies about yV second. Every time that the loaded part of 
the wheel describes the upper half of its circular path this 
force of 7^ cwts. is in action to lift the wheel, and is a 
direct Hfting force at the instant of passing the highest point. 
The vibration, which is set up in heavy revolving mechanism 
when unbalanced, soon becomes intolerable. Yet in the early 
days of screw engines the two cranks were unbalanced. 
The same is true in light mechanism, running at a high 
velocity ; thus in some wood-carving machinery a tool 
was fixed in the rotating spindle by a small capstan head- 
screw, weighing 150 grs. ; and although about half that 
weight was buried in the spindle, it was found necessary to 
balance the screw-head, as an injurious vibration was set 
up. Here the spindle made 7,000 revolutions per minute. 

£x. I. A body whose weight is lO lbs. is whirled round in a circle of lo 
feet radius with a velocity of 30 feet per second. Find the force F to 
the centre. 

Here f - ^ - '° " 9°° - 28 lbs nearly. 
gr 32*2 X 10 

Ex. 2. The diameter of a circle is lo feet; find the time of a re- 
volution when F a- w. Ans. 2*445 seconds. 
£x, 3. A body, of weight W, is whirled round by a string in a 

S 
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vertical circle. Prove that the string must be able to support at least 
6 times the weight of the body. 

The velocity at the highest point must be just enough to keep the 
body in the circle to prevent its dropping out of the curve. Let v be 
this velocity, a «= radius of circle, then v^ ^ ga. 

Also (velocity) ' at lowest point — a^xafl + z'?™ S^^* 

Hence tension of string : w ■■ ^ f 5^ : ^ «* 6 : I. 

a 

.*, Tension of string = 6 w. 
MEANING OF THE TERM VIS VIVA. 

166. It has been explained that the amount of work stored 
up in a body of weight w, when moving with a velocity z', 

is measured by the expression — . 

Formerly it was the practice to call this quantity \ the 
vis viva of the body, and the term vis viva is still very com- 
monly used, although beginning to be replaced by the phrase 
kinetic efiergy. It will be understood that the vis viva of a 
body is twice its kinetic energy. 

When a body is in motion in any line, whether straight 
or curved, and has a given linear velocity, we estimate the 
work stored in it by \ the product of the mass into the 
square of its velocity. Thus the work stored up in a heavy 
weight placed at the end of a revolving bar depends only on 
the mass and the square of the linear velocity. The force 
to the centre in no way influences the 1 esult, except so far 
that it is necessary to maintain the motion ; and we shall 
illustrate these remarks by referring to a stamping press. 

THE FLY PRESS. 

167. The Fly Press is employed for stamping or coining 
metals. Here two massive balls are fixed at the ends of a 
long bar or leve", connected with a screw of somewhat rapid 
pitch, which carries the die or punch intended .to act on the 
piece of metal. A workman rotates the screw until the 
work is reached ; the whole moving mass is theo brought 
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suddenly to rest, and a force of great intensity impresses 
the die. 

Let w be the combined weight of the two balls, v the 
velocity of either of them at the instant of impact, then 

W 7)^ 

— '- is the work stored up in them. Also, let r be the 

resistance overcome, supposed to he constant^ and y the space 
moved through by the end of the scrciv, then R j' is the 
work done against r. Hence, by the principle of work, 

R y = , or R = . 

2g 2gy . 

Ex. Two balls, each weighing loolbs., are placed at the ends of 
a horizontal bar or lever 5 feet from the centre of motion. The lever 
imparts motion to a vertical screw of 2 inches pitch working a punch, as 
in the ordinary punching-press. What resistance will the punch over- 
come if the balls have a velocity of 10 feet per second at the moment 
of impact, and the ptmch is brought to rest after traversing a distance 
of ^ of an inch ? 

(Science Exam. 1873.) 

Here v « 10, w « 100 + 100 « 200. 

, wz/* 200 X 100 ^,_ .. r *' J 

/, = — 7 « 3io'5 foot pounds. 

2g 644 ^ ^ V 

R = a= ^ = 37260 pounds. 

Neither the length of the lever nor the pitch of the screw have anything, 
to do with the answer to this example where v is given. 

168. It being understood that uniform circular motion is 
impossible unless the body be pulled in towards the centre 
by a force, and there being no action without an equal and 
opposite reaction, it is evident that we can imitate in a body 
at rest the conditions which obtain during circular motion 
by supplying a force equal and opposite to this centre-seek- 
ing force. 

For example, drop a marble into a hollow circular 
cylinder, and set the cylinder in rotation about its axis, 
which we assume to be vertical. The marble will run to 
the side, and press against it. The side will react on the 

52 
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marble, and give the force necessary for the circular motion. 
If we wished to imitate in the cylinder when at rest the 
action which is going on during the rotation, we should 
^ merely press the marble against the side of the vessel with 
a force equal to that which before kept up the circular 
motion. The result is, that when the body is revolving we 
have a force tending towards the centre \ when it is at rest,' 
we imitate the state of things by means of a force equal to 
the former, and Xj^n^ngfrom the centre outwards. 

In order to make this matter still more clear, we may 
discuss the action of Watfs conical governor, or the conical 
paidulum^ as it is often termed. 

THE PRINCIPLE OF THE CONICAL PENDULUM. 

169. It is a well-known fact that a body suspended by a 
long string may be set ia motion so as to describe for some 
time a circular path in a horizontal plane. 

Let D represent a body of weight w, suspended at c by 
Fig. 167. ^^ string c D, and describing a horizontal 

circle of radius d b with a uniform 
velocity v. Let c b = ^, b d = r, also 
let T be the tension of the string d c, and 
, / the time of a revolution. Appl3dng the 

JT^^—J ^ method just explained we shall suppose 

the body d to be at rest, and to be acted 
on by three forces, viz. (i) its weight, 

(2) the tension t, and (3) the force ^^LUL^ 

£^r 

acting from the centre outwards. 

Since d is at rest on this hypothesis, we have • 

gr gr 

Also the motion is uniform ; therefore 2 tt r s= /z^, and 
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Hence the time of a revolution varies directly as the square 
root of the height of the cone. 

Cor, I. If w be the angular velocity of the line bd, we 
have «; = w r ; .'. w* r* i^ = ^r^, and la^h = ^. 

Cor, 2, If n be the number of revolutions per minute, we 

have / = — , and « = ?5 ^ /C. 

170. We have next to show that if a» be increased, the 
ball D will fly off to a greater distance p^^, ^^g 

from c B. IvCt CD=/, DCB = 0, then 
h^ss^l cos 0, and bt^ h = ^. 



,\ W^l cos ss g^ OT COS 6 = 



- ^ 



Iw^' 




Fig. 269. 



If w be increased, cos is diminished, 
and 6 is increased, whereby d moves up 
into a new position, such as d'. As a general rule, there- 
fore, the body takes a low position with a moderate velocity, 
and rises higher as the velocity increases. 

If the body be constrained to move in a parabola, this 
result will be modified in a remarkable manner, for d will 
remain on the curve at one velocity only, and will take any 
position^ whether high or low. The only 
condition affecting c d is that it shall be 
perpendicular to the curve in every posi- 
tion ; and it is the property of a parabola 
that if D c, d' c' be perpendiculars to the 
curve at d and d' , and d b, d' b' be hori- 
zontal lines, meeting the vertical axis in 
b, b', the height of the cone c b is equal 
to the height of the cone c' b'. Hence, 
with a suitable velocity, the body would 
be at equilibrium at d' as well as at d, and the same is true 
for any other point of the curve. 

Also, ci>' X CB = ^, and when cb is given, whas only one 
numerical value ; therefore only one velocity is possible. We 
thus see what can be done with a parabolic pendulum.^ 




262 Principles of Mechanics. 

ON THE ROTATION OF LIQUIDS IN AN OPEN VESSEL. 

171. We have already pointed out that when a vessel con- 
taining water is made to revolve about a vertical axis, the 
water assumes a hollow cup-like form, and we propose now 
to investigate the law which determines the nature of the 
surface. 

If we place some fine sand in a shallow cylindrical vessel 
open at the mouth, and rotate the vessel rapidly about its 
axis, which must be vertical, the sand will pile itself against 
the side, but its surface will not be curved. The slope will 
be nearly a straight line. If, in the place of sand, we pour 
some water or merciuy into the vessel and rotate it as 
before, the liquid will assume a beautiful curved shape. On 
tr)dng the experiment with dean merciuy, and operating very 
carefully, it will be possible to obtain a concave reflecting 
surface competent to form an image of any brilliant object, 
such as the carbon points of the electric lamp, and to define 
it fairly on the ceiling of the room. The surface so obtained 
would be generated by the revolution of a parabola about 
its axis, and is called 2l paraboloid of revolution. 

Since a liquid is an assemblage of molecules, the mechan- 
ical conditions applicable to a liquid rotating with an 
angular velocity w, are precisely the same as those we have 
investigated. We suppose the liquid to be at rest, and 

apply a force — - — to each molecule of weight m^ and 

whose distance from the axis of rotation is r. Since the ro- 
tation introduces horizontal forces only, the liquid will in 
other respects be subject to the ordinary laws of fluid pres- 
sure. Our object is to find the form of the surface, and we 
argue that its direction at any point is determined by the fact 
that it must be perpendicular to the forces acting upon it 
at that point. 

172. Prop, To find the form of the surface of a liquid 
rotating uniformly about a vertical axis. 

We shall suppose the liquid to be placed in a circular 
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cylindrical vessel D b c e, whose axis k a is the axis of rota- 
tion. Letcj-be the angular velocity of rotation, draw pg 
perpendicular to the surface from any point p, and p n per- 
pendicular to A G. Then the forces Fio. ijo. 
acting on a particle of weight m at p 
are (i) its weight, (2) — " ■ — ■, 

(3) the fluid pressure atP ; also force 
(3) must be the resultant of forces 
(i) and (2), andmustactin pg. But 
p is at rest, therefore the forces are 
proportional to the sides of the 
triangle p G N, and we have 




Hence g n is constant But this, as we have already seen, 
is the property of a parabola, and we return to the par- 
abolic conical pendulum, as was inevitable, since p has no 
tendency to move along the curve a p. It is always instruc- 
tive to observe the same law under two different aspects. 

The conclusion, then, is that the surface of the liquid is a 
paraboloid of revolution. If it were possible to rotate a 
large vessel of mercury without any vibration, we should 
obtain the most perfect concave reflector for a telescope, 
which would be restricted to viewing stars near the zenith. 
Tiie mechanical difficulties to be overcome b' fore such a 
telescope could be constmcted are very formidable. It is 
essential (1) to keep the relation of the liquid perfectly 
constant, as otherwise the focal length of the minor will 
change. (2) Thtre mus'. be no vibration, for the slightest 
tremor on the surface of he mercury would break up 'he 
image ( f a star just as the rippling of a river breaks up the 
reflected image of a distant light 

173. Prop. W^M a mass of liquid rotates in a tylint^rical 
tup, the vertex A falls as much below the original level as the 
edge K rises above it. 
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Repeating the previous figure and notation, let efc be the 
Fig. 17X. original level of the liquid, which, on 

rotation, just rises to e and falls to a. 
Then it is a property of the para- 
boloid that its volume is \ that of 
the circumscribing cylinder, hence 

volume EAC = ^7rAD^ X FA, 

= TT A D^ X a/, also, 
since a/ was the depth of the liquid 
before rotation, therefore 
F A = 2 a/, 

or the point / bisects af, which 
proves the proposition. 

ramsbottom's velocimeter. 

174. When experiments were in progress in order tO' as- 
certain the mechanical conditions for taking up water from a 
trough into the tender, it was desirable to know by inspection 
the rate at which the engine was running. Mr. Ramsbottom 
employed for this purpose a glass cylinder half full of oil, 
and set it in rotation by a cord passing round the trailing 
axle of the engine. The vertex of the surface sank more 
and more as the rotation increased, and its position indi- 
cated at a glance the speed of the locomotive. 

It is a property of the parabola that pn^ = 2GNXan. 

When the velocimeter rotates with an angular velocity w, 
let the vertex be depressed through a depth Xy and we have 



EF^ = 2GN X 2X 



4^ 

W2 



But E F is constant, therefore x varies as w*, or the de- 
pression of the surface varies as the square of the angular 
velocity. Thus the vessel may be graduated. 

Ex. I. A cup 2 inches diameter and 6 inches deep, is half filled with 
oil ; find the number of revolutions per minute, when the oil is just 
brought up to the point of overflow. 

Ex, 2. A cylinder of radius a and depth b is filled with water, and 
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made to revolve with an angular velocity «; to find the quantity of 
water thrown out. 

Let X be the depth to the vertex, which we will suppose to be less 
than b. Then volume thrown out 



2 2 2g 4g 

If half be thrown out, ^^^ - I^, /. « - i ^-^7f 

Ex, 3. A cylinder is 2 feet in diameter and 4 feet deep, and is 
whirled round its vertical axis till a point in the circumference passes 
through 40 feet per second. If the cylinder were originally full of 
water, find the number of cubic feet thrown out Ans. I if. 



CHAPTER XI. 



ON GIRDER BEAMS AND BRIDGES, THE STRENGTH OF 
TUBES, AND THE CATENARY. 

176. We have already explained the meaning of the word 
elasticityy as indicating that property of matter whereby all 
substances tend to recover their original dimensions when 
the forces to which they are subjected return also to their 
original intensity. At present we refer to solid bodies. 

LAWS OF ELASTICITY. 

Take the case of a slender rod, say of wrought iron, 
some 3 or 4 feet long, suspended from one end, and stretched 
by weights hung from the other end. 

1. The amount of extension for different weights will be 
in direct proportion to the stretching weight. 

This law is verified very approximately by experiment, 

2. The amount of extension is in direct proportion to the 
length of the rod. 

It is evident that this law must hold, for the extension in 
every part of the rod is the same. Thus, if a spiral steel 
spring, one foot long, be stretched one inch imder a pull of 
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lolbs., a similax spring two feet long will be stretched t^ii'O 
inches under the same pull of lo lbs. 

3. The amount of extension is in inverse proportion to the 
sectional area of the rod. 

That is to say, on doubling the area of the rod the re- 
sistance will be doubled, and the extension will be diminished 
one-half. 

4. The amount of extension for rods of different material 
depends on the nature of the material. 

Hence we assign to every different substance a certain 
numerical co-efficient called the modulus of elasticity, which 
enables us to say beforehand how much a rod of a given 
form and material will elongate under a given strain. This 
modulus represents an imaginary fact, which could only be 
realised in such substances as india-rubber, viz., that a 
weight in pounds, given by the number registered as the 
modulus, would stretch a square inch bar of the given 
material to double its length. The modulus is an enormous 
number, and tables of its value are given in technical 
treatises. For wrought iron plates it is 29,000,000 lbs. ; for 
copper wire, 17,000,000 lbs. ; for English oak, 1,450,000 lbs. j 
for sheet lead, 720,000 lbs. 

In order to express these laws by a formula, let / be the 
length of a rod before straining it, a its sectional area, p the 
stretching weight, c the modulus of elasticity. Then the 

elongation produced by P = — . 

If L be the length of the rod after elongation, we have 

AC 

Note, These remarks apply equally when the force tends 
to compress the rod, the fundamental law being that the 
amount of compression is in direct proportion to the com- 
pressing force. In order to avoid confusion we have spoken 
only of elongation, but, mutatis mutandis, we deal in the 
e manner with compression. 
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Ex, Find the extension of a bar of wrought iron of \ square inch 
sectional area, the bar being 4 feet long, and loaded with 4 tons. 

Here 4 tons = 8960 lbs., .*. extension » ^ ^^^ — = '03 inch, 

i X 29,000,000 

LIMITS OF ELASTICITY. 

176. It is convenient to examine a law by means of a for- 
mula, and the expression just found enables us to form a 
very clear idea of what is meant by the limits of elasticity. 
So long as the law holds the extension is in some fixed pro- 
portion to p ; and when p = o, l becomes equal to /. 
Every one must have observed tbat it is possible to bend or 
stretch rods of metal out of shape without breaking them, 
hence we say that every substance has a limit of elasticity, 
and this limit is known when we assign the greatest value of 
p which does not produce any permanent deformation in 
the specimen. When p is removed, the length l should 
again become equal to /, as at first The limit of elasticity 
of wrought iron is about 10 tons on the square inch, and 
each ton of strain will lengthen a bar tovodtf^ P^^* 

^ote. In practice the term limit of elasticity is usually con- 
sidered with reference to stretching forces, but there is a 
limit of elasticity for compression, just as much as for exten- 
sion, the test being that the body perfectly recovers its 
original dimensions when the compressing force is removed. 

Note. As soon as we have passed the limits of elasticity 
we observe a new property, viz. ductility^ which it is es- 
sential to register. Let specimens of iron, and steel be 
prepared, 2 inches long in the central part, which is cylin- 
drical, and '5 of an inch in sectional area. Place the specimen 
in a testing machine until it is pulled asunder into two 
pieces. It will elongate and yield throughout, but most of 
all near the centre, where it will finally break. By fitting the 
two parts together and carefully measuring the length of 
the cylindrical portion, we can ascertain how much it has 
■elongated. If the cylindrical part be 2 inches in length 
before testing, and 2\ inches long after it is broken, we 
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should call the ductility 25 per cent It must be understood 
that the only part of die specimen which can yield is the 
cylindrical portion. Sir J. Whitworth states that the ten- 
sile strength, or breaking weight, for a square inch bar of 
Lowmoor iron is about 27 tons, with a ductility of 38 per 
cent The tensile strength of one kind of fluid compressed 
steel has been shown to be 40 tons, with a ductiKty of 32 
per cent; and when the strengths increase to 48, 58, 68 
tons per square inch, the ductilities will fall to 24, 17, and 10 
per cent. The tensile strength of good cast iron is 10 tons, 
with a ductility of | per cent. 

WORK DONE DURING EXTENSION. 

177. Prop, A bar whose length is / is stretched to a 
length / 4- ^ by a force p lbs. ; to find the work done during 
the extension, which lies within the limits of elasticity. 

This is an example of work done against a varying resis- 
tance, which increases in a constant ratio, for if the bar 
stretches through a length x under a pull of i lb., it will 

stretch through 2 x under a strain 
* '^** of 2 lbs., and so on. Take two 

straight lines ab, bc at right 
angles to each other; let bc re- 
present p, and let a b represent c. 
Join AC, take/, ^, two points near 
together in ac, and dxzyfpm^ qn 
perpendicular to a b. It is clear that a tn represents the 
elongation produced by the force/ m. Conceive that the 
force equal to q7i effects the next addition of elongation, 
viz., tn //, and is constant throughout, then the work done by 
q n will be represented by the rectangle q m. Thus the whole 
work done in stretching the bar through a b is represented 

by the triangle a b c, or by the expression — . 

Ex. A force of 10 lbs. stretches a spiral spring through i inch; what 
work is done in extending the spring through } inch ? 
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Here A B = I inch, and B c represents 10 lbs., therefore the work 
required « _ x A x 22 foot pounds = -iof a foot pound. 

THE TRANSVERSE STRAIN UPON BEAMS. 

• 

178. It has been explained in Art, 32 that a transverse 
strain upon a beam is produced by a force acting perpen- 
dicularly to the direction of the beam. We purpose now to 
calculate the dimensions of rectangular beams of any selected 
material which shall be capable of sustaining given amounts of 
transverse strain. The problem is divided into two parts : 

1. We calculate the moment of the forces arising from the 
weight of the beam, or of the load upon it, and we estimate 
that moment about any point which we may choose to 
select. This gives the moment of the breaking force about 
any point of the beam. 

2. We calculate the resistance which the fibres of the 
beam offer to this fracture, and we proceed on the hypo- 
thesis that the fibres of the beam constitute an assemblage 
of elastic bars, which are capable of resisting both extension 
and compression. In this way we obtain the sum of the 
moments of the resistance of the fibres about those points 
in the beam which are neither extended nor compressed. 

By the principle of the lever we equate the moment of the 
breaking force to the sum of the moments of the resisting 
fibres, and deduce the law of strength of the beam. 

179. Prop, To find the moment of the strain which the 
fibres of a rectangular beam exert in resisting extension and 
compression at the breaking point. 

Let D A B c represent a section of the beam by a plane 
perpendicular to its axis, d a = ^, d c = d^i and conceive 
that the beam is supported on the horizontal line c b, while 
loaded at one end by the weight w. The beam itself is 
drawn on a somewhat reduced scale. 

We confine our attention to a narrow vertical strip of fibres 
along AB, and whatever is proved for that strip will be 
equally true for every other similar strip till we arrive at D c. • 
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It is evident that the fibres along a b will be extended on the 
side A, and compressed on the side b, and that somewhere 






between a and b will be a point n, where the fibres are 
neither extended nor compressed. The position of n is 
taken to be in the centre of gravity of the mass of fibres, in 
this case the centre. We have shown the fibres in f l as 
being compressed through b f, while those in a k are ex- 
tended through A E ; the arrows indicating the action of some 
of the fibres in pulling against w where extended, and in 
pushing against it where compressed. 

Let AE = BF = ^, QN = :v, and let the force producing 
the extension p q on a set of fibres at q, whose sectional 
area is one square inch, be m p q, where m is some constant 
Hence the tension on a slice of fibres at q, of breadth b and 
depth dx=: mvq x b dx. 

d 



Now PQ \ e^=. X :an = ::c 



T»^ 2 ex 



2 d 

substituting this value for p q, and taking moments about n, 
we have the moment of the tension on the slice at Q 

2mebx'^dx 



Hence the sum of the moments of the tension of the fibres 

2 m eb 



above n 



(sum of ^^^^). 



It may be proved by analysis that the sum of a series of 
quantities such as x^ dx, taken firom :«: = o, to ^ = -^ ^ is 

d^ 
i -— , therefore the sum of the moments of the tension of 

3 8, 

the fibres above n = ,■ 

12 
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The same is true of the sum of the moments of com- 
pression of the fibres below n ; and therefore the whole 
sum of the moments, both of extension and compression, 

mebd^ . tnebd^ mebd^ 



^ ,ncuu_ ^ n.ouu, ^ g^^2^ 



12 12 6 

where s is a number to be determined by experiment. 

Note, If N be not in the centre of a b, we shall still have 
the sum of the moments of the extended and compressed 
fibres respectively varying as bd^^ and we may take their 
sum as s b d^ ; whence we observe that in all cases the 
moment s ^ ^* is to be made equal to the moment of the 
strain of the external forces. The coefficient s is registered 
in tables, or can be found by experiment. In the following 
examples the weight of the beam is neglected : — 

£x, I. A batten of Riga fir, 7 feet long, 2 inches square, and sup- 
ported at its extremities, is broken by a weight of 422 lbs. suspended 
in the centre. Find s. 

Here we take the formula in Ex. 2, page 100, therefore 

w/^s^^^orl?iJL7jLi2 ^8X2X4. /. s=iio8. 
4 4 . 

£x. 2. A bar of cast iron is 3 feet long and i inch square, and it is 
broken by a weight of 844 lbs. Find s. 

Here 844 x 9 = s x i, /. s = 7596. 

Ex. 3. In a beam of Riga fir, / = 5 feet, ^ = 4 inches, d ^ 6 
inches, the beam being supported at one end and loaded at the other 
end ; find the greatest weight that the beam will support. 

Here w/ = s^aT', /. w = ^^ ^ "°^ = 2659-2 lbs. 

10 

Ex. 4. A beam of Riga fir, 20 feet long and 12 inches square, is 
supported at both ends ; find the weight which it will support at a dis- 
tance of 8 feet from one extremity. 

Heresy ^» - w x 9^ ^ '^, 

20 x 12 

X II08 X 12 X 144 = W x 96 X 12, /. W = 33240 lbs. 
Ex. 5. A cistern which holds a ton of water is supponed on two 
beams of larch (s = 1 127) projecting 4 feet from a wall. Each beam 
is 5 inches deep, what should be its breadth ? 



2/2 



Principles of Mechanics. 



ROLLED IRON BARS. 

180. Having proved that the strength of a rectangular 
beam varies as (breadth) x (depth) ^, we must endeavour 
to dispose the material of an iron beam in a more advan- 
tageous manner than is practicable with timber. There are 
three common forms of rolled bar iron used in construction, 
known as angle iron^ T iron, and channel iron^ where the 
strength due to increased depth is exhibited. 



5S?!!!' 






B 





1. The angle iron has two elongated sides ac,ab giving 
it strength in two perpendicular directions. It is in fact a 
compound beam. 

2. The T iron is a flat weak beam c a c', strengthened 
by a vertical flange a b. 

3. The channel or double angle iron is an improved form 
of T iron, relying for its strength on the two vertical flanges 
a B, CD. It is extensively used in the construction of iron 
bridges, and, as often happens in mechanics, it has proved 
useful in very homely applications. The frames of umbrellas 
are now made of steel wire rolled in the form of channel iron, 
and are stronger and lighter than those of the old-fashioned 
construction, where the ribs were solid square wires. 



cast iron beams. 

181. In the previous examples the dimensions are com- 
monly small, the length of a c in the channel iron, as 
sketched, being 3 or 4 inches \ and we pass on to the con- 
struction of a beam of ccLst iron^ used for supporting a road- 
way, say 20 to 30 feet in length, and technically called a 
girder beam. The object now will be to place the material 
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where it can act most eflfectively, and that is as far as 
possible from n. 

In the case of the rectangular beam the fibres at a and b 
are acted on mroe powerfully than those nearer to n, and as 
soon as they yield the beam will break. If we could con- 
dense the material into two parts about a and b, merely 
connecting them by a web strong enough to prevent the 
beam from bending out of shape or buckling^ we should ob- 
tain greatly increased strength from the same weight of 
metal. Mr. Hodgkinson has investigated the dimensions 
of the best form of cast iron beam, and we give a sketch of 
the beam so determined. 



Fig. 175. 

[E 





Fig. Z76. 
A B 



The resistance of cast iron to direct 
crushing is more than 6 times its resistance 
to tearing. Hence the area of the top flange 
AB, which resists compression, may be \ 
that of the bottom flange cd, which resists 
extension. In practice the area of the top 
flange is often \ that of the lower flange. 
The drawing shows a transverse section of 
the beam at e f. ^ ^ 

The moment of the breaking strain due to a load uniformly 
distributed will increase as we approach the centre of the 
beam, hence the distance between the flanges a b, c d is 
increased from h or k to f, and the beam has the 
curved outline given in the sketch. There is not space to 
discuss this matter fully, but it may be an advantage to con- 
sider the law which governs the form of a beam. Let k c a 
represent a beam of uniform breadth whose section is a b c d, 
and conceive that the beam is supported at the enlarged 

T 
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Fig. 177. 




end and loaded at k with a weight w. Our object will 
be to find the form of the curve kpc when the beam 

is equally strong throughout 
Draw p N vertical and let 

KN = ^, NP=J', AD= ^, 

then the moment of the 

strain at n = w ^, while the 

moment of the resistance of 

the fibres = s (breadth) (depth)* = s by^. 

w 
/. w;r = s^y, or y* = —=-x. 
•^ -^ s^ 

which is the equation to a parabola, and therefore the curve 

K p c is a parabola. The student will have no difficulty in 

connecting this proposition with the ciured outline of the 

beam adopted in a steam-engine. 

WROUGHT IRON BEAMS. 

182. The resistance of wrought iron to extension is some- 
what greater than its resistance to compression, and may be 
taken at 4 tons per square inch in compression, or 5 tons 
per square inch for extension. Hence the upper and lower 
flanges in a wrought iron beam are nearly, and often 
quite, equal in area. Also the material can be used for 
beams of great length, and we take the girder beams in the 
Cannon Street Bridge as the types of this form. 

I. The Box-girder^ in which the upper and lower members 



Fig. 
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AB, CD, are formed of a series of 
plates rather more than \ inch thick, 
connected by plate webs a c, b d. 
For this particular bridge they are 
made 8 feet 6 inches high, 3 feet 
7 inches wide, and 125 feet span. 

2. The Plate-girder^ in which the 
upper and lower members a b, cd are 
formed of a series of plates connected 
by an intermediate web. The span 
and depth are the same as before, 
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but the width is 2 feet 2 inches. The plate and box girders 
are strengthened by angle or T irons, as may be necessary ; 
there are also internal diaphragm plates in a large box-girder. 
The roadway lies on the top of the girders. 

Note 1. In these wrought iron beams theincreased strength 
required as we approach the centre is obtained without 
departing from the straight line form by putting additional 
plates on the top and bottom flanges. 

NoU 2. In the Britannia bridge over the Menai Straits the 
beam is a hollow rectangular iron tube, 
472 feet in length, and the parts a B, CD, 
are formed of hollow beams somewhat in 
the proportion indicated in the sketch. 
There are two main tubes, each of which 
weighss, 270 tons. The necessary strength 
is obtained by the assemblage of hollow 
beams Ijdng along the top and bottom of 
the bridge. The height of the tube is 28 
feet, its breadth is 14 feet ; there are 8 cells 
I j feet square along A b, and 6 cells 2^ feet square along c d. 

THE PKINCIPLB OF THE WARREN GIRDER. 

183. The ordinary plate girder is the best form for 
moderate lengths, but is not adapted for very large spans. 
In both the previous types of girder beam the strength is 
distributed along the whole of the two Imes a b, c d, and it 
will manifestly be a better arrangement to concentrate it 
in the four points a, b, c, d. The beam would then become 
compound, and would consist of two parallel girders, one 
occupying each vertical side of the rectangle a b c d. A 
straight-line bridge would thus consist of two outside girder 
beams, the roadway running between them, and each girder 
beam a c, b d, would he formed of two distinct members, to he 
connected in some way so as to make a perfect beam. The 
first important example of this type of bridge was the 
Newark Dyke Bridge, on the Great Northern Railway, which 
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had a span of 240 feet Here the upper member consists of 
a number of cast iron tubes, increasing somewhat in size 
and thickness towards the centre, and rather more than a 
foot in diameter. These tubes support the compression of 
the upper portion, and are placed at the angles a, b. The 
lower member is formed of a series of wrought iron links, each 
18 J feet long, 9 inches deep, and from i to i^ inches wide. 
These links are placed edgeways, and lie side by side at 
the angles c and d, their number being increased fron? 4 at 
the piers to 6, 8, 10, 12, and finally to 14 at the centre of the 
bridge. In this way the resisting power of the beam is 
increased in proportion to the moment of strain. 

The next point to be studied is the method of connecting 
the upper and lower members of either beam. This is 
effected, not by a continuous web, but by a series of equilateral 
triangles, presenting one type of lattice-girder. In order to 
understand the mechanical action which has to be met when 
the beam is loaded, conceive that two laths of wood are laid 
upon one another, fastened at the centre, and supported at 
the two ends. If this compound beam be loaded in 'the 
middle, it will become bowed, and the ends of the upper 
strip will overlap the ends of the lower strip. In other words, 
each half of the upper member tends to move from the centre 
outwards, when the beam is under the strain of a load. The 
object of the triangles is to prevent this motion, for the 
beam cannot bend to any serious extent when such a ten- 
dency is overcome. 

Fig. x8o. 




Let A E, c F represent the upper and lower members of a 
Warren girder, h k the central line. Our proposition is that 
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when the beam is loaded h a tends to slide a little from h out- 
wards relatively to k c, as does also h e relatively to k f. It 
is evident that a series of struts* ac, tv, rs, will keep 
H A in position relatively to k c and a series of ties a v, t s, 
will assist the action. The struts should all incline to- 
wards the centre of the beam. In like manner h e will be 
kept in its place relatively to k f by a series of struts 
p Q, X Y, E F, all pointing towards h, and a series of tics 
X Q, E Y acting to pull against any movement in h e. 

This matter may be made very clear by experiment Let 
two bars of wood ae, cf, be connected by a series of 
metal strips, such as r s, x q, all pointing in one direction, 

Fig. z8x. 




and also by a series of strings such as t s, p q, it will be 
found that the half beam c H is perfectly strong, but that 
H F will bend out of shape directly. The construction is 
mechanically right from c to k, and wropg from k to F. 
The ties are placed where the struts ought to be, and 
whereas the strings from a to k will tighten under the load, 
those from k to f will altogether lose their tension. 

The same thing may be shown with a model such as that 
represented in Fig. 180. I-.et the beam be supported at c 
and F, and loaded in the centre, the strings will all tighten, 
the struts will act, and the structure will remain rigid and 
immovable in all its parts. But turn the same beam over, 
and let it rest on the ends a, e. Every string will become 
slack, the beam will bend out of shape, and may be broken 
quite easily. 

* A strtU is a bar which resists compression, a He resists extension. 
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The last point to be noticed is, that the struts and ties 
are made lighter and less massive as we approach the 
centre of the bridge. This is the opposite of what happens 
with the upper and lower members, and would not be anti- 
cipated without careful reasoning. Conceive that equal 
weights are hung at the vertices of each triangle in the 
model Any triangle will form an isosceles roof with a tie 
across the base, and there will spring from each vertex a 
pair of equal and opposite horizontal forces travelling right 
and left along the upper member. Fixing our attention on 
the vertex of any particular triangle, we observe that a group 
of forces pointing to the left will come to it from every 
vertex on the right hand, and a group of forces pointing to 
the right will come to it from every vertex on the left hand. 
These will partially counterbalance, and the surplus will 
be greatest at each pier and zero at the centre. Hence the 
struts and ties must be stronger as we approach the piers. 
This peculiarity referred to is very apparent in the railway 
bridge at Charing Cross. This bridge also illustrates the 
use made of channel iron, the upper and lower lines of the 
girder being constructed of plates in the form of channel 
iron with four vertical ribs. 

In order to give an idea of the strength of one of these 
straight line bridges, we may state that the Newark bridge 
was tested by distributing 240 tons upon the entire length 
from pier to pier, when the deflection at the centre amounted 
to 2| inches. The Warren girder has been described on 
account of its simplicity and because it has suggested better 
forms. The steps from a Warren to a lattice girder are 
exemplified in the Charing Cross and Blackfriars bridges. 

THE STRENGTH OF CYLINDERS UNDER INTERNAL 

PRESSURE. 

184. There is scarcely space to touch briefly on another 
subject, viz., the estimation of the thickness cf cylindrical 
steam boilers, or of pipes conveying water under pressure. 
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Prop. To find the thickness of a cylindrical boiler required 
to support a given pressure of steam. 

Let e be the required thickness of the cylinder, r the 
radius of its inner surface, w the tensile strain per square inch 
which the material of the tube is estimated to support We 
shall consider the action upon a small portion of .the tube 
shown in the sketch whose sides are x^ y, and whose thick- 
ness is e. • 

Fig. zSa. 



Ap^cy 
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I-»et/ be the pressure of the fluid, then/ xy is the pressure 
on the area xy. Also ^:«: is the area of the section which 
supports a pressure Q. Now i square inch support w lbs., 
.*. ex square inches will support w^:«: lbs., or q = w^at. 

But by the resolution of forces we have 2 q sin =/ xy, 

and sin 6 = 6 (very nearly) =— , 

therefore ivfexx -^=/^y, /. ^ = -c^. 

2 r w 

Note. Substituting for e we obtain Q =/ r .r. 

Ex. A cylindrical boiler is 4 feet in diameter, and is required to 
support a pressure of 100 lbs. on the square inch. The tenacity of 
riveted plate iron being 34,000 lbs. per square inch, what should be the 
thickness of the material ? 

Here ^ - ^ - !5^JLJ4 ^ 1 i^ch nearly, 
w 34,000 ** ^ 

If the material is hot to support a greater strain than 5,000 lbs. on 
the inch, we have ^ =• '5 inch nearly. 

185. Prop. To find the thickness of the cylinder necessary 
to prevent the flat end from being torn o£ 
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The pressure on the flat end is/ x tt r*, and this pressure 
is supported by the cohesive strength of the material in a 
transverse section w hose area is 2 tt r ^. As before, 2 7rre 
square inches will support 2 tt r^w lbs. Hecce 

„ 2irr^w =/7rr* and ^ = -2_ 

2W 

which is exactly half the value formerly obtained. 

To make this more intelligible, we shall find p and contrast 
it with Q. Now p is the pressure on an area ey, being part 
of a ring whose area is 2vre. Therefore 

P ^y ^ pry 



irr^p ivre 

Collating the results we have q = /r.v, 2 p = pry. 
Take x ^=^ y m our small section, then q = 2 p, or the lon- 
gitudinal strain is twice the transverse strain. Hence a tube 
under pressure is most likely to yield and split open in 
direction of its length, and it may be strengthened very 
materially by means of rings which embrace it at intervals. 
Thus we sometimes see rings cast round very long cylinders 
in a steam engine, and we can understand the great increase 
of strength which a pipe receives from the flange. The 
rule that the strength of a tube is inversely proportional 
to the diameter is well known, and pipes for convey- 
ing water under pressure are always comparatively small 
in size. There is another rule also which we can deduce 
without calculation. Setting aside any weakness due to 
rivets, the hemispherical end of a cylindrical boiler is twice 
as strong as the cylindrical portion. If the section x y e 
were spherical we should have the forces p, p inclining in- 
wards as well as q, q. Hence we should have a doubling of 
the force which mechanically pulls against the outward 
bursting pressure, and deduction is manifest. 

Sir Joseph Whitworth has made some interesting experi- 
ments on the strength of fluid-compressed steel by the gun- 
powder test Cylinders of the metal are turned and bored, 
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and are 4 inches long, \\ inches external diameter, \ inch 
internal diameter. A small charge of powder is inserted in 
the centre of the tube, which is then plugged with wax, and 
closed at the ends by copper cups, similar to the cup leathers 



Fig. Z83. 
B 






of a press. The tube is held in position by screwed plugs 
inserted into a massive cylinder. Successive powder charges 
are fired, which are increased as the tube yields to pressure 
and bulges at the centre. The enlargements for each suc- 
cessive discharge are registered, and finally the tube bursts 
by tearing along one longitudinal line, as shown in the 
drawing, which also gives the tube before firing and after 
several charges have been fired. A good specimen will 
not break into pieces, and our theory has shown that it may 
be expected to yield along a longitudinal section. When 
the material is thickened it becomes absolute master of the 
gunpowder. Thus a cylinder of fluid-compressed steel 2*56 
inches internal diameter, and 2 '63 inches thick has supported 
the strain of a charge of i^ lbs of powder more than fifty 
times without any enlargement worthy of notice. The only 
escape for the powder gas has been through a touch hole 
■^ inch in diameter, and after forty-eight discharges the 
enlargement of the outside diameter was '0485 inch. 

THE CATENARY CURVE. 

186. When a chain is hung fi:om two distant points, the 
curve which it assumes is called a catenary. 
Let £ A D represent a chain hung firom two points E and D 
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in the same horizontal line, a being the lowest point of the 
curve. We shall adopt the artifice of supposing the chain to 
become rigid, and can then apply the conditions of equi- 
librium of forces acting on a body in one plane. 

Note, The chain is of uniform thickness. 

Let A p = J, and assmne that w is the weight of an unit 
of length of the chain, then ws \s the weight of a p. Also 
let wasxid a/ /represent the tensions at a and p. Then 

Fig. 184. 





the portion a pis at rest under (i) the pull at a, which is a 
horizontal force, (2) the pull at p, which acts in the tangent 
at p, (3) its weight, which acts vertically. Construct a tri- 
angle K F G whose sides are parallel to these forces, viz. k f 
parallel to a/ df, k g parallel to a/ /, g f parallel tows. 

Then, by the triangle of forces, if 

K f = J, we shall have k g = /, and g f = j. 

Next draw a b vertical and equal to a^ take 6 a y, 6 x as 
rectangular axes to which the curve is to be referred, and 
let BN = ^, PN =j^. 

I. To prove that y = /. 

Let p p' be a small arc of the curve, draw k g' parallel to 
the tangent at p', and g h perpendicular to k g'. In like 
manner draw p'n' vertical and p q perpendicular to p'n'. 
Let A p' = ^, and conceive the arc p p' to be so small that its 
curvature may be neglected, then the triangle pq p' is equal 
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in all respects to g h g'. Also let accented letters refer to 
p' instead of p, then gg'ssj' — J, gh = pq=^ — x^ 
P' Q =y — ^, H g' = Z' — /, 

but p' Q = H g', .'. y ^y ^f — /. 

Hence the increase of y is equal to the increase of /, but 
y and / are equal at the point a, therefore they are always 
equal, or y^^t, 

2. To find the equation to the cuf ve. 

Since the triangle g h g' is similar to k f g, we have 
gg' g'h_gh .gg' + g'h_gh 



• • 



KG GF KF KG + GF KF 

s -k- y a ' 

Hence by a theorem in algebra (see Art, 67) we have 

log (^ + y )- log(j + y)=^ — ^^. 

at 

That is, the increase of log. {s + y\ in passing from p to p', 

is equal to the increase of x divided by a, and this being 

true for every point is true on passing from a to p. 

/. log (s Jfy) - log(^ + tf)= "^7^ == f' 
or log \ ] = -,andj +^ = «<?^, (i) 

X 

similarly^ —J = d5^ ", (2) 



X X 



therefore 2y^=^a(e'^'\-e ")> 
which is the equation to the catenary curve. 



X 



Cor, Equations (i) and (2) give 2 s ^z a {e"^ — e "). 
3. To prove that the radius of curvature at any point of the 

catenary is equal to -^ . 

a 

Draw normals at p and p' intersecting in o, the centre of 

the circle of curvature, and let o p = r, p o p' = a. 

Then pp' = Ra, gg' = pp'= Ra, and HG = /a, 

but^' = ^ = ^=^, 

HG KF a a 
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...^=i',or^-=AorR=>L*. 
ta a y a a 

Cor, I. The normal pl, obtained by producing op to 
meet b x in l, is also equal to r. 



PL _ KG _^y 



=^!=R. 



For — = fir = :L /.PL 

y iLY a a 

Cor, 2, The catenary has the property that its centre of 
gravity is further below the horizontal line e d than it would 
be if the chain were to assume any other arbitrary form. 
This is evident, for each portion tends to get as low down as 
possible, and therefore the centre of gravity does the same. 
In any other arbitrary curve some portion of the chain 
would be raised and the centre of gravity would also be raised. 

£x. I. Let ED = 800 feet, and suppose that a = 1,600 feet, find 
the length of the chain, and the depth of A below E D. 



X 

a 



i, and the depth ofA=^— ff«'(^* + ^ *)— a. 
4 



Here 

2 

Now> = 271828, /. ^ * = 1-284, ^ "" * = 7788, 

/. depth of A « 50*24. 

800 X -5052 = 404-16. 



AlsoAD=f (<f* -<?"*) 
2 

We can also find the inclination of the curve to the horizontal line 

D E at either point of suspension. Let be this angle, then 



..^c fl K F 1600 
cos a = =s 



, .-. « = rs'' 46'. 



KG 1650-24 

Ex. 2. A chain no feet long is suspended from two points in the 
same horizontal plane at a distance of 108 feet ; find the tension at the 
lowest point. 

In this example the chain assumes a neariy circular form, and the 
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radius of curvature at the lowest point is — or a. 

a 



sind 



F D 

Let A D=/, and we have — 

a 

But sin d « a — -— , when 6 is small, 

6 



. / 

sin-, 

a 



FD 

a 



a 



J or a 



/» 



55'. 



6a»' 6(/-fd) 

/, a = 166. 
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In order to verify the result we will reverse the problem, and find s 
when a » 166. 

54 _ 84 

Here^^f^ — ^ 155 = 1*3844 - 72233 « •6621. 
,\ J « 83 X '6621 = 54*95i whence E AD — 109*9. 

187. If the thickness of the chain varies it may hang in 
curves of varied form, and our present object is to ascertain 
the law of distribution of weight, in order that the chain 
may assume any required curvature. 

Adopting the previous notation, let p p' = s', and let w' 
be the weight of pp'. If fg, in Fig. 184, represents the 
weight of A p, we may take g g' to represent w', also s' = r «, 

and a = — , therefore 



KG 



R kg 



H G_ G G' X F K _W' a 



KG' 



72-» 



s' aR R a^ K 

Ex, I. Let the curve be a circle of radius r, 

/. ^= 5 sec « e. 
s c 

Ex, 2. Let the curve be a parabola. 

Here pg»», ng»/, pg being the normal at P, 

a 



Fig. x86. 



. w' a «a an* 
/. _- - -sec»e «- X -. 

S R R /* 



«• 



But R - -J., by a property of the parabola. 



w' 



^x- 



a 

- % 
n 




S' «» /« 
or the thickness varies inversely as PG. 

THE PRINCIPLE OF THE ARCH. 

188. An inverted catenary would form an arch, and we 
have introduced the investigation into the properties of the 
catenary curve in order to lead the student to form the first 
simple conception of the mechanical principle of the arch. 
In considering the equilibrium of a flexible chain hanging 
from the points e d, it is now evident that any portion such 
as AP, will be at rest under (i) the pull at p, (2) the pull 
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at A, (3) the weight of a p. If the chain were to become rigid 
and inflexible the forces acting would not be changed, and 
if the rigid curve were inverted we should obtain a linear 

Fig. 187. Fig. z88. 





arch which would be at rest under the action of the like 
forces, with the single exception that the pulls at a and p 
would now be converted into thrusts supporting a p from 
below. What we should call a line of tension in the case 
of the ordinary catenary would become a line of pressure, 
and the curve itself would indicate the direction in which 
the force at every point of it was exerting its action. 

189. An arch is an assemblage of wedge-shaped masses, 
taking the form of a ring, and supported by their mutual 
pressures. A portion of an arch is shown in the drawing. 
The separate stones are called voussoirs, the top stone is the 
key stone^ the surfaces cd, ef, between the stones are joints^ 
the internal curve is the intrados, the external curve is the 
extradosy and the supports 21^ piers or abutments. 

There is a theoretical possibility of equilibrium when the 

Fig. 189. 
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joints are smooth. Thus the voussoir ahdc\^^\. rest under 
its weight, and the pressures in directions of the arrows. 
We suppose a ^ to be vertical and draw o x vertical The line 
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o X may be taken to represent the pressure on a h^ while x a 
perpendicular to o x may represent the weight oiabdc, and 
OA drawn parallel to cdwiW. then represent the pressure on 
c D. Proceeding in this manner, we may draw o b, o c. 
parallel to the respective bed-joints, and a b, b c, . . . will 
represent the respective weights of the voussoirs. Also the 
line Q R p will be the line of pressures. 

From what has preceded, we infer that if the line of pres- 
sures of an arch ring were a flexible string loaded at proper 
intervals with the weights of the voussoirs, it would not alter 
its form when suspended at the two ends ; in other words, 
the line of pressures always preserves its relationship to a 
weighted catenary curve. Again, if the joints be smooth, 
the weight of each voussoir must remain a definite quantity, 
and cannot be varied; hence the theoretical arch will 
not support the smallest extra load on any part of it 
Wliereas, if the joints be rough, the weight placed on any 
voussoir may be increased until the angle which the line of 
pressures makes with the perpendicular to the corresponding 
joint is equal to the angle of repose iox the surfaces in contact, 
and this angle may be made as large as we please by rough- 
ening ox joggling the stones. This shows the value of friction 
in preventing the voussoirs from slipping, and thereby en- 
abling an arch to stand when supporting a load. 

But the arch, when heavily loaded, is liable to a more 

Fig. 190. 
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imminent danger than the slipping of the voussoirs, for the 
line of pressures may come to the extreme end of a joint, 
in which case there is nothing to prevent the arch fi-om 
opening, and the structure yields in the manner about to be 
described. In order to trace the action, let us examine the 
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eflfect of a load upon the line of pressures. For this purpose, 
hang a weight p at some point of the catenary curve, and 
the line of tensions will take the new form shown in the 
diagram. If the chain became rigid and were inverted, we 
should have a line of pressures with a raised apex, the two 
portions of which point more directly towards the weight they 
are called upon to support. 

Conceive now that an arch ring is imduly loaded with a 
weight w, the Une of pressures will rise up towards the 
weight, and it may happen that in doing so the line is 
shifted to the extremities of the joints at a, w, c, d. The 

Fig. 191. 




arch may split up into three portions, and may open at each 
of the joints a, b, c, d. The separate pieces are in the same 
condition as a body resting on a plane, and overhanging to 
such an extent that the vertical through the centre of gravity 
falls on the edge of the base. The portion b will come 
lower, but c will rise, and the arch will fall by the opening 
of its joints. Thus the conditions of equilibrium of an arch 
become much more intelligible when we understand the 
eflfect of a load in changing the direction of the line of pres- 
sure. The safeguard consists in preserving the line of pres- 
sures well within the limits of the arch ring under all 
conditions of load. Also since w cannot descend unless c 
also rises, we comprehend that an arch built in a wall is 
almost sure to stand. 
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CHAPTER XII. 

ON SOME MECHANICAL INVENTIONS. 

In this concluding chapter we shall examine a few well-known 

inventions, which exhibit the application of mechanical 
principles. 

THE PRINCIPLE OF GIFFARD'S INJECTOR. 

190. This invention furnishes an illustration of the direct 
conversion of heat into mechanical work, and opens a new 
field for thoughtfiil enquiry. Before describing it we must 
say a few words on induced air currents. 

1. In 1719 Hawksbee showed that when a current of dr 
was sent through a small box the ak within be- 
came rarefied. It is a very old lecture-table ex- 
periment to suck up and drive a jet of spray out 
of a bottle by blowing through a tube A direcUy 
across the mouth of a tube B dipping into some 
water. The current of air passing over the open 
mouth of the tube b carries some of the air from 
the tube with it, whereby the water rises to B, 
and is dispersed in a jet of spray. 

2. About fifty years ago it was observed at some iron 
works that a board falling against a blast of air was sucked up 
to a wall from which the blast issued. The drawing shows a 
small tube A B threaded through a plate CD, with a card e Fin 
front of it. A current of air blown down 

the tube will impinge on e f, and be re- \ 

fleeted to c D before it passes out. This 
current will diveige in all directions from 
D, and will sweep out some air between 
the card and the plate, causing annular 
spaces to exist round B as a centre in • 
which the air pressure is diminished. The 
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atmospheric pressure outside will therefore support the card. 
In trying the experiment, some pins must be placed in c d 
to prevent the card from sliding oflf laterally. 

In both these experiments the original current of air 
induced or set up a current in its neighbourhood, whereby 
the air around it was set in motion and carried away. 

3. The deviation of a musket-ball is due to the fact that 
an induced current is set up by the accidental rotation of the 
bullet about some axis not coinciding with the line of flight. 
This rotation is due to accidental friction or impact inside 
the barrel, and varies with every shot We will take the 
worst possible case where the bullet is spinning about a 

vertical axis and moving in a horizontal line. 
Fig. 194-^ The rotation of a sets up a current in the film 
of air which encircles it, and this current induces 
a like action in a zone of air of some breadth. 
As the bullet passes on its coiurse the effect is 
the same as if we directed a current of air p p 
A upon the bullet encircled with the annular 
current q s. On one side of the bullet q and p move in the 
same direction, but on the other side s and p are opposed 
to each other. It is a well-known fact that when two 
currents of air or gas meet each other they spread out in a 
lateral direction. That is exemplified in the fish-tail gas- 
burner, where two currents of gas are thrown obliquely upon 
each other and spread out into a flat flame. The currents 
p and s, therefore, cause a lateral deviation in the bullet 
and would send it towards the left hand in the drawing. 
The object of the rifling is to cause the bullet to rotate 
about an axis coinciding with the line of flight, when the 
induced current Qs lies wholly in a plane perpendicular 
to p p, and there can be no lateral deviation firom the cause 
described. The so-called derivation of a rifle-bullet is due 
to a different action. 

4. Siemens* steam jet exhauster may be taken as the best 
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of a number of contrivances for setting up induced currents 
of air by a jet of steam, and was referred to in the introduc-f 
tory chapter. 

Here a thin annular jet of steam is employed for setting 
up the induced current The air is discharged through 
the centre of the annulus, and also around the outside, 
somewhat as it is fed to an argand gas-burner. The 
rationale of the arrangement is described by Mr. Siemens 
as consisting in the following particulars : — 

1. The au: passages are contracted on approaching the 
jet, whereby the velocity of the entering air is approximated 
to that of the steam, and there is less loss of efficiency by 
the formation of eddies. 

2. The extent of surface contact between the air and the 
steam is increased by the annular form of the jet 

3" The combined current of air and steam is discharged 
into an expanding tube, whereby its velocity is gradually 
reduced and its momentmn utilised by being converted into 
pressure, (See Art, 160.) 

As an example of what can be done by this apparatus a 
trial was made in exhausting air from a vessel containing 
225 cubic feet The jet was -^ sq. inch in area, and the 
vacuum obtained was 15 inches of mercury after the jet had 
been in action for 3 minutes, the pressure of the steam being 
45 lbs. 

We are now in a position to understand the manner in 
which a jet of high-pressure steam ^^^ ^ 

will be competent to suck up and 
discharge a stream of water from the 
funnel-shaped opening at e. In 
the sketch the tube a b e dips into 
water, and the jet of steam issuing 
through the opening at e drags the |^ 
air v/ith it until some water is "" 

sucked up to the bend, after which time a mixed jet of 
water and steam will spurt out at e. Some part of the 

U2 
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steam will be condensed, and the remainder will break up 
the water into minute globules which are discharged in the 
form of spray. If we used air instead of steam and replaced 
the water by ether we should have a well-known piece of 
apparatus for sending out a jet of ether spray. 

The invention of M. Giflfard was the discovery of the fact 

that the mixed jet of steam and 
Fig. 196. water issuing from e was competent 

to overpower and drive back a 
simple jet of water issuing from the 
same boiler in the manner shown 
in the sketch and that a supply of 
feed water could be forced into 
a boiler without any pumping 
apparatus whatever. 
Since action and reaction are equal and opposite, it is 
abundantly clear that a simple jet of high-pressure steam 
issuing at e from the boiler could never drive back a jet 
of water at d issuing from the same boiler under the same 
pressure. It was a great step in science to discover that the 
absorption of heat which took place at e when the steam- 
jet was mixed up with and encumbered by a stream of water 
could at once furnish a source of energy capable of perform- 
ing work. 

The explanation is to be found in the conversion of the 
motion of heat at the point e. The steam issuing at e has 
a velocity many times greater than that of the water forced 
out at D. This fact will be made clear presently. If the jet 
of steam could be condensed by an indefinite source of 
cold it would be converted into a fine liquid line, and the 
velocity with which its molecules were rushing out would 
not be changed. The vibratory motion of heat would be 
taken away, but the onward motion would remain unim- 
paired. This liquid line would be moving at such a high 
velocity that it would pierce any jet of water coming towards 
it firom the boiler, very much as if it were a steel wire forcing 
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its way through the mass. We know of no source of cold 
competent to produce this result, but what really happens 
is the same in character though less in degree. When the 
issuing jet of steam is mingled with a fine stream of suffi- 
ciently cold water, a portion becomes liquefied, and retains 
the linear velocity which it had as steam. This higher 
linear velocity is reduced at once by the sluggish stream 
flowing up the pipe a b, but, on the whole, the aggregate 
energy of the water globules flowing onward at e is greater 
than that of the water jet coming towards them from d. 
The latter jet is overpowered and driven back, and a quantity 
of water from the cistern at a is continually driven into the 
boiler. Referring to the observations on the velocity of 
efflux of gases in Art. 159, let us take steam at an actual 
pressure of 90 lbs., or 6 atmospheres, which has a volume 
321 times greater than water. Here the 
effective head of water is 5 x (height of 
water barometer), or 5 x 32 feet, and 
the velocity of efflux of the water is 
8^/5 X 32, or 101 '2 feet per second. 
Whereas the velocity of efflux of the 
steam is 8 ^^ 321 x 5 x 32, or about 
1,813 feet per second. This shows the 
comparative velocities with which we have 
to deal. 

191. It only remains briefly to describe 
the apparatus. Steam from a boiler passes 
through a nozzle f, the area of opening 
of which is regulated by a rod d, having 
a conical point. The jet of steam at f 
propels the feed water through a nozzle at 
E, which is opposite a second nozzle b that 
forms one end of a pipe leading to the 
boiler. There is a valve at a opening 
downwards, and the passage fi'om b to a is trumpet-shaped so 
as to reduce the velocity of the stream before it reaches a. 
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The nozzles e, b are inclosed in a. chamber terminating in 
an overflow pipe by which any surplus water can be got 
rid of before Uie apparatus is fairly at work. The amount 
of steam is regulated by 'observing the overflow at the 
nozzle. If there is too much steam the water will not have 
sufficient energy, and will be forced back into the overflow. 
If there is too much water the same result will happen, but 
from a different cause. The whole of the steam will be 
condensed, and its energy will be dissipated. 
. The rise in temperature of the feed water shows the 
amount of energy available for doing work, and it is found 
that the quantity of water delivered into the boiler increases 
as the feed water itself is supplied in a colder state. . Thus 
in one case the temperature of the feed water before entering 
the injector was 60°, 90°, 120**, and the number of gallons 
of water delivered per hour was 972, 786, 486, respectively. 
It is a remarkable fact that steam at a low pressure will 
force water into a boiler against steam at a much higher 
pressure. Thus steam at 27 lbs. pressure forced water into 
a boiler where the steam was at 52 lbs. pressure, the tem- 
perature of the feed water being raised from 92° to 170° 
during the operation. 

STEAM BREAK FOR LOCOMOTIVES. 

192. This is an invention much used on the Continent, 
where the inclines are severe, and we refer to it because it 
affords a lesson on the transfer of energy. 

If the steam valves were reversed in a locomotive engine, 
the momentum of the train would, for a time, drive the engine 
against the steam, and the heated gases would be pumped 
from the smoke box and forced into the boiler. What 
would happen is this : the enclosed gases would first of all 
be compressed and then mixed with steam admitted from 
the boiler. The gases and steam so mingled would be forced 
^ back into the boiler. Thus the energy existing in the moving 
^^ train might expend itself in compressing and heating the 



Steam Break, z^S 

enclosed gases in the cylinders and in further compressing 
the mingled steam and gas back into the boiler and steam 
passages. The energy stored up in many tons of moving 
matter might be converted into its equivalent of molecular 
motion, with a corresponding disappearance of visible 
mechanical force. But it would not be practicable to carry 
out this idea in the manner suggested, for the temperature of 
the gases in the smoke box is generally about 500° or 600'' 
Fahr., whereby the lubrication of the cylinder and rubbing 
surfaces would be dried up, and injury would follow. In 
order to employ reversed working as a steam break for loco- 
motives a jet of water must be first sent into the exhaust 
pipe. This jet flashes into a fog of mixed steam and water 
at 212**. It displaces the heated gases and is pumped back 
into the cylinders. It supplies steam in the place of furnace 
gas. Passing into the heated cylinder its temperature would 
be raised, and by compression it would be raised still further. 
The work thus done in heating the steam and in forcing it 
to enter the boiler finds its equivalent in the arrested motion 
of the engine and train, whereby energy is converted into 
heat and stored up in the boiler, instead of being uselessly 
expended in grindmg the rails and destroying the tyres of 
the. wheels. 

The student will now understand that there is no loss of 
power in reversing the colliery winding engine. The arrested 
energy is transferred back in another shape into the boiler. 

THE MONCRIEFF GUN-CARRIAGE* . 

193. The principal difficulty attending the use of heavy 
guns arises from the enormous and destructive force of the 
recoil. Take the case of the Whitworth 9 inch-gun fired at 
Shoeburyness in 1868 {see page 255). The weight of the 
gun was 14 tons 8 cwt., while that of the shot was 250 lbs., 
which is Y^^ X (14 tons 8 cwt). At the moment of discharge 
the energy stored up in the shot was sufficient to carry 250 
pounds weight of iron a distance of 11,243 yards, or nearly 
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6^ miles. But action and reaction are equal aod opposite, 
therefore the same amount of energy was suddenly received 
by a mass only iig times as heavy as the projectile. It is 
easy to comprehend what a dangerous force is presented by 
the recoil under such conditions. 

In Captain MoncriefF's carriage tiie gun is mounted on a 
rocking frame a, capable of rolling upon the sides of a hori- 
zontal platform c d. A counterweight, sufficient to overcome 
the weight of the gun, is so placed that its centre of gravity 
lies very nearly in the line joining the points on which the 
rocking fiame rests. The trunnions of the gun are directly 
over this line. Two positions of the rocking frame are shown 
in the drawing, one before firing, the other during t'le 
recoil. The frame begins to roll very easily until it gets 6fF 
the circular part of the frame, which is continued up to about 
B, and the curve then changes into a flatter line. The force of 
the recoil acts with a rapidly decreasing power, for its moment 




diminishes every instant, as the counterweight rises. Thus 
the work stored up in the gun is absorbed slowly at first, 
but more rapidly afterwards, and the gun comes harm- 
lessly to rest The explanation is that there has been an 
interchange of work between the gun and tlie carriage, 
whereby an amount of work equal to that stored up in the 
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projectile is finally expended in lifting the counter-weight 
A gun mounted on one of these cairiages may be lifted 
above the crest of a battery, and will recoil and lower itself 
out of the position of exposure after it has been fired. On 
releasing the frame the counter-weight will restore the gim 
to the higher position ready for firing. 

watt's governor, 
194. The governor of a steam-engine was invented by Watt, 
and has proved of the greatest possible value in steam 
machineiy. It is shown in the drawing, and is a double 
conical pendulum applied to the regulation of a steam valve. 
The engine imparts rotation to a pair of heavy baUs a, d, 
swung from the points E f, and connected by the arms k l, m n 




with a sliding collar H, which, in its turn, is connected by 
levers with the throttle valve regulating the supply of steam 
to the engine. As the velocity of rotation is increased, the 
balls fly out, h rises, and the steam valve is partly closed ; 
whereas, on reducing the velocity of rotation, the balls 
collapse, and the steam valve is opened more widely. 
The most difficult problem which can be presented to the 
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mechanician is probably that of the exact regulation of re- 
volving mechanism. In the astronomical clock, or in the 
chronometer, we deal out time, it is true, with a precision 
which very closely approaches perfection ; but we do so, by 
the step by step movement of a train of wheels controlled 
either by a pendulum or a vibrating balance. 

If the governor of an engine were absolutely perfect^ it 
would regulate the velocity of the machine to one uniform 
undeviating speed, and would permit of no departure from 
that rate of motion. When the work to be done (technically 
called the load on the engine) is varied, the governor would 
so adjust the supply of steam as to- keep the machinery 
moving at one constant rate. 

Watt's governor makes no pretension to realise ideal per- 
fection, and does no more than moderate the inequalities to 
which a steam-engine is liable under varying conditions of 
load. It is subject to two principal defects : — 

1. Watt's governor cannot prevent a change in the speed 
of the engine when a permanent change is made in the 
load. In order to do this the governor should be driven 
by some constant force independent of the engine itself, 
for it is clear that where a governor is driven by the engine, 
and part of the load is taken off, the balls will open more 
widely, and can never return to their normal position, 
whereby the engine must settle down permanently at a 
higher velocity. 

2. Watt's governor cannot begin to act until a sensible 
change has occurred in the speed; for the balls do not open 
without an increase of velocity^ and the friction of the valve 
rod and moveable parts will prevent any motion until the 
balls have accumulated an additional store of energy. 

In practice, however, this governor is invaluable, not be- 
cause of the defects pointed out, but in spite of them. When 
any change occurs in the load, the speed of the engine 
changes, the balls fly out or collapse, and moderate greatly 
the amount of such change ; and meanwhile the man in 
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charge of the engine may be warned by the ringing of a bell 
and can adjust the supply of steam by hand so as to bring 
the engine back to the same rate as before. 

By comparing the drawing with that in Art 168, the 
student will thoroughly understand the action of the governor, 
and he will see that in the ordinary mode of suspension the 
altitude of the cone changes from c b to c' b', when the ball 
D flies out to d'. Since the time of a revolution varies as 
the square root of the altitude of the cone, it is bad practice 
to place the points of suspension e and f at any distance 
from the vertical spindle. Watt was, of course, aware of 
this fact, and his original pendulum governor was constructed 
as in the outline sketch. The balls were swung from the 
vertical axis, and the valve was connected witfi h. 

SIEMENS' DIFFERENTIAL OR CHRONOMETRIC GOVERNOR. 

195. About twenty years ago Mr.^Siemens arranged a pen- 
dulum governor for steam-engines which was more perfect in 
its action than the apparatus just described. The pendulum 
constituting the governor was driven by a raised weighty and 
not by the engine, the result being that the rate of motion of 
the pendulum could be prescribed definitely beforehand, and 
would remain invariable. The engine was compelled to 
adapt its own motion to that of the invariable pendulum, 
and thus a uniformity of rotation under varying conditions 
of resistance was arrived at, which could not have been 
attained by any other known construction. In order to 
connect the engine and the pendulum, a differential motion 
was employed,* and the instant that the engine deviated in 
the slightest degree from the pendulum, the middle wheel 
in the differential train began to move, and adjusted the 
throttle valve so as to bring the engine into accord with the 
pendulum. 

The chief peculiarity of the differential governor consists 
in the fact that the whole energy stored up in the revolving 

* See the text-book on Mechanism, page 197. 
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balls is ready to act upon the steam valve at the first instant 
that the engine attempts to vary from the pendulum, whereas 
in Watt's governor the additional energy stored up in the balls 
by increased velocity of rotation is the power available to 
control the valve. One action is slow and comparatively 
feeble, the other is instantaneous and cannot be resisted. 

The apparatus now to be described resembles the former 
one in everything except the pendulum. Instead of the re- 
volving balls Mr. Siemens employs a cup of parabolic shape 
F E, open at both ends, and dipping into water. The cup 

rotates about a vertical axis c d, and 
drags round some water which as- 
sumes the form of a paraboloid, and 
soon overflows the rim. The result 
is that a stream circulates tlirough 
the revolving mass from the base up- 
wards to the edge in the manner 
shown in the drawing. In raising 
^ ^^^ water to the point of overflow 

work is continually being done, and 
a resistance is opposed to the driving power which prac- 
tically remains constant This resistance may be increased 
by directing the overflowing stream against a number of 
vanes placed on the outside of the cup, whereby the energy 
accumulated in the liquid still further exhausts itself in 
opposing the rotation. It is in this respect that the 
later governor is superior to that first arranged. The force 
which drives the pendulum must necessarily be somewhat 
in excess, and the surplus force can only be absorbed by a 
resistance set up artificially. In ther early form of governor 
this resistance was obtained by friction, a doubtful and un- 
certain agent ; whereas in the water governor there exists 
a resistance capable of absorbing any required excess of 
driving force. As a drag to revolving machinery its power 
is remarkable. A parabolic cup 4 feet in diameter has been 
connected with a tread-wheel, and employed as a regulator 
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of some shafting driven by the wheel. With fifty men at 
work, the wheel revolved at a certain rate, with 300 men 
upon it, the rate of revolution did not visibly change, the 
extra power being automatically absorbed by the hydraulic 
governor and resulting mainly in the flow of a stronger 
current of water over the brim. 

THE WEIGHTED PENDULUM GOVERNOR. 

196. In order to increase the sensitiveness of Watt's 
governor, it has been proposed to rotate the balls at a high 
velocity, and to weight them 
with a load threaded on the ^*^- "°'- 

central spindle. The gene- 
ral arrangement is shown in 
the sketch, the balls P, P, 
weighing from 2 lbs. to 3 lbs. 
each, and making from 300 to 
400 revolutions per minute. 
The central weight w varies 
from 50 lbs. to 300 lbs. ac- 
cording to the size of the 
governor. The balls are con- 
nected to w by 4 equal jointed links, and the friction of the 
working parts is less than in the ordinary arrangement. The 
principal advantage gained is an increase of sensitiveness. To 
show this, we refer to the outline diagram and retain the 
notation oi Art, 168. Then p is at rest under (i) its weight, 

{2) the force ^^ , (3) t, the tension of b p, (4) t', the 

tension of p d. Let bn = ^, pbn = 0, pdn = 0. 
Therefore 
p w^ r N 





Aure 



g 



= t sin + t' sin 0, p + t' cos = t cos 0, 



2 t' cos = w, p b sin = PN = PDsin^. 

Five equations from which to eliminate 0, ^, t, t', and thereby 
to obtain p n. 



302 Principles of MecJianics, 

If = 0, we can at once deduce the result h = 
f I + —J -C, whence we infer that the variation of h for 

any given variation of w is greater than in the ordinary 
governor in the proportion of ( i + ~ j to i. 

THE CENTRIFUGAL PUMP. 

197. We have shown, when treating of inertia, that an air 
pump, capable of ventilating a mine, may be formed by a 
fan with revolving arms, and we stated that the same prinr 
ciple holds in pumping water. The apparatus then referre4 
to was one form of centrifugal piunp. 

In order to comprehend the principle here developed, 

conceive that a ring p is threaded upon a rod d b, pointing 

towards c and revolving about it. We 
FIG.202. j^Q^ ^j^^ ^g j.Q^ ^y continually 

press the ring in a line p q perpendi- 
cular to CDB. The ring will tend 
always to go forward in a straight line, 
and will eventually arrive at b. All 
this has been fully explained. 

Next let the rod d b incline to c p, 
as shown in the second diagram. The 
pressure of the rod will be felt in the 
line p Q inclined to c p at an angle 0. 
Let Q be this pressure, then we have a force q cos pushing 
p directly outwards from the centre. It is evident that p 
will arrive at a distance c e, which is equal to c b, more 
rapidly than before. If p were a small portion of water or 
air, and d b were the blade of a fan the same thing would 
occur, the inclined arm would act more effectively than the 
radial arm. 
We have now to refer to a simple experiment in the geo- 




. The Centrifugal Pump. 



303 



Fig. 203 




metiy of motion. Let a circular disc be rotated about its 
-centre c, mark that centre with the 
point of a pencil, and then draw 
the pencil rapidly from the centre 
outwards to the circumference. A 
curve will be traced on the disc, 
which will take the form c p q if the 
disc rotates slowly, or will become 
more spiral in character, as shown 
by c R s T, when the velocity of 
rotation is increased* The pencil 

moves radially in a straight line, but it traces a curve by 
reason of the increasing linear velocity oi each point in the 
circle as we pass from the centre outwards. Our conclusion 
is that a curved rod will act more effectively than the in- 
clined rod D B, and that if the curvature be regulated to the 
velocity of rotation, a sustained and uniform push may be 
maintained on each portion of water as it passes from the 
centre to the circumference. 

In constructing a pump on this principle we begin with a 
circular disc ab, shown in section, which receives the 
water pressure on both sides. This is an 
balanced j>ressurey and the friction is corre- 
spondingly reduced. The disc forms the 
central division of a hollow circular box, 
the water enters on both sides, as shown 
by the arrows, and is forced outwards by 
the curved vanes. The three successive 
types of vane being given in the diagram 
on the next page where the arms are (i) 
radial, (2) inclined, (3; curved. In a pump 
by Mr. Appold the diameter of the case is 12 inches, that of 
the central ppening is 6 inches, also there are six arms, 
curved backwards and terminating nearly in a tangent to 
the circumference of the bounding circle. 

The pump is set into rapid rotation between flat cheeks at 
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the bottom of a pipe, the circumference of the box being 
open to the inside of the pipe, and the centre being open to 
the supply of water about to be lifted. In order that the 
contrivance may be eflfective it is necessary to maintain a 
high linear velocity at the circumference of the disc. We 
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have here an illustration of the conversion of liquid momentum 
into pressure, and on experimenting with a model we observe 
the water slowly rising in the stand pipe as the velocity of 
rotation is increased. It is said that when operating with a 
pump 12 inches in diameter, the water will stand at i, 4, 16 
. . . feet, with linear velocities of 500, 1,000, 2,000 • . . 
itttper minute^ and that an additional linear velocity of 550 
feet per minute to each of these numbers will give a dis- 
charge of 1,400 gallons per minute at the heights of i, 
4, 16 . , . feet. Since water possesses inertia, any rotation 
of the mass within the pump itself causes a loss of power, and 
the object aimed at is to lift the water with as little rotation 
as possible. 

The Blowing Fan used in smithies or foundries is sub- 
stantially a centrifugal pump, but on account of small 
specific weight of air as compared with that of water the 
curvature of the arms is not so important. 

We have no space to discuss this subject, which presents 
a wide field for experiment and enquiry. 

husband's atmospheric stamp. 

198. It is a common practice in mechanics to place an 
elastic spring between the power and the resistance, and 
thus to avoid the shock and jar consequent on a sudden 
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pull. There are draw-springs in railway-trainS whereby the 
pull of the engine is felt first on the spring and then on the 
carriage. The pull of the chain inside a watch is felt first on 
a spring concealed within the fusee, and then on the train of 
wheels. The pull of this spring keeps the watch going while 
it is being wound up. We have seen that air is elastic in the 
highest degree, and a mass of enclosed air may fiimish an 
excellent spring which can never wear out 

In crushing tin ore the method in use for centuries has 
been to lift a series of bars, shod with iron blocks, and to 
allow these bars or stamps to fall by their weight The 
stamps are raised by cams placed on a revolving shaft, and 
the noise and hammering of the cams against the tappets, or 
projections on the bars, is deafening. The speed which this 
construction permits is about sixty blows per minute. 

In the atmospheric stamp an air spring is placed between 
the driver and the stamp. The stamp is attached to a piston 
rod Q R which is threaded through a cyhnder, having air 
openings ^,/, near the middle, but 
closed at the two ends. This cylin- 
der is moved up and down by eccen- 
trics on a shaft As it rises the air ^ 
in B p becomes compressed, where- 
by its pressure on the piston over- 
comes the inertia of the stamp, and t 
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the whole rod rises. Soon after the 

piston has been jerked up by the 

compressed air, the cylinder will 

descend ; in doing so, it compresses 

the air in a p and throws the piston 

down. Thus the stamp is worked 

by the pressure of the air compressed 

into each end of the reciprocating 

cylinder. A fresh supply of air is constantly admitted by 

the air-holes at e^f. The piston rod is hollow, and serves as a 

pipe for carrying water necessary for washing away the pul- 

X 
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verised ore. The heat given out by the air under compres- 
sion is to a great extent absorbed by the water passing 
through Q R. This apparatus is so effective that one bar will 
do the work of ten or twelve ordinary stamps. 

THE SMALL-BORE RIFLE. 

199. We know very little of the law of resistance of the air 
to the passage of a rifle bullet, and no mathematician could 
assign by theory the correct form of a projectile. Never- 
theless there is one conclusion which experience confirms, 
viz., that the length of a rifled projectile should not he less than 
3 times its diameter. This is the proportion now adopted in 
the so called small-bore rifle, and it may be interesting to 
the student to learn the manner in which a practical problem 
of this kind has been worked out by a mechanician. 

The task of improving the Enfield rifle was confided to 
Sir Joseph Whitworth in i8ss> and he commenced by build- 
ing a covered gallery 500 yards long and 20 feet high, 
wherein to carry on researches without being disturbed by 
variable currents of air. The rifle bullet was tracked 
throughout its entire path by light tissue-paper screens, and 
thus it could be seen whether the point preserved its true 
direction, or whether it fell over in any degree. The barrel 
under trial was fixed in a mechanical rest, resembling a 
a slide-rest, and having true plane surfaces moving on other 
true planes, whereby the recoil took j)lace in one unchange- 
able line. To show what can be doi\e with such a rest we 
may state that it is a common thing to obtain a mean devia- 
tion of from 3 to 5 inches with 20 shots from a Whitworth 
rifle so supported, the range being 500 yards. 

In 1855 the Enfield barrel was 33 inches long, the bore 
was '577 inch in diameter, the bullet was I'Si diameters of 
the bore, and the twist of the rifling was 1 turn in 78 inches. 
Sir Joseph Whitworth soon satisfied himself that the bullet 
was too short, and that the twist of the rifling was insuflScient 
It is to be regretted that we have not space to discuss the 
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quesdon of stability due to rotation, but experience shows 
tiiat a bullet will certainly fall over in its flight unless the 
rotation has a definite value which increases, both when 
the bullet is lengthened, and when its specific gravity is 
diminished. Thus an increase of \ inch in the length of 
the Enfield bullet caused the point to fall over, whereas with 
an increased twist of rifling as far as i turn in 30 inches the 
lengthened bullet went true to the mark. 

In order to ascertain the effect of increasing the twis^ 
barrels were tried having i turn in 20, 10, 5 inches, and 
finally a barrel was rifled to one turn in one inch. The bullet 
fitted the rifle mechanically, and was hardened, or it would 
have gone out like a musket-ball ; the charge of powder also 
was greatly reduced. When fired the bullet penetrated 7 
inches of elm-tree planks. 

In this way the subject was exhausted, and it was proved 
in the year 1857 that a rifle-bullet should be at least 3 
diameters long. This was the form adopted in the Whit- 
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worth rifle, the bore bemg a hexagon with rounded edges, 
of mean diameter -47 inch, and the twist being i turn in zo 
inches. These proportions are now substantially adopted in 
the best rifles. The drawing shows an Enfield and Henry 
bullet side-by-side, the diameter of the latter projectile being 
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'45 of an inch, and its length 2*93 diameters. In the well- 
known Metford rifle the bullet is 3*02 diameters in length. 

The superiority of the small-bore rifle is proved by the fact 
that a Whitworth rifle has given an average deviation of 11 J 
feet at 2,000 yards range, while an Enfield rifle could not 
touch a target 14 feet square at a distance of 1,400 yards. 
The penetration of the small-bore is wonderful. In one 
trial a mechanical-fitting steel bullet in the form of a tube, 
with a sharp cutting edge, took clean cores out of 34 half- 
inch elm planks, passing through them just as if it had been 
a tubular drill. 

It will be understood that both the bullets are upset and 
moulded into the grooves when fired. For heavy guns a 
projectile must be rifled, and it should have a large amount 
of bearing surface whereon to receive the twist caused by 
the rifling. The AVhitworth projectile for long ranges is 
given in the sketch. The bore of the gun is a hexagon with 
rounded edges, ^d the rear of the shot tapers in a curve. 
The range would perhaps be lessened by a mile if the taper 
form were not adopted. A heavy piece of ordnance being me- 
chanically the same instrument as a rifle, the rule as to length 
applies here equally, and the writer was present at the trial 
of a 9-pounder Whitworth gun at Southport, in 1872, when 
a projectile, 4 diameters long, ranged 10,320 yards in the 
teeth of a strong breeze. 

THE METHOD OF PRODUCING A TRUE PLANE. 

200. We have spoken so frequently of a plane surface as 
of a thing well known, that it may be usefiil, in concluding 
this treatise, to give an account of the method of producing a 
true plane and to show the connection which exists between 
the production of a true plane, and the power of measurement. 

It has been stated by Mr. Maxwell that each particular 
science advances in the exact proportion in which the power 
of measurement proceeds, and this is quite as true in 
mechanics as it is in chemistry, heat, or astronomy. By 
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an effort of genius, and by working in a new and unsuspected 
direction, Sir Joseph Whitworth has invented a measuring 
machine which leaves all others at a hopeless distance. It 
will measure an interval so minute that it cannot even be re- 
cognised in the microscope, and since it goes further than 
the sense of sight will carry us, it does not rely wholly on 
the eye, but calls in another sense., viz. that of touch, to 
assist in the observation. 

In the year 1840 Sir Joseph Whitworth read a paper at 
the meeting of the British Association in Glasgow upon 
* Plane metallic surfaces and the proper mode of preparing 
them ; ' and at the same time he exhibited specimens of 
truly plane surfaces. 

One of these planes is shown in Fig. 102, and we have 
pointed out that it rests on three projecting points placed in the 
angles of a triangle, the object being (i) to secure an equal 
bearing on each point of support, and (2) to ensure the con- 
stant bearing on the same points. The plate would other- 
wise be subject to perpetual variation of form in consequence 
of the irregular strain occasioned by the change of bearing. 

Up to that time plane surfaces had been formed by filing 
and grinding with emery, a method quite inadequate to pro- 
duce any good result, and now entirely abandoned. It is 
only by the process of scraping that a close approximation 
to a true plane can be obtained. A surface, properly pre- 
pared by scraping, will exhibit a vast assemblage of bearing 
points, evenly distributed, and lying as closely as possible 
in one true geometrical plane. The mechanic will regard it 
as a true plane, though it is not an absolutely plane surface, 
for it is not a perfect reflector, being mottled in every direc- 
tion by the marks of the scraper. It is a familiar object in 
the workshop, and the service which it has rendered is in- 
calculable. 

The method of obtaining a true plane is described in Mr. 
Shelley's book, and it is there shown that in order to arrive at 
one true plane, three must be operated on simultaneously. It 
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will be understood that two surfaces can always be rendered 
identical by scraping. If surface (i) be coated with a fine 
film of oil and red ochre, and surface (2) be laid upon it, the 
prominences on (2) will receive portions of the colouring 
matter, which can be scraped oflf, and thus (2) can be worked 
up to a perfect identity with (i). The process of making a 
true plane includes three stages, and consists in rendering pairs 
of surfaces identical according to a uniform method. The 
surfaces (2) and (3) are brought to coincide with (i), then (2) 
and (3), which might be both convex or both concave, are 
compared together and made alike, and finally (i) is made 
to lie between (2) and (3) in the probable direction of the 
true plane. The operation is repeated in the same order 
till the workman is stopped by the inherent imperfection of 
the material, the goodness of the plane depending on the 
nimiber of the bearing points, and their distribution at equal 
distances. 

If two well-finished surface plates be wiped with a dry 
cloth and laid upon one another, the upper plate will appear 
to float on the film of air between the surfaces, and will 
move with a touch. If the upper plate be slightly raised 
and allowed to fall there will be no metallic ring, but the 
blow will emit a peculiar muffled sound, due to the presence 
of a cushion of air. If a film of gold-leaf be placed between 
the plates every atom of it ^vill disappear when the surfaces 
are rubbed together. ' 

Again, if one surface be carefully slid on the other so 
as to exclude the air, the plates will adhere together with con- 
siderable force by the molecular attraction. The explana- 
tion is that the method of scraping has given a vast assem- 
blage of bearing points evenly distributed, and lying in one 
true plane. 

TRUE PLANES AT RIGHT ANGLES TO EACH OTHER. 

■ 

201. The next step is to obtain two true planes at right 
angles to each other. 
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For this purpose we operate with three rectangular bars 
having plane sides, and with two true planes. The bars are 
placed on a true plane, and another true plane is laid above 
them. If there be perfect contact between the planes and 
the bars when the latter are interchanged, partly turned over 
and reversed, it is at least certain that we have formed bars 
whose sides are perfectly equal and parallel. But they may 
not be absolutely rectangular, and in order to ensure this 

Fig. S08. 





result we can place one bar a on the other b, as in the sketch, 
and by this process of interchanging, reversing, and testing 
with true planes, we can finally eliminate any angle, such as 
DEF, HKL and obtain surfaces which are strictly rect- 
angular and parallel. The true plane on the rectangular 
finished bar can be copied on the side of a surface plate by 
causing a true plane to coincide with the surfaces e f, e h, 
and thus we obtain a surface plate having two plane sides 
E H, E c accurately at right angles to each other. 

In practice there are easier roads to this result, but it is 
evidently true that the problem can be solved in the manner 
pointed out. 

THE WHITWORTH MEASURING MACHINE. 

202. The principle relied upon in the measuring machine 
is that of employing the sense of touch to aid the sense of 
sight. It is a matter of observation that if a cylindrical 
gauge be held in the hand and passed between two parallel 
and perfectly true planes, these latter surfaces may be so ad- 
justed that it is possible y«j/ to feel the contact as the cylin- 
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der moves between them, whereas upon approaching the 
planes by ^^ of an inch, the gauge will pass with greater 
difficulty, and the increased pressure necessary to overcome 
the resistance is quite apparent. 

But it is possible to go much further than this. If we 
operate with a light plate of steel whose sides are jDarallel 
true planes, and move the plate as before, we can detect a 
resistance when the planes are advanced by an interval much 
less than —^ of an inch. This resistance is a matter of esti- 
mation, dependent on the delicacy of the sense of feeling, 
and accordingly Sir Joseph Whitworth determined to test the 
tightness of the hold by observing whether or not it was 
competent to support a light steel bar with parallel plane 
sides, and to hold it suspended between the pressing sur- 
faces. Here is an indication which is quite independent of 
the judgment, and which cannot vary. The steel testing 
plate has been called by the inventor 2, feeling fiece, and is a 
light rectangular piece of steel about y*^ of an inch thick, | 
of an inch long, with prolonged slender arms. It would be 
placed between two planes with one arm resting on a table 
and the other arm on the finger of the operator. Its weight 
is therefore partly but not wholly supported by the table. 
The true planes are now advanced by a very slow movenaent 
until their pressure on the feeling piece is just sufficient to 
overcome the force of gravity which comes into play when 
the finger is removed. Repeated trials have shown that a 
movement of 1-55^ of an inch is sufficient to release the 
feeling piece or to cause it to remain suspended. This 
minute difference of distance is therefore a measurable 
quantity, and the machine is constructed with the intention 
of recording it 

. For the description and drawings of the apparatus we 
refer to Mr. Shelley'-s book. It will there be seen that the 
true planes used for measuring are small surfaces at the. 
ends of rectangular bars having parallel plane sides. The 
ends of each bar are accurately perpendicular to the axis of 
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the same ; if they were not so, the construction would 
fail. The advance of the bars is obtained by a worm 
wheel having 200 teeth, and rotated by an endless screw 
having 250 divisions on its graduated micrometer head. The 
worm wheel advances one of the bars by means of a screw 
having 20 threads to the inch, and it follows that the rotation 
of the endless or tangent screw through one division of the 
scale will advance the bar by t^ x t^J^ x ^^ of an inch, 
that is, by one-millionth part of an inch. 

As a piece of constructive mechanism, this instrument 
stands quite alone, and the exquisite delicacy of its measure- 
ment has not even been approached by the most powerful 
microscopes for reading graduations. It depends, as we 
have endeavoured to make clear, upon the power of obtaining 
tme planes, and of co-^structing bars whose plane ends shall 
be exactly perpendicular to one definite line : thus the power 
of measurement in this last and highest degree follows as a 
consequence of the invention of the method of obtaining a 
true plane surface. 

With an account of this apparatus we must conclude our 
enquiry into the first principles of mechanical science. 
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